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' ! 1 · Introduction 

The ~ill1 of this paper is todevelop.;, self-consistent path-integral apprmich.for studying 
quantum systems driveri.by hamiltoniaiis with SU{1, 1) dynamical symnietcy. We provide 
here the corre~t expression for the SU{l, 1) path integral (PI) and the direct receipt for 
its calculation: F~r the-conventional fla(PI based on the coherent states.{CS) associated 
with. the oscillator group ~this receipt means nothing but the linear_ shift of integration 
variables. Ir'I 'the CaSe of SU(1,1) the:integration spac~'.turns out t() be acu~ved ones~ 
that the needed transformation looks a bit complicated. -·· . . " . -_ ' . 

-. · Dyn~mical-SU{1,1) ~yffimetry means' that a given hainiltonian -h can be c~t into 
a linea~ combination of the su{l; 1) generator~. It then follows that the" state space is 
emb~dded:in. the UIR' of SU{1, 1). The associated CS' provide a co~venieritbasis for the' 
SU(1,1) UIR'. It ca~Lb~ shown.that a give~ CS evolves under ti~e evolution driven by 
h in ano~h~r-GS: ,Thus, a general SU(l, 1) coherence preserving hamiltonian looks .as a 
linear time:<!ependent-combinati()n of the SU(1, 1) generatqrs [1; 2]: , _ · -

A large varie_tyof modelled syst"ems·withthe SU(1;1) coherence-preserving hamilto-· 
~iai"I~ are relevant forquantull1 opticsand nuclear physics. These arevariou~ paramet~ic 
amplifiers associated with the production of no~clas~ical states of thequantized EM field 

r __ [1, 3, 4], damped oscillator [5], sup~rfluid Bose systems [6]. · · _ 
The most general SU{l, 1) coherence-preserving hamiltonian reads [2]. · 

--- 'h·= 2A(t)K~ +f(t)K+ -t f(t)I<.::; ... (1): 

where operat~rs /{0 , ]{~ span SU:(1,-1) algebra 
: , . ·,. ·-· .. ·: •\. . 

. [Ko;K±] = ±Kr; [K+,JC] =:= _:2Ko ' (2}: . 

and A(t) is a real; and J(t) is an/arbitrary compl~~; fun~tions of time. · 
Theprobability amplitude is defined by , · · 

. U1;= (fl Texp ( -i1T h(s)ds)li)-, .,, . (3) 
--,, " . ". ,· " ., . . " . ,' ' 

where the symbol T stands for the time:ordering operator, To proceed further with Eq.(3); 
one needs to get :dd oftimeoordering by employing a suitable disentangling procedure .. 
This procedure has been proposed by Wie and Nom1an [7]. For timeoindependent hamil-' 

·tonians the WieoNorman method results in.tlie well-known Baker-Hausdorff form~la. A 
detailed' analysis of{1) in the framework of theWie~Norinan methodhas been given' by 
Dattoli et al [8, 9, 10].: . · ·. ' \ 

The key P()int of the Wie-Norman approa:ch is the .following disentangling f~rinula 

Texp ( -.i 1Th(s~~~)~=:.~:~o(~)I~~<r::r)K:)exp(1f-(~)K_.), ~ , -

-- · ·: ~~~t~·~~:~:rr:-~t~i~l~i · ;~~l~CiTr;;~, · 

:~It~~~iTI~:li~ t.;.(:.~;;;~;:;l~t~:~~-:~:1~·~, 
. -~~,.,,_. n• ~.~.,.:..._, .. • · 

;; . ~~.cor;:};ttiflU l ~nrt 
.;,.-:·::..r•~"' ... ..:~ ~.:·· 'J"· ~ .~~~/"!":'it,.-..- • ·~ 
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where the set of auxiliary functions{ tP} is to be d~termlned through the. set of coupled 
linear differenti,al equations. The latter depend upon the SU(-1, 1i structure constants. ' 

The second approach to calculating (3) is just fo rewrite it as an infinite product of· 
sh~rt time~evolutionoperators · · · 

·. -.- N 

.. Uj;. = lim {!I II u.(tj)li), 
· , N-oo , , i=l . _ , .· . ' 

:, -;- ·-r: 

.where 
u.(ti).= exp(,-it:h(t~2), f =: TjN .. 

By rnaking multipl~ u;e of decomposition of unity in terms ufSU(l,l) CS'i~ the_1ab~ve 
equation and ~akulating appr'opriate matrix elements to.~i:der ,f on'e arrive~ in' the limit 
N-+ oo at the Wie-Norman results. This has successfully been demonstrated by Derry·.· 
[11] for .the SU(i, 0 case and l~t~r by_Ellin~ forthe SL(2; C)' case [12]. . . . · 

In this paper we willshow that PI over SU(l; 1) CS' provides aconvenient approa:di 
'to calculating (3). It tui:ns o1,1t to'be.an alternative tothe Wie-Norman procedure, but 
pos~esses the. advantages. comrrwn to all PI representatiims: compactness,. co!lvenience. in. 
handling and universality. ) ' .: . ' . . ·,. . 

2 -' su(l, ifcohe,rent states and' th~ path inte~ral' 
Let us remind bri~fly the properties of the·su(l;l) CS'. :The 3D Lie algebra of SU(I, 1) 
consists in the c·artan basis of.the operators (2); We are only interested.i~ the positive·. 

. discre'tecseries representation .1)+ ( k }_with ba~is states denoted as { lm, k)}' :where 
. ' .-- ,. . . . ~ 

. I<olm, k) = (m + k)lm, k) m~ 0, 1, 2, .~:<-

and k is the Bargmann (reptesentatioll.)"i~dex [13]. Diietp Ref .. [15] theSU(1, 1) CS ~an. 
be represented as . ·- - . .. : . ' .... · ... 

. I(; k) =.(1'..: 1(12)~ ~<K-~; IO;k) ,· .. - - ( 4) 
. . ' ' . . ; - .· . :· . ·~. . ' . . . ' 

where the complex parameter (belongs to the' co* SU(111)/S(U1 x.UI) which is iso-
morphic to the Lobachevskii plane L2 in the Poincare model.· The latter can be realized 

· in the form of the i~terior'oftheunit disk in C1 with the SU(l; 1) invariant• metric 
' . . . .. . . '-- .: -~ . -' -. .. ~--" . > 

., ~ 
·a 2 .· 4d(d( 1(1 ... 1 
: ':"· (1·- I(Fyi : _ < · . · (5) 

The m~nifold (5) appears M a' cl~sical phasJ space fo~ s~stem (1). Note that cs· (4).: 
depends up~n the representation inde:ic k: . - . . . . ' .. 

. ,· 
'_,: 

.l 
j 

t 
j 
1 
'j .. 

/·: 

., 

\ ~- c· . ·.~, 

The overlap of two stat~s is given by 

(('; kl(; k) = (1...:. kt~2 >"(1 _: 1(12)"(1- co-2
". 

. . 

An important· property of these states is· that they satisfy the complete_n~ss rdation 

/t(; k)((; kl d~r.(() =I,., 

where the SU(1,1) invariant measure look~. as follows. 
\ . . 

2k :_ 1 . J2( . 
~/!k(() = ;-;;:-:- (1 :- i(j2)2 

For. the further ~sewe ne~d the SU(l; I) averages 

.- .. (( kll., l(·k·) k 1 + l(f (( kll' (.J., .,( k).· 2k. ((() . 
· ~ ~ · \o ; • = · 1 '- i(j2 ' ; . \;~: L) ; • = :. 1 -1(12 · 

. . . . . / 

(6) 

(7) 

(8) 

(9) 

We proce-ed now t~ theco~struction of the PI ~v~r SU(1,1f CSrfor the probability' 
amplitude (3), the 'final arid the. initial states being taken to be the .cohere11t ones . · . . . ~ . ...... / 

. ((~; k~T,exp( -i1T·~dt)i(2;k} = Gr.((I; (2; 1') 
. , ' . " , " 

(10) 

Making imiltiple use of decompo~ition of unity (7) in·the l.h.s. of Eq.(10) one obtains in 
the continuouslimit -. .-.· - . 

Gr.((~.(2; T) 
··j··. ciT>=ct . . (1-l(ti2)"(I ._ Ki12)" . . . 

·_. ·.. Dltk(() . k k X 
((D)=(> · · · (1- (t((r)) ,(1 ;- ((0)(2) • 

• (' . T ((- (( '. • : ~ ·. ·•) • .•. 

_exp _kL l"-l(i2 ds.-z1 /:tk((,()ds •: 
" . "·. / 

·where ,, 
h~((, ()= {(; ~lhl(;k) 

···and the following no~~alization holds . : 
• ' '(:· /. < 

..... 

G~lh=O = ((I;,kj(2i k): 

The Euler-:Lagra~ge -equatioil.s yield ' 

-~ ~ {(, hk}; ((0) = (2 

(,={(,hr.}, ((T)==(l, 

(11) 

( 12) 



~~·" 

where {,} is a-Poissonh~asket defined by _ . . . 

- {A B} ~ (f-'-1(12)2 (8A iJI! :.:_ 8'?'8B) .. 
~ c ·-.' . 2ik. . 8( 8( .. 8( 8( .. 

This indica.tes thatthe classical phase sp~~e ~pimn~d by ( a.nd: ( is curved, i~ fact the 
. _ Lobai:hevskii plane in the formofa unit disk (Poincare model) [14]. •. . · ·. 

It is o~ particular importance to note that" the additional functio!lal i~ E.q .( 11) 
-: .-; ·- --

{1- R1l2)~(1 -1(212)k . 
(1- (1((r))k(L- ((0)(2)k · 

. _(13) 

reflects the difference in thebo~nd~ry conditions: at 'i = 0 ((i) is fixed whil~at t ,;., r ((t) 
is fixed. It should be stressed, that ((0) and ((0) = (2 as well as (( T) and (( T) = (1 
are to be considered to be independent: For example, we integrate 6ver ((rVwhile ((r) 

·is fixed. It is the additional term (13) that provides the correct equation of motion . 
(12). Sometimes there.appeai: rather formar"SU(1, 1) path-integral represenfatio~s foi· · 
the tiansifion ampli~u~e(10) with. the boundary fixing term (13) being omitted. For the . 
ordinary flc\t PI overGlauber CS' 'the boundary fixing terms.have been discussed in-Ref. 
·[16]. . . . . . . -

3 Evalulition: o~ the path .. i~tegr~i . 

PI(11) c~ri be evahiated dir~ctly, provided h belongs t~ theSU(l; 1 f alg~bra. This is in. 
a complete analogy with the flat case, where the gaussian PI stemsfrom the particular. 

· form 'of the hamiltonian: · : · · - . . · . . · 
. -> h = wa t a + .-\a + :\a f 

~nd can be calculated-with the help oriin~ar ~hifts:of the integrati~ variabl~s. From · 
the group-theoretical point' of view these shifts' c~ bethough-t of as the oscillator group 
action in the cla8sical phase spa.ce. . .- .. . . -· ., - . . . .. . . 
. - Let us takeh in the form (1), where we allow for the explicit time-dependenc~ of-

entering parameters. Then in view oLEq. (9) one has . . . 

·. - • · . H-1(12 -· . · · ( · -..: · . ( •. 

hk((~ () = 2kA(t) l-: l(ll + 2kf(t)_1 _ l(l2 + 2kf(t) 1 :-l(l2 · 

!-et us take the SU(l, 1) action_in C2.in the form 

g E SU(l, i) = ·(- ~ ··v __ ) 
. :, . v ii•' 

' 

. 4. 

(14) 

.· 

( 

" 

' 

l 
J· 

~-1·-1 

·>. 
' :, 

.~• 

_, 

. where juj2 -lvl2 = l..SU(1,1) actsin thecosetspa~e.SU(i,l)iS(Ut xU1) through-the 
following canonical(projective) transformations · · . · 

(--:-+ ( = uq + v- ·. 
--u77+u: 

(15) 

Under the action of (15) an. ope~ disk in C1 transfo~ms into itself.' Equation (15) leaves 
'the metric~ (5) invariant. Iri other words, SU(1, 1) acts ·as a group of motion_of th~ 
Lobachevskii plane. . · · - · · ·' · 

-Let us change the integration variables in (11) by means of substitution (15), parafu-
. ~ eters u and v being time--dependent. The integration measure in (11) remains invariant. 

Let .us then fix the 'SU(1, 1) paraiD:eters by demanding that the terms linearjn f and f 
in. PI (11) with hamiltonian (14) vanish after substitution (15). After some tedious but. 
straightforward alg~bra one gets -. .· · · -

/" 

where 

'and • 

. . 

G (
;: (·) _ (v(;)ih+u(r))k(v(0)772+ii(O))k1: ij(T)=ii,-D () 

k ':.b 2, T - ( ) -c ) ( )- . (O) J.lk 77 X 
· .-- V T 771 + U T , V 0 772 +. U ~(0)='72 

/ 

. (1 -l77~1 2hf -'l772l2)k . . .. . ...... 
.. (1- if177(r))k(l...:.. ;j(0)772)k .x .. <. · . 
· --·( r ~71 ...:..';r~ · -. ·. r r + 11112 )-

exp k Jo :.t -17712 ds -- 2tk Jo /!(~) 1':-l7712ds. 

• • . • <' • • k . . . . k • 

: ·(v(r)7i1+ u(r)) ·.(u(0)772 + u(O)) 
=;= v(r)111+u(r) . v(O)if2+u(O) 'x 

. . . (1 -- 1'7112)k(1 :-" 1'72 l2)k -~ ·. ·: . '1T . 
·( . _. ( .2 . fT•na ))lk_.exp_(-2-zk_ .. !lds),,· 
. 1 - 77t772 exp - z Jo u ~ . . . • o · . , 

'<.. u(0)(2 - v'(o) _ _ u(i)(1- v(r) _ 
772 = 771 = · -u(0)(2 + u(O) . · ·- -v(-r)(1 + ii(r) 

.• !l(s)=· ~(iiv- _uii ..c_vv + fiu)+f(s)uu + j(s)~v +A(s)(lul2 + lvl2) .. 

(16) 
.,.. .. ·· 

(17)' 

(18) 

. (19) 

In passing froin (16) t~ (17) we use that the PI in Eq.~16) due to its pointwise definition· 
is equal _!;o · · · · ·-

(iJ1; k) exp(~2iKo 1T !lds)ltt~:i k) -~(771 ; kj77~~,_liJ;n~·; k)_ exp( -2ik1T Ods). 

, .. --: .' • ~!.-.' 

s .. 



·;- ., .. 
--·~ . 

_-,/. 

~ . ' 

" ,Ao-1 
-/Inserting b~ck Eq.(18) into Eq:(17) one finally arrives at 

. , - . . . (1 _:_ Ktl2)k(1 -IC2I2t : . '[.,. · · , . 
Gk(~t.(2;r) = _ . [A((t.(

2
;k)J2k ~- exp(-:2tkj~ H(s)ds), 

\ • " • - < 

where -
'A((t;(2;k)= . . , , . 

u(i)u(O) ~ }i{;)~{o)e-2i for na. + (2 ( v(r)u(0)~-2i J; na<.~ ~~O)u(r)):+ •. · 

(20) ,-

. ( 1 ( u(r)v(!))e~2i for Od• -~-v(r)u(O)) +~~1(2 ( v( r)v(O) ~ u( r)fi(0)~-2i for Od•) (21) 
' "' : .... __ ' . . ' . 

Functions ·u, v are to be taken to satisfy. 

i(vu-:-. itv)+2Avu +fv2;t- ]u2 
=::_ o 

-i(vu:.::. uv) + 2auv+lv7-+ fu2 ~ 'o. 

\. 

.-" -

The sufficient conditioris for Eqs.(22)t~ befulfill~d areas follows 

v = iAv+iJu 
. it = -,-iAu- ifv _ 

· It is easy to.convhtce oneselft~at 
·!l(s) = 0 

OJ:!. the solutionsof system (23): Equation (20)theri reads, 
. \ . ' . .. . . . - . - ... 

where 
I 

. _ . . (f-l(d2Jk(I-1(212)k · - , 
Gk((t.(2i 7 )_= [a(r) +b(r)(2 - b(r-)(1' . a(r)(t(2)2k_ 

a(t) ~ u(t)u(O) _:_ v(t)v(O); b(t) = v(t)~~O) -. u~t)v(O). 
Due to Eqs:(23) a(t) and b(t) satisfy 

}. 

with th~ bounda~y. condit~ons 

. ,. ~~ 

~- = -iAa-,-, ifb 
b = -igb~- ifa . 

a(O)_='=}, _ b(O) = 0 

'• ' '(22) 

. \ ~ 

(23) 

(24},· 

(~5). 

(26) 

' .. ·~ 

Formulae_ (24,26) coincide exactly with those obtained by Ger~; [11] ~rid,Ellin~]i2]. 
r .. . 

., 

,•.' 

. j; ... · 
--

r 
• ••. • •.. ' ( • • - ·;·. ,0 ' . 

In conclusion let us briefly comment on the case.of the !ime-ind~pendent SU(l, I) 
hamiltonian .. · Consider · · . · · . 

· G~0l((1\ (2; r) = ((Ii k_l exp .:;:iT (21Ko +fi<+ + ]1(~~ l~?_;_r); (27) 

where A and fare regarded to be con~timts, SU(I, I) acts in the Hilhert space of analytic -
f~nctions definedo~ lzl < 1. as follows [I4] · ·. · 

(u_· 9f)(z) = (vz+ u)_;k f (~z + ~) 
r .. ' .. - vz +u ._- .· -_. - . ._.. 

·-· 

~here g E SU(i;I). Thisi~plies' that -
- . - ·k. 

. Ul(·k)_:(v(+u) lu(+.v)·· 
-~ 9 

:' · ~. _·v(+u •.. · v(+u · 

Let u; be' taken to_ diagonalize h: ' . 

UghU}'=2noi(o. no= V~2 -:-lfi 2 ,'IA-I > lfl· 
"'·. ·- $ • • • - ' 

I ., _: - . . . . . 

The operator w~ need is-just 
'. ~ - -- ' < 

U9 =expO{JJC -fK+L 

\vith 
. sinh 2IJIO =: If I! rio, ·co~h 2IJIO =_= A/!lo. 

, ,:_Then. <-: 

!. 

'c(o) = .· ((iiU9 ex~(~2irOoi{o).Vjl(2) . .- , 

-=·(·u(t-"v.·l u(2-v e..:2irno)/~(1.:_1(112)k(I_:_I(212)ke-2;rkno . 2s 
• 

0 

-v(t + u, ~v(2 +u· · · [A!Ol((1 ; ( 2;-k)Fk · · ' · ( ) 

where' 

_A(OJ((t,(2;k) = lul2-e-2irOolvl~·+vu(2(e-2irOo_:_l) • 

+ uv(t(e-2iino ::-I) +(t(2(1vl2 .:_ ~-2irnolul2)' (29). 

,'; u = cosh-1!10; v = -:-l~l sinh If~· 
On the ~ther hand, the solution ofEq:(26) at 'A and f fixed look's ,;_g follmvs .· 

- " ' . . 
' .· I •; ·_, •, - . j . • .. 

-. ,a(t) = cosH0 t....:, i cosh 2IJIO si!l!l0 t,_ b(t) = i lfl sinh 21_110 sin!lat. 
; 

: (30). 

._· ~ 

., -,_ 

7 



·',f 

/ 
: _· i , ... '. . 

Being insert~d into Eq.(24) it results in Eq.(2S). 
The-last remark' is that the PI over SU(l, 1) CS' might be 'used forconstructing 

the probability amplitude for a system with,a hamiltonian that belongs to the SU(1, 1) 
enveloping algebra. All the needed averages are given in (19]. A lot of systems are relevant 
for the case [17, 18, 19],the interesting point being that they' exhibit th~ nontrivial 
behavior ·and-rich vacimm-structure. • · -. . ' 

/ 
. ' ' 
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KoqeTOB E;A. 
, , · KoHTHHYaJI&Hhlii HHTerpan B KBaHTOBhiX MO):{eJI.HX 

C S U (1 1 1) ):{HHaMHqeCKOii CHMMeTpHeii 

PaccMaTpH:BaeTC.H KOHTHHYaJI&Hhlii HHTerpan ):{)] 
.TH no KorepeHTHhiM COCTO.KHH.KMJ:VI.H SUO,I> ):{HH 
Ka3aH01 qTO HHTerpa.n:hl BhlqHCJI.5110TC.51 C nOMOID;hR 
·CTaHOBKH,· .51BJI.51IOJD;eJiC.51 KaHOHHqeCKHM npeo6pa~ 
cPa30BOro npOCTpaHCTBa.....;, DJIOCKOCTH Jlci6aqeBCKO 

Pa6oTa BhlnOJIHeHa B Jla6opaTOllHH TeopeTHqec 

llpenpHHT 0fu.e.!{HHeHHOro HHCTHiyTa ll.!{epHblX HCCJie 

Kochetov E.A. , 
SU(l,l) Coherence-Preserving Hamiltonians: 
a Path-Integral Approach 

.· . 
We consider path int.egral for.the SU(l,l) dyna 

associated coherent states. It is diagonalized wi 
fractional transformation, the SU(l,l) action in tl 
SIJaCe - Lobachevskii plane L 2• 

The· inv~stigation has been performed at the L 
Physics, JINR. 
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