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Effects of Atomic Coherences in the Jaynes-Cummings model: 
Photon Statistics and Entropy 

The Mandel Q-factor, antibunching effect and the entropy are calculated 
for the Jaynes-Cumminigs model with the atom being initially in a coherent 
superposition of the upper and lower states. The value of Mandel's Q-factor in 
the collapse region is found and compared with the behaviour of the field 
entropy. 
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1 Introduction 

The Jaynes-Cummings model (JCM) of a.single-mode quantized field 

coupled to a. two-level a.tom in a lossless cavity (1]-(5] is an impor~ant 

fundamental theoretical model of the interaction between two quantum 

systems. In addition to being ·exactly solvable it has recently become ex

perimentally realizable with Rydberg atoms in high-Q microwave cavities 

(6]. The model predicts a lot of interesting effects, among them one finds 

the so-called "collapses" and "revivals" of the Rabi oscillations (7] which 

give a. clear signature of the quantum nature of the interacting field. The 

evolution of the field and atomic states in the JCM has recently attracted 

a lot of attention (8]-[12]. Phoenix and Knight (8] and Gea.-Banacloche 

[9] have shown that the atom and field most closely return to pure states 

during the collapse region but not at the peak of revivals as may be ex

pected and have found the explicit forms for the atomic and field states 

at this time [9]-[10]. The pure atomic state at half revival time can be 

generated even from an initial mixed atomic state [12]. 

Recently, Agarwal and Puri [13], Zaheer and Zubairy [14] have con

sidered a two-level atom injected into the cavity in a coherent super

position of the upper and lower levels. They have shown that for a 

certain choice of the relative phase between the atomic dipole and the 

coherent field for which the initial atomic state is an eigenstate of the 

semiclassical Hamiltonian., the population inversion essentially remains 

· unaffected. Exactly coherent trapping in two-level atoms has been found 

to occur (15] when the initial state of the field is a.n eigenstate of the 

Susskind-Glogower phase opera.tor (l 6J and the phases of the field a.nd 

dipole moment are identical. The effect of phases on the reduction of the ·-----· --•·---
Ofncilhc•. "t"'ll HHCilTJY 1· 
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fluctuations in atomic variables, and on the quadrature and amplitude-

squared squeezing in the JCM has also been investigated (17], [18]. In 

this paper we study the time behaviour of the Mandel's Q-factor [19] 

and the antibunching effects using the definition based on the sign of 

(d/dr)g<2>(t, t + r) at r = 0 [20], [21]. We calculate the qu.asi-steady 

value which Q takes in the collapse region and find that Q is larger 

than zero when the atom is initially in an eigenstate of the semiclassical 

Hamiltonian and is equal to zero for another initial atomic state. On the 

other hand, the entropy in the first case is _lower than that in the second 

one. Thus, we give one more example illustrating another important re

sult of [8] stating that the entropy, rather than the variance, is a reliable 

parameter to characterize the fluctuations of the field . 

2 Field . Statistics 

The model Hamiltonian of the JCM in the electric dipole and rotat

ing wave approximations is given by ( h = 1) 

H = WQRz +wata + g(R+a+ afR-), (I) 

/ where the opera.tors Rz and H± describe tqe a.tom with transition fre

quency w0 while at and a are creation and annihilation opera.tors of pho

tons with frequency w; g is the atom-field coupling constant which may 

be treated as real and positive without any loss of generality. 

Let the atom at the initial time t = 0 be prepared in a coherent 

superposition of the excited and ground states [17} 

lt/Jatom(t = 0)} = cos ~le)+ ei~sin ;jg), 

2 

(2) 

'· 
~ 

I 
l 
l 

.J.,. 

I 
j 

and the field be in a coherent state 

l1PJieZd{t = 0)} = L qnln), 
n 

nf 
qn = exp(-n/2) ,l;J" (3) 

Assume that at t = 0 the atom and the field are decoupled, then we can 

write for the initial atom-field state 

j,p(t = 0)} = L qnln)ITPatom(t = 0)}. (4) 
n 

The wave function of the total system at time t is found from the Hamil

tonian ( 1) to be 

where 

IV'(t)) = ~>• { coe H A_(t)je, n) + B-(t)jg, n + I)] + 

,;; ain HA.,9(t)jg, n) + B.~(t)je, n - I)]}• 

An,e(t) = exp[-iw(n+½)t] (cosfnt-i
2
~n sinfnt), 

An+i,g{t) = exp[-iw(n+½)t] (cosfnt+i
2
~n sinfnt), 

eWot) Ao,9(t) = exp 2 , Bo,g{t) = o, 

(5) 

(6) 

Bn,e(t) = Bn+l,g{t) = exp [-iw ( n + ½) t] (-ig..j;n+ I sin fnt), 

with f n being the generalized Rabi frequency 

fn = Jg2(n + 1) + 6.2/4 

and 6. being the detuning parameter 

d 

/). = Wo -W. 
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A good measure of the extend to which the photon statistics of a state 

is sub-Poissonian is the Q-fact?r 

Q = ((6.n)2) 
(n) - l (9) 

introduced by Mandel (19]. The more negative Q is, the more sub

Poissonian is the field statistics. Another important characteristics of 

the field statistics is the quantum degree of second-order coherence. It 

is obtained by evaluating the transition rate for a joint absorption of 

photons at two space-time points (22]. For a single-mode radiation field, 

if purely temporal correlations are of interest, the relevant correlation 

function in the normalized form is 

2 {at(t)at(t + r)a(t + r)a(t)) . 
g< >(t, t + r) = (at(t)a(t)){at(t + r)a(t + r)) (10) 

The coincidence rate g<2>(t1 t + r) plays the central role in the definition 

of photon-antibunching. Two definitions are commonly used in the lit

erature (23]-(24]: the value of g<2>(t1 t+ r) at r = 0 is less than unity or 

the derivative of g<2>(t, t + r) as a function of the delay time rat r = 0 

is positive. If under antibunching one means the tendency of photons 

to distribute themselves separately rather than in bunches so that when 

a light beam falls on a. phot~detector fewer photon pairs are detected 

close together than further a.part, one must use the latter definition [20]. 

Making use of (5) and (6) we can rewrite the Mandel's Q-factor as 

Q _ (af(t)at(t)a(t)a(t)) - {at(t)a(t))2 

- (at(t)a(t)) 

and the derivative of g<2>(t, t + r) as 

d (2)(t t + r) l.,.=o= -g I dr 4 

(11) 

t:...C , 

•f'< 

{:,. (a1 (t)a1 (t + r)a(t+ r)a(t)) l,=0 (a1 (t)a(t)) 

-(a1 (t)a1 (t)a(t)a(t)):,. (al (t + r)a(t + r)) l,=0 }<•' (t)a(t))-3 , (12) 

where 

(af(t)a(t)) = n + L Q,.sin2 f,.t 
n 

~ sin 0 L q,.q,.+1F,.(t), 
n 

(at (t)at (t)a( t)a(t )) n2 
- n + 2 z:: nQ,. sin2 1 .. t 

n 

sin 0 L q,.q,.+inF,.(t), (13) 
n 

d . 
dr(at(t+r)a(t+r)) l.,.=0 = Lf,.Q,.sin2f,.t 

n 

sin oz: q,.q,.+lJ,.(t), 
n 

1 {at (t)at (t + r)a(t + r)a(t)) l.,.=
0 

= L nf,.Q,. sin 2/,.t 
n 

sin oz: q,.q,.+lnJ,.(t). 
n 

In Eq. (13) for simplicity the notation 

g
2

( n + 1) [ 2 2 0 2 • 2 8] 
Q,. = f~ q,. COS 2 - qn+l 81D 2 I 

F,.(t) gJn+"I [ . ,I.. • ~ 6- ,I.. • 2 ~ t] = f,. . Bln If' 81ll 2Jnt + f,. COS If' 81D Jn 1 (14) 

J,.(t) = gJn + 1 [sin</> cos 2/,.t + 
2
~,. cos cp sin 2/,.t] , 

has been introduced. 

It can be easily checked that for two limiting situations when the 

a.tom is initially purely excited ( 0 /2 = 0) or de-excited ( 0 /2 = 1r /2) Eqs. 

(13) reduce to those obtained earlier by Dung et a.I. [21] 
5 



By substituting expressions (13) and (14) into (11) and (12) one easily 

obtains explicit results for Mandel's Q-factor and the derivative [g<2>(t, t+ 

r)}: at T = 0. Recall that light for which Q > 0 ( < 0) has fluctuations 

larger (smaller) than those of a Poissonian process and is said to exhibit 

super- (sub-) Poissonian behaviour. However, as will be shown below, 

Q = 0 is not enough to state the Poissonian character of the field. The 

photon bunching and antibunching are defined by the behaviour of the 

normalized coincidence rate g<2>(t, t + r) in the vicinity of r = 0. If 

g<2>(t, t + r) fa.Us with increasing r from r = 0 (negative derivative), the 

light is said to be bunched. If g<2>(t, t + r) rises as r increases from r = 0 

(positive derivative), the light is said to be antibunched. 

In the collapse region Q is nearly constant and is found to be, at exact 

resonance (~ = 0) 

2 _ 2cos0 '- cos2 0 
Qqua.1i-atea.d11 ~ 4n + 2 cos 0 1 (15) 

where we have put the relative phase between the field and the atomic 

dipole ¢ equal to zero. For non-resonant case (15) is very complicated 

and we have no such simple dependence for Qqua.,i-atea.dv from 0 and fi. 

From (15) we easily obtain the value of 0 for which Qqua.,i-,tea.dv vanishes 

0 = arccos(V3 - 1). (16) 

Equation (15) c_an be easily generalized to the case of m-photon JCM 

with the Hamiltonian [25]-[26] ( without taking into account the ac Stark 

shifts) 
H = woR:e + waata + g(R+am + atm R-). 

to be Q 2m2 
- 2mcos0- m2 cos2 0 

qua.1i-atea.d11 ~ 4 _ + 
2 0 

· 
n mcos _ 

6 

(17) 

(18) 

J 

")• 

i4 
'' 
,I ~ 

.,,.. . 

.:-

Then the condition for Qqua.•i-aua.d11 = 0 reads 

cos0 = -1 ± ✓1 + 2m2_ (19) 
m 

For the two-photon JCM (m = 2) equation (19) means cos 0 = 1, i.e. 

Qqu,u,-,teadv = 0 for an initially inverted a.tom. Form larger than 2 Eq. 

(19) has no real solution 0, and the field sho~-;--~nly super-Poissoni~n 

statistics in the collapse region. Note that in this region [g<2>(t, t + 
r)J: lr=o is equal to zero for any values of m, 0 and n, which is in 

contra.diction to the first definition of antibunching. 

It does not appear possible be express the sums in equation (13) in 

dosed form. But for not too large n, the direct numerical evaluations 

can be performed. The results show that, in general, Q and [g<2>(t, t + 
r)J: lr=O oscillate near the initial time t = 0 and in the revival region. 

The field can be sub-Poissonian or super-Poissonian when the photons 

exhibit a.ntibunching and alternatively, the photons can be bunched or 

antibunched when the cavity field shows sub-Poissonian photon statistics 

(see Fig.I.). By changing 0 we can reach positive and negative values 

or zero for Mandel's Q-factor. The numerical calculations of Mandel's 

Q-factor for the initially coherent field are presented in Fig 2. for (a) 

cos0·= 0 and (b) cos0 = ✓3- 1. As can be seen from Fig 2.a., for the 

case (a) the interacting field shows super-Poissonian statistics, during the 

whole time. In the case (b) (Fig 2.b.) in accordance with Eq. (19) the 

Mandel's Q-factor is equal to zero in the colla.pse region. But as we shall 

see from the analytical and numerical results presented below it does not · 

mean that in this region we have the Poissonian photon statistics. · This 

indicates only that the variance, which is sensitive to the moment of the 

second order, in the case (a) is larger than that in the case (b). 

7 
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Further, we calculate the photon number distribution in the given 

model. The density matrix is defined as 

p(t) = lt/J(t)}{tfJ(t)I. (20) 

Then, the photon number distribution at laier time t is given by 

P(n, t) = TrA(njp(t)ln). (21) 

By using the expression (5) for the wave function 11/>(t)} of the total sys

tem, we obtain the following formula for the photon number distribution 

P(n,t) =q; [cos2 ;/n(t)+sin2 ;ln-1(t)] +q;_1cos2 ;Ln-1(t) 

+q;+l sin2 ~Ln(t) + -
2
1 

qnqn+l sin 0Fn(t) - !qnqn-1 sin 0Fn-i(t), (22) 
2 2 . 

where 

In(t) 

Ln(t) 

t:J.2 
2 f, t + -sin2 fnt, = COS n 41; 

g
2 

( n + 1) . 2 f, t --sm n - Pn 

and Fn(t) is defined by {14). 

(23) 

The evolution of the photon number distribution is presented in Fig. 3. 

for the initially coherent field and for cases (a) cos 0 = 0 and (b) cos0 = 
VJ - 1. In the case of cos 0 = VJ - 1 though Q qua,i-,tead1t = 0 the photon 

number distribution at time t has a multipeaked structure, i.e., differs 

from being a Poissonian distribution. But for cos 0 = 0 the curves P( n, t) 

are similar to Poissonian one. As can be seen from Eq. (15) and Fig. 2.a. 

in this case Qqua,i-,tead11 > 0 and the photon number distribution has the 

super-Poissonian photon statistics. 
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3 Entropy 

In this section we compare the time evolution of the entropy with 

that of the Mandel's Q-factor. Since for systems in which both the atom 

and field start from pure states, the atomic and field entropies are equal 

(8], (27] and the calculation of the atomic entropy is more transparent [8], 

(12], [28], below we treat the tin1e behaviour of the atomic entropy. Th_e 

atomic density matrix can be obtained by tracing over the field variables 

and can be written as 

Pa~m(t) = [ a(t) --y(t) ] 
--y"(t) fJ(t) 

(24) 

where a(t), --y(t), fJ(t) can be easily found by using equations (5) and 

(20). 

The atomic entropy is given by 

Satom = -Tr(Patom ln Patom), (25) 

Since the trace is invariant under a similarity transformation, we can go 

to a basis in which the atomic density matrix is diagonal and write Eq. 

(25) in the form 

Satom = - L(,\1sln,\1s), 

" 
(26) 

The ,\" can be derived from equation (24) in a straightforward manner 

,\1,2 = ½ { 1 ± ✓r- 4 [a(t)fJ(t) - b(t)l2]} ,_ 

with the elements of the atomic density matrix being 

1 1 
a(t) = 2 + 2cos0LPnn(O)cos2gtJn+ 1 

" 9 

(27) 



+ ½ :in 0 sin <P L Pnn+l ( 0) sin 2gtFn"+1, (28) 
n 

-y(t) = cos2 ~ L iPnn-1(0)cosgtFn"+1 sin gtvn 
n 

sin2
; L iPn+1,n(0) sin gtv'n+J cos gt.,/n 

n 

+ ¾ exp(-i¢) sin 0 L Pnn(0) cos gtFn"+I cos gtvn 
n 

+ ¾ exp(i¢) sin 0 LPn+1,n-1(0) sin gtFn"+I sin gt.,/n, (29) 
n 

P(t) = 1 - a(t). (30) 
where for initial coherent field we can write Pnm(0) = qnqm and qn are 

defined by (3). 

In Fig. 4 we have plotted the entropy for the two values of cos 0 

(a) cos0 = 0 and (b) cos0 = ../3-1. In the case (b), as we see from the 

figure, when the interaction is turned on, the entropy increases rapidly 

from the ini~ial value zero, but in the middle of the collapse region, it 

decreases significantly indicating that the atomic and field subsystems 

roughly return to pure. states. This is in agreement with the results of 

[8]-[12]. In the case (a), which corresponds to a trapping state [13]-f15], 
.' ' 

the atomic and field subsystems go away from their initial pure states. 

very slowly. 

Even more interesting is that in the first case ( a) the entropy is always 

smaller than that in the second case (b), which allows us to conclude 

(somewhat arbitrarily) that in the collapse region .the field state, when 

cos 0 = 0, is closer to a Poissonian one than when cos 0 = ../3-1. Figure 3 

of the photon number distributions also supports this conclusion. On the 

other hand, as has been shown in equations (15), (16), Mandel's factor 

Qqwui-,teady = 0 for cos 0 = ../3 - 1 and Qqua,i'--.teady > 0 for cos 0 = 0. 
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Thus, relying on the Q-fa.ctor a.lone can lead to some misinterpretations 

on the fluctuations of the field. 

4 Conclusion 

It is shown for JCM that by varying the weights of the upper and 

lower states in the initial coherent superposition atomic state, one can 

change the cavity field from being sub-Poissonian to super-Poissonia.n. 

Moreover, sub-Poissonian photon statistics does not imply photon anti

bunching and can be a~companied by photon bunching. It is found that 

the investigation of the Q-fa.ctor, which is equivalent to an investigation 

of the variance of the photon number distribution, is not enough to con

clude about the behaviour of the field fluctuations. This is also confirmed 
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• Figure 1. The time evolution of (a.) the Mandel's Q-fa.ctor and 

(b) derivat~~e [gC2l(t, t + r)]: 1.-=o for ii = 20, q, = 0, !J. = 
V 

O, cos0 = 0. 
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by the results concerning the photon number distrib~tion and the atomic 

entropy. The explicit expression for Mandel's Q-factor and the derivative · 

[g<2)(t, t + r)]~ lr=O in the collapse region has been found. 
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• Figure 3. Photon number distribution for n = 20, </J = O, 6. = 0 

and (a) cos0 = 0 and (b) cos0 = Ja- 1. 
0.6 

0.5 

0.4 

so.3 

0.2 

0.1 

10 20 

gt 

• Figure 4. The atomic entropy for n = 20, 

(a) cos0 = 0 a.nd (b) cos0 = °'3-1. 
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