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1. INTRODUCTION 

In Part I /l/ the model Hamiltonian 

with 

e 
nm 

:£ ( (s) b + (y (s) )*b+) 
Y nm s mn s ' ( 2 ) 

s 

has been proposed to study the electronic 
properties of disordered binary alloys 
A,.B 1_r in the presence of electron-phonon 
interaction. a~(an) and b~(bs) are the 
creation (annihilation) operators for an 
electron in the Wannier state at lattice 
site n and for a phonon in the state with 
the quantum number s, respectively. The ato
mic energies fn, the hopping integrals hnm• 

the electron-phonon coupling elements y<sl 
d ( s) d · b 1 h · h knn an Ynm are ran om varla es w lC ta e 

t he v a 1 u e s f v , h Vfl , y ( s lv and y < s lvfl ( v , 11 
A, B), respectively, according to 

whether an A or B atom occupies the site n 

(the nearest-neighbour site m). 
This model describes a combined effect of 

disorder. The coupling of electronic states 
with lattice vibrations leads to the modu
lation (thermal fluctuations) of the substi
tutionally random potentials. The off-diago
nal randomness was specialized in Part I by 
assuming the additive conditions 
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h AB = _!(h AA+ h BB) 
2 ' 

y (s)AB = ...!:_(y (s)AA + y(s)BB ) • 
2 

( 3 ) 

( 4) 

For comparison, two special cases of the 
model Hamiltonian (1) are pointed out. In 
the absence of off-diagonal randomness, this 
model was investigated by Chen et al. 121. 
The case without electron-phonon interaction 
(i.e., the static-alloy limit) has been re
cently studied by Fukuyama et al. 131 under 
the condition (3) (cf. also/4/ ). The theo
ries developed for those specialized models 
are based on the coherent potential appro
ximation (CPA). 

In the present paper we analyse numarical
ly the CPA equations for the electronic 
self-energy derived in Part I. 

2. BASIC RELATIONS 

In this section some relations from 
Part I are summarized. Using (3)and (4) the 
Hamiltonian (1) may be rewritten as 

B 
H=He+IVn. (5) 

n 

H! is the one-electron Hamiltonian for 
a perfect B crystal; the random part Vn 
including off-diagonal disorder denotes the 
perturbation related to the site n. 

The averaged one-electron Green's func
tion in Bloch representation 

-1 B BB ~ -> -1 
§ .... (z)=«(z-H) >h> ·k->=(z-f -h s(k)-I(z,k)) ,(6) 

k p c, 

with 
.... 

s (k) = I 
m 

(m f n: n. n.) 

4 

~.... ~ 

ik (Rm- R n) 
e ( 7 ) 

is rel·a ted to interesting macroscopic proper
ties of the system. < •.. >ph means the thermal 
average over all phonon states in a given 
alloy configurations; < ... >c denotes the 
configuration average. Here the adiabatic 
approximation was used in order to perform 
two independent procedures of averaging 
successively. ~ 

The electronic self-energy I (k, z) cor
-responding to the random additive operator 
IVn can be calculated within the single-
snite CPA. 

The momentum-dependent self-energy 
~ ~ ~ 

I (k, z) = a0 (z) + 2a lz }s (k) +a 2(z }s 2(k) ( 8 ) 

is expressed in terms of a 0 , a 1 , a
2 

satis
fying the CPA equations 

+oo 2 2. &f(z;£ A_£ B, l.(h AA_h BB);y2aA7J, y28A(,) 
JJ d17 dt; e -(1] +t; -, I c 2 · + 

-oo 1- D(z;£A-£ B' ~(hAA -h BB );y2a.A'I,y28A/:) 

+{1-c) . I= o, 
1-D(z;O,O;y2aBt],y28B·.:) 

a iz; 0, 0; y2aB17 , y28 Bt;) 
( 9) 

where 

a
0
(zf£, h ;1J, 0 = (£ + 17- a

0
)+ (h+t;-a

1
)
2F

2 
+ C£+1]-a

0
)a

2 
F

2
, (1 0) 

2 
a 1 ( z ; £ , h ; 71 , ' ) = (h + t; -a 1 ) - (h + t;- a 1 ) F 1 - Ct + 1J-a 0)a 2 F 1 , ( 11 ) 

a2 ( z ; £, h ; 71 , 0 = - a
2 

+ (h + t; - a 1 ) 
2 F 

0 
+ (£ + 17 - a 

0 
) a 

2 
F
0 

, ( 12 ) 

D(z ;£ ,h; 17, t;) =(£+1]-a0 )F0 + 2(h+t;-a 1 )F 1-a2F 2 - ( 13) 

-[(h+t;-a 1) 2+(£+77-ao )a2 HF1-F0 F 2 ], 

1 . ... f 
Ff(z)= NI~ ... (z)[s(k)] , 

" k 

(f = 0,1' 2). (14) 
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The parameters av and 5v characterize 
thermal fluctuations of the ~tomic energies 
and the hopping integrals, respectively. 
Their temperature T dependence was found as 

v ~ I < s) v I 2 th < hw s ) I v < 15 ) a = <.:. y co -- >c , 
s 2kT 

.!_<IIy{s)v~2coth(hws )>lv, (v=A,B). 
4 s 2kT c 

81/ (16) 

Here w8 are the phonon frequencies in a par
ticular alloy configurations; < ..• > lv deno-

c 
tes the average over all configurations 
with the fixed v -atom at a single site. 

Using Hubbard's semielliptic form lsi for 
the unperturbed density of states (related 
to H~ ) , the coherent Green's functions 
Ft (z) (14) can be expressed analytically 
in terms of a 0 , a 1 , a 2 (see Part I). 

3. NUMERICAL RESULTS AND DISCUSSION 

The set of coupled equations ( 9) for a0 (z) , 
a 1 (z), a2 (z) is self-consistently solved by 
using a generalizationl61 of the iterative 
average- t -matrix approximation ( IAT A) sug
gested by Chen I 7 I. In our case the genera
lized iterative procedure is applied to 
a system of integral equations. For each 
step of iteration, the double integration 
in (9) is carried out numerical~ by a two
dimensional Hermite integration 81. Star
ting from the values of the self-energy in 
the virtual-crystal approximation, we get 
fast convergence for most cases. The know
ledge of a0 , a 1 ,a2 allows one to determine 
the electronic density of states per atom 
through 

6 

p(E)=- ..!:_ImF
0

(E + iO). 
1T 

(17) 

Let us summarize the imput quantities for 
the computation. We can vary the concentra
tion c of A atoms, the thermal fluctuation 
parameters a A, a 8 , 8 A , 8 8 (proportio-
nal toT at high temperatures), the para
meters ~ 0 and ~ 1 defined by 

~0 =t:A ~ 1 = 6 (h AA - h BB ) , ( 18) 

which describe diagonal and off-diagonal 
randomness, respectively. The quantity h88 

is fixed in the case of the simple cubic 
lattice as h 88 = ~;the energy c 8 is chosen 
equal to zero. As has been mentioned in~ 

estimating the fluctuation parameters in 
Part I, the values of av and BV will be 
chosen without definite assumptions about 
w 8 , , y<sw and y<s)w, Note that if the 
electron-phonon interaction is assumed to 
be independent of configurational disorder, 
then the following identities hold: 

A B 
a= a =a 8 = BA= 8 B • (19) 

In this section we present numerical re
sults for the density of states and the 
self-energy as functions of energy for va
rious alloy parameters including electron
phonon correlations. Some features of this 
model calculation are pointed out. 

The density of states in the static li
mit ( i • e . , a = 0 , · 8 = 0 ) i s shown in Fig . 1 . 
Two impurity-scattering mechanisms associa
ted with ~0 and~~ are taken into account. 
Formally, the scattering of the electron 
arises from.nonlocalized perturbations 
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introduced by substituting A atoms for E 
atoms. For weak scattering related to A 0=~2 
(Fig. l(a)), the continuous band is stret
ched with increasing AI. Starting from the 
split-band case ( A0 > l, small A I), the 
energy gap between the two subbands dis
appears when AI increases (Fig. 1 (a) and 
(b)). The extreme bandwidths are produced 
by dominant off-diagonal scattering for 
large values of the hopping integral bet
ween A and E atoms. In the opposite limit 
(A I < 0), the narrowing of the minority sub
band is due to the fact that here the hop
ping within the A component is visibly 
diminished. 

Fig. 2 shows the temperature dependence 
of the density of states for an alloy in the 
split-band regime caused by diagonal disor
der only. Corresponding to the numerical 

1.0 

...._< V\ ...,+.5-10-J. 

e as 

~ 

0 

- 1 0 ,L 

E 

Fig. 2. Electronic density of states ~E) 
in the case of purely diagonal scattering 
(AI=O, o=O) at several temperatures charac-
terized by different a values for an alloy 
with c= 0.2, A0 =l.4. 9 
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results of Chen et al. 121, the thermal 
fluctuations can close the band gap. More
over, it should be noted that increasing 
p o t en t i a 1 f 1 u c t u at ion s ( here for a = 0. 045 ) 
give rise to fine structure near the edges 
of the minority subband. Such a situation 
is discussed in connection with Fig. 4. 

The density of states in the case of 
purely off-diagonal scattering is presented 
in Fig. 3. In the static limit, this case 
was numerically studied by Fukuyama et 
al./3~ Thermal fluctuations of the hopping 
integrals are reflected by the tendency to 
enhance the band maximum and broaden the 
static-alloy band. In the case ~~=3 
(Fig. 3 (b)) where the impurity scattering 
is most effective, the line shape is weakly 
modified with increasing 8, whereas the two 
broad tails of the band (compare/3/) are 
not affected by thermal disorder. 

The curves in Fig. 4 illustrate the in
fluence of thermal fluctuations characteri
zed by the parameter pairs ~,8) on the den
sity of states. The change of p(E) due to 
thermal disorder depends on the scattering 
character of the static alloy. In the un
split-band case (Fig. 4(a)), increasing 
values of (a,8) tend to stretch the band. 
Roughly speaking, the gaps in the split
band alloys (Fig. 4(b),(c),{d)) decrease 
gradually or vanish with increasing tem
perature. On the other hand, the thermal 
fluctuations c9n produce fine structure of 
a symmetric form in the region of the im
purity subband. This effect is sensitive 
to the changes of (a,8) and ~1 as shown in 
Fig. 4 (b), (c), (d). The fine structure 
appears in those cases where the average 
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12 

Fig. 4. Electronic density of states p(E) in 
the case of both diagonal and off-diagonal 
scattering with thermal disorQer included. ~ 
The alloy parameters are (a) c =0.4, ~0=0.4, 
~I = - 0 . 5 ; ( b ) c = 0 . 2 , ~O = 1 . 4 , ~ I= - 0 . 6 ; ( c ) 
c= 0.2, '\=1.4 with a =0, o = 0 (full lines), 
a=2·lo- 2 , o=4·10-5 (dashed lines), and 
a= 4.5·10- 2 ,o=lo-4 (dotted lines); and 
(d) c=0.3,~o=l.2 with a= 0, o=O (full li-
nes ) , a = 1 0-2 , o = 2 . 1 0 - 5 ( dashed 1 in e s ) , 
and a = 1 0 -I , o = 2 .1 0 - 4 ( dotted 1 in e s ) . D iff e -
rent values of (a,o) -pairs characterize 
several temperatures. ... 
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amplitude of the local potential fluctua
tion (i.e., the quantity yQ: ) attains 
the order of the half-band width of the mi
nority subband corresponding to the static 
limit. A more detailed peaky structure in 
the spectrum is visible if we take larger 
values of (a, o); here the value of y-a
exceeds the half-band width of the static
alloy minority subband. The pronounced 
structure, as expected, disappears with the 
increase of the bandwidth for the A compo
nent (i.e., for the transition from ~I <0 to 
~I>O in Fig. 4 (c), (d)). In the case of 
the main band, the thermal fluctuations are 
averaged out; tails and modified shapes of 
the state density are produced with increa
sing temperature. 

More physically, the concept of the 
electron trapped by local (or nonlocal) 
lattice deformations due to lattice vibra
tions can be U$ed to describe the effect 
of electron-phonon scattering. The situa
tion is analogous to the impurity scattering 
in the random lattice where the electron 
is bound by impurity centres. The peaky struc
ture and the satellites in the region of 

13 



the impurity subband (Fig. 4 (b), (c), (d)) 
can be ascribed to such trapp,ed electron 
states. The interference of the impurity 
and the electron-phonon scattering mecha
nisms becomes most effective in this ener
gy region. Here the electron is scattered 
by impurities, of which the potentials and 
transfer integrals are strongly changed 
during the scattering. This effect is im
portant for the localization of electron 
states in the phonon field. In the struc
ture-insensitive part of the main band 
(region of dominant hopping), the electron 
feels random modulations of the atomic and 
transfer energies, which are averaged out 
(~ remains small compared with the effec
tive half-band width). 

The density of states p and the corres
ponding self-energy contributions u 0 , u 1 , 
u 2 are compared in Fig. 5 (unsplit band) and 
Fig. 6 (split band) for alloys at several 
temperatures. The thermal disorder increa
ses the absolute values of the imaginary 
parts of u 0 and u 2 Omu 0 , lmu 2 in Fig. 5(b) 
and (d), respectively); small changes ap
pear in the imaginary par:t of ul ( Imu 1 in 
Fig. 5 (c)). Altogether, the thermal fluc
tuation cause an increase of the electron 
damping for all energies, as reflected by 
the imaginary part of the total self-energy. 
The "majority" and "minority" regions of 
the band (Fig. 5(a)) are stretched in the 
same manner with increasing temperature. 
These shifts in the spectrum are determi
ned from the changes of the real parts of 
uo , ul, u 2 (Reuo, Reu1 , Reu 2 in Fig. 5(b),(c) 
~nd (d),respectively). 
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Fig .. 5. Electronic density of states p(E) 
(curves (a)) and real and imaginary parts 
of the self-energy contributions uo(E) , u1(E), 
u2 (E)(curves (b),(c),(d),respectively) for an 
alloy with c=0.3~ 6o=0.2,~1 =0.4 at several 
temperatures characterized by different 
values of (a,o) -pairs. u 0 , u1 ,u 2 are repre
sented for a=O,o=O (full lines), a = 1 o-2 
o = 2 · 1 0 -s ( d a shed 1 in e s ) , and a = 1 0 -1 
o=2·lo- 4 (dotted lines). 
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The imaginary parts of ao , a1, a2 con
cerning the split-band case 'Fig. 6(b),(c), 
(d))have sharp peaks in the region of band 
deepening and near the band gap edges in 
the impurity part of the spectrum. These 
peaks indicate a strong damping of the elect
ron states due to impurity scattering (es
pecially in the static limit) and due to 
electron -phonon sea tter ing (e.g. , for a= Io-1, 
8 =8·10 - 4 ) • Moreover, the self-energy peaks 
for the imaginary parts are accompanied 
by precipitous changes in the real parts 
of a 0 , a 1 ,a 2 .such a change produces shifts 
in the spectrum. The variations of Rea0 , 
Rea 1 , Rea 2 due to thermal fluctuations 
are reflected in a spreading of the band. 
As a consequence of thermal disorder, the 

j< 

a b s o 1 u t e v a 1 u e s of lm a o , lm a 1 , lm a 2 

increase in wide regions of the bands, but 
can also decrease at energies of high 
damping (Fig. 6(b),(c)). In other words, 
the electron-phonon interaction leads to an 

(I) 
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Fig. 6. Electronic density of states p(E) 
~ and real and imaginary parts of the self

energy contributions ao (E), a1 (E) , a2(E) for 
an alloy with c= 0.15, llo=l.S, lll=-0.4 at 
different values of (a,8) -pairs characte
rizing several temperatures. (a) p is shown 
for two different sets of parameter pairs 
(a1 ,8 1 ) (full lines) and (a2 ,82 ) (dashed 
lines). (b) a 0 , (c) al , (d) a 2 are plotted 
for a=O , 8= o (full lines), a=l.S·l0- 2 

8=3·10- 5 (dashed lines), and a= 10-1 

o=8-10- 4 (dotted lines). 
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additional scattering of the weakly and 
moderately damped electrons or can assist 
the hopping of the highly impurity-damped 
electrons. The reason for the peaked struc
ture within the impurity subband (Fig.6(a)) 
is the same as discussed in connection with 
Fig. 4. Especially, the effect of the pho
non-modulated transfer integrals on the 
density of states is discernible in Fig.6(a). 

The dependence of p(E) on the concentra
tion c of 'A atoms is demonstrated in Fig. 7 
for an alloy with parameters used in Fig.4 
(d). The scattering strengths chosen here 
force to split off the impurity part of the 
main band. Further growth inc causes the 
height and width of the impurity subband 
to increase, whereas the host subband dec
reases. The sharp shape of p (E) around the 
level fA indicates that the hopping from A 
atoms is reduced, i.e., an electron spends 
comparatively more time at A sites. The 
criterion for the appearance of structure 
in the minority band mentioned above is 
sat i sf i e d at 1 ow c once n t rat ion ( i . e . , c = 0..1 ) . 
Regarding this point, there may be loca
lized states representin& the trapping of 
electrons by potential fluctuations. In
deed, the electron-phonon interaction be
comes more effective (compared to the im
purity scattering) in a small-concentrated 
alloy. 

In Fig. 8 we present the density of sta-
tes in the general case where the electron
phonon interaction is affected by configu
rational disorder (compare with alloy para
meters from Fig. 4(b)). This situation is 
expressed in terms of different thermal 
fluctuation parameters for the A and E com-

18 
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Fig. 7. Dependence of the electronic 
of states p(E) on the concentration c 
atoms in a binary alloy with 6. 0= 1.2, 

density 
of A 

a = 1 o-2 ' 8 = 2 . 1 o-5 • 

6.1 =- 0. 6' 

ponents. The qualitative picture of the 
split static-alloy band is preserved under 
the conditions aA< aB and 8A < 0 B .In the 
opposite case ( i . e . , a A>a B, 8 A > 8 B ) , do m i -
nant fluctuations of the scattering strengths 
for A atoms give rise to structure of p(E) 
in the region of the impurity band. This 
part of the spectrum shows a behaviour simi
lar to that obtained in Fig. 4; i.e., the 
minority-band density of states degenerates 
into a set of peaks. Note that this result 
is sensitively dependent on the thermal 
fluctuations of the transfer integrals. In 
the strongly-fluctuating case (i.e., BA=l0-3, 
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Fig. 8. Electronic density of states p(E) 
in the case of different thermal fluctuation 
parameters for the A and B components. The 
curves represent an alloy with c = 0. 2, 
~ = 1 . 4 , ~1 = - 0 . 6 at four t em p era t u r e s c h a -
racterized by aA= aB= 0, 8A: 8&:0; aB= 9aA , 
8 8 = l08A; aA= 9a 8 , 8A=l08 8 ; and aA==2.2a 8 , 
fiA= 108 B 

8 8 = 1<14 ) , considerably broadened spikes 
in p(E) reflect the possibility of phonon
assisted hopping. 

In this paper, our interest has centered 
around the problem of evaluating the elect
ron energy spectrum. Another interesting 
question is associated with the nature of 
quantum states in the alloy system. The 
present model can be applied to study the 
electrical conductivity especially in con
nection with thermally-assisted hopping 
transport. 
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