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In the present paper we will be concerned with a. bilinear model of a polariton-like 

system - the subject of a great number of studies made so far. However, whereas 

most other papers have been dealing either with dispersion properties or with influence 

on optical properties of polar crystals, we will be investigating the quantum statistical 

characteristics of phonons. This problem has come more into the focus of attention 
'·. 

because of interest in quantum fluctuations of the Bose-type excitations in solids [1}. 

Due to the strong bound between phonons and infrared photons leading to the strong 

dispersion [2], the stimulated combination scattering must depend on fluctuations of the 

number of phonons [3]. 

The simplest model in the theo~y of polaritons is described by the following Hamil-

tonian [4]: 

H = liwa(ata + 1/2) +liwb(btb+ 1/2) +ilig(a+at)(b- bt),. (1) 

where at and a are creation and annihilation, operators of infrared photons, bt ~nd b ~re 

creation and annihilation operators of tra~s~erse optical phonons, g is a photon -phonon 

coupling constant, Wa and Wb are frequeU:~ie~ ~£photons and phon~ns, re~pectively. This 

bilinear form is diagonalized by the Bogolubov canonical transfor~ation [5, 6] 

Cj = tLlja + tL2jb + V1jat + V2jbt, j = 1, 2 • 

where the parameters u and v are defined by the expressions [7]: 

Here 

and 

n; +waqJlj, 
Ulj = 2wa 

!l;- WaqJljt 
Vlj = 2wa 

i 

· (!l; + wb)(!l~ - w~) + 4wag2 

u2; = 2!1;(!1~ _ w;) qJ2;, 

(!1;- wb)(n~- w~) + 4wag2 

V2;= 2n.(n~- 2)· qJ2j· 
. ~ •. I . UJ HJ . ~a , 

lqJli12 = ( -1)i+l wa(!l~- wt). 
- n;(n~ - n~); 

lqJ2;I2 = {-1)i+l wb(n~ -w~) 
n;(n~- n~) 

n~ = w_a_2 _+_w_~ - _(-_1)_i 'c. w2 -·w2)2+ 16~ w. b92. 
J 2 2 V a b a .. • 

,---~--~-----•u-~'5~30~ 

fi ...,,. ... "". -· . ... ,··-m.~-, ~ u v ""' '"' .. '-· ~ :;: : • -.._,, M1 .. t ~'", T 
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· As a result of this transformation, one gets the diagonal form of the Hamiltoni~n {1 ): 

< 2 

H =:= • .L:nni(ch + 1/2): {3) 
j=l 

It should be noted that the operators cj and c; describe the polaritons. Let us now 
' ' -

suppos~ that the system is in the equilibrium state with temperature T. This state is 

describ-ed by the following density matrix: 
..J 

e-.BH 

p(f3) = Tr{ e-.BH}' (4) 

where f3 = 1/kT and H is defined by (3). Now we examine the quantum number 

distribution for phonons in the state with the density mat~ix {4). This st~te can be 

interpreted as a two-mode squeezed chaotic state, and it'is a generalization of the state 

introduced in [8]. Using analogy. with quantum optics we calculate the second-order 

degree of coherence [9]: 
< {bt2b2) 

. Gbb = (btb)2 ' (5) 

where( ... ) is ter~ed the expectationvalue with the density matrix (4). Corr~sponding 

averages have the f~llowing form: 

and 

Here· 

(btb) = 111 n-1 +112 n-2 +77. 

(bt2b2) = 2(n-1P.t+n2P.2+77f +(2nt+I)2vi+(2.n2+1)2v~+ 
+ 2(2 n-1 +1)(2 n2 +Ih 

P.t '== lu21l2 + lv21l2, /12 = lud2 + lv22l2, 

Vt = lu21V2tl, v2 = lu22V22I, 

77 ~ lv21l2 +lv22l2, 1 = Re (u21u;2v;1v22). 

n;= 1/ (eli,Bn; --;-1) 0 
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Figure 1: Phonon degree of coherence Gbb versus tempe~atu~e T (in[( elvin) a~d detuning 

~for the photon frequency w. = 5·1013sec~1 and the coupling constantg = 5·10llsec-l. 

Evaluating correlation function (5), one can determine the type of statistics. For ex-
. . ; . "". : \ . ~ 

ample, the Poisson probability distribution leads to Gbb = 1 and the Gaussian probability 
0 ' 

distribution ( ch~otic state) at any' temperature gives G66 = 2. Th~ result ~f calculations 

ofGbb with the help of expressions {6) and (7) is represented in Fig.l. The degree,of coher:. 
• 

ence is plotted as a function of temperature T and detuning ~ = (w~- ~b)/ (w. :t wb)· 

One can see that at any parameters Gbb > 2 that corresponds to the super-Gaussian 

probability distribution (i.e., wider than the Gaussian probability distribution). It means 

that the photon-phonon interaction in an ioniccrystaUeads to stronger fluctuations of 

the number of phonons in comparison with the fluctuations in the case of the ordinary 

thermal lattice vibrations. It is' important to note that at low temperatures (when ther

mal fluctuation's are small compared to quantum fluctuations) there exsists a strong 

enough turning of Gbb aside from 2, while enhancement ofT .(increase of the thermal 
• ' . • . . a • • ' 

fluctuations) leads to decrease of that deflection. Theref<?re, the quaptum fluctuation 

must play animportant r?le only at low enough temperatures. 

To observe these fluctuations, one can use the Raman spectroscopy (10]. The Brillouin 
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scattering process is described by the Hamiltonian [11): 

H == 1iwRakaR + 1iwsa1as + liwAa~aA + liwbbtb -1i(x:sa1btaR + x:A_a~baR + h.c.), (8) 

where aR stands for the photon with Rayleigh line frequency wR,. as and a A correspond 

to the Stokes and anti-Stokes photons respectively, b describes the phonons and x:s, x:A 

are the coupling parameters. 

The short-time approximate solution for spontaneous Raman scattering, when 

(a1(0)as(O)} == (a~(O)aA(O)) == 0, 

can he represented as a series of expansion in t to the third power: 

. { t2 as(t) == x:se-•wst itbtaR + 2x:A.a~a1-

~i~btaR [btb(lx:Al 2 + lx:sl2) + akaR(lx:Al2 -lx:sl2) -lx:AI2 + 2lx:sl2
] }• 

· ( ) · • iw t{ · b ' t2 · t 2 aA t == x:Ae- A zt aR- 2x:sa5 aR- (9) 

-i~ [btb(lx:Al2 + lx:sl2) + akaR(lx:Al2 -:-lx:sl2) + lx:AI2 + 2lx:sl:] baR }• 

where b ::::: b(O) and a; :::::. a;(O), j == A, S, R: Taking into account that the density 

matrix of the system with the Hamiltonian (8) at t '= 0 can be written as 

p(O) = II p;(O), 
j 

we cari cal~ulate expressions for time-dependent intensities: 

ls(t) := lx:sl2t 2
{ IR(l + (nb))-

-t2 G [ {lx:AI2 
- lx:sl2

) (Ik - IR) + lx:sl2 IR] (1 + (nb)) + 

. +~ (lx:AI2 + lx:sl2) 1R( (nb) + (n~(O))) - 1"t 12 
(Ik- IR)) }, 

IA(t) ~ l~Al2t2 {IR(nb)-

-t2 G [{lx:AI2 -lx:sl2) (fk- IR) + lx:sl2 IR] (nb) + 

~~ (lx:Al2 + lx:sl~) JR(nHO)) ~ lx::l
2 
(J'k- IR)) }·. 
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where IR = IR(O) and nb = btb is the number operator of phonons at t == 0. This system 

of equations (10) gives us a possibility to determine the second-order degree of coherence 

for phonons at· the initial time moment via the intensities of the St~kes and anti-Stokes 

components of scattered light for t > 0 that can be direCtly me~~red in· experiments. 

Really, using (10), the degree of coh~rence (5) can be represented in the following form: 

Gbb == (nn - (n&) 
(n&)2 • 

(11) 

where 

2 3 { IA(t) 
(n&) == (lx:AI2 + lx:sl2) t2 IR -lx:AI2t2 + IR(n&) -

-t2 (~ [ (I~~:AI 2 - l~~:sl 2) (Ik- IR) + l~~:sl2 IR] (n&) -
1":

12 
(Ik- lR))} 

and 

. ( } __:_ 3 { IA(t) ls(t) · 
nb - (lx:AI2 + lx:sl2) t2 IR lx:Al2t2 - lx:sl2t 2 + IR-

-t2 G2 {lx:~l
2 -lx:sl2

) (fk- IR) -f- lx:~l
2 

IR) }-

Thus, evaluating the degree of coherence (11), one can experimentally verify the super-. 

Gaussian type of phonon statistics in an ionic crystal. 

The ·main result of this paper consi~ts i~ · revealing sup.er..:.Gaussian character. of 

phonon number probability distribution at thermal equilibrium in a polariton-like sys

. tem. This is due to the nature of the quantum fluctuations, which turn out to be 
c " ' •• ,, 

especially large at low temperatures. The Raman spectroscopy is proposed as a possible 

way for observation of such fluctuations in an ionic crystal at equilibrium. 

One of the authors (A.S.Sh.) is thankful to S.Ciraci and C.Yalabik of the Bilkent 

University for discussions . 
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npuHUMUeTCSI liOAIIItCKil !HI npenpHI!Tbl, C 
HHCTHTYTU ll.ztepHb!X ·ucCJieAOBiiiiHii II <<KpaTKUe coo6 

YCTUHOBJieHa CJieAyiOlltilll CTOIIMOCTb liOAliiiCK 
OIUUI, BKJIIoqall nepecbiJIKy, no OTAeJibllbiM TeMan 

liHAeKC TeMaTuKa 

1. 3KCnepuMeHTaJibHUII c:lJU3UKU BbiCOKUJC 3Hepruii 

2. TeopeTuqecKall 4Ju3uKa BbiCOKHX 3Hepruii 

3. 3KcnepUMeHTaTipHUIIHeiiTp0llllilll c:lJU3UKil 

4. TeopeTuqecKall 4Ju3uKa HH3Kux 3Hepruii · 

· 5. MaTeMaTHKa 

6. SIAepHUII cneKTpOCKOliUII II pa.ztUOXUMU!I 

:7. <l>H3UKU T!llKeJibiX 1101108 

8. KpuoreHuKa 

9. YcKopuTeJiu 

10. ABTOMUTH3UU.UII o6pa60TKII 3KCnepHMei!TiiJibHbll 

11. 8bJqiiCJIUTeJibHU!I MUTeMUTIIKU II TeXI!UKa 

12. XHMHII 

13. TexHHKa c:lJuJuqecKoro 3KcnepuMeHm 

14. l1cCJie)tOBaHHII TBep.ztbiX TeJI lllKUAKOCTeii !IAepH 

15. 3KCnepUMeHTaJibHaSt c:lJU31tKa SIAepHblX peaKU.Hii 
npu HH3Kux :mepru11x 

16. )l.03UMeTp1111 II 4JH3UKU 3alltUTbl 

l1. Teopu11 KOHAeHCUposaHHOro COCTOSIHUSI 

18. l1CnOJib30BaHHe pe3yJibTaTOB 
II MeTOAOB c:lJYHAaMei!TUJibllbiX c:lJII3UqeCKUX UCCJI 
B CMelKHbiX o6JiaCTSIX HayKIIH TeXHIIKU 

19. Buoc:lJu3uKa 

«KpaTKue coo611teHu11 Ol1Silh (6 BhmycKoB) 

noAnHCKU MOJKeT 6h!Tb oc:lJOpMJiei!U C JII06oro I 

no BCeM· BOnpocaM OqJOpMJiel!llll noJi.nHCKH 
TeJibCKTHii OTAeJI Ol1Sil1no UApecy: 141980, r~Ay61 
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