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LFROM STOCHASTIC MODELS 
TO DETERMINISM OR QUITE THE REVERSE? .. ·. 

. l . .• . 

The path integral fpmalis~ has mainly.been developed for the use in quan
tum mechanics and stochastic irreversible thermodynamics with physical time t 

as the only independent variable: The distribution function f (r/, t) 
· (j = 1, 2~ ... ,n) of nonequilibrium states satisfies a Fokker-:--Planck equation · 

. ., cc/. ~ .. = [~ •" c<1i ; i ,,.,. c.01, c✓ ... ,t.) .. (1.1) 
.. at . ' .. , , ar/ ·· . 2 ar/ al J . · 

This• equation i~ · equival~nt . (only f~rmally but' ~ot physi~ll;)_ to ~he Schrijdin'.. 
· . ger equation' with «imaginary time>> · '" · · · , 

r . . . . . . . . . . . 
where His the «Hamiltonian>> from (1.1). Then, the distribution function at a 
mome~toftime t · · ·; · , · · · · · · ·· · 

.. . .· '~ . . 

~, i<l:t{=JF.({t'l/o,t0)f(~::t0)d~, .'i . . , (1.3) 

in \Vhicbthe conditio~al probability Fis fulfilled by two exact equaliti~s 

.jf ·p( r/, t I ,to, t0} ~i~), ,\ 
\ ·,. ' . 

(1.4) 

• , I 

\ F ( i i .I q~, to) = J ~ ( J' t ·, q~ ,' tl )° ~ ( ( ~~' tl) i/4~ to) _d/i' . 
I • • ' 

(1.5) 

has, in accordance with (1.2) ,! the following form:
1

, • • 

·. • .. · /(,/, t}=j( ,/ [exp [:-~-(I '-'ol]ilo>f{l.,10),ilo, 
', _;:__;;• .:•;:~.H 

where 

/( r/,:[i~;jo) 4//J:exp [-H:(t- t0)J1 c/4f .,, .,1rnit··(1.7) 

. ------ ., ' \'. 

i [ltn,Cl!hi,(-lril.~il :mbi{r}~:1 ··. 
! 0-:it!iklX '.fli.C:!f..!UH!Ul~O. ~ 
f , SltjSnHQTEHA ;· ~ -- . _ _;_. 



The last equality gives a formal opportunity to" use the well-known results of . 
quantum ~ mechanics .for calculating each individual multiplier 
F (<!,_, tk I i-i•/k-l) iii.the path integral . . . 

F ( /, I I lo, t) = J ( ip( i,, t,) I,_ I' t,_i)dq\ ... d/N-1' 

' 

(1.8) 

which corresponds to the limit N ➔ oo in (l.8). This ;,ipproach, useful from a 
practical point of view, is opento criticism on some basic points when we are 

.. interested in many-particle systems. Quantum mechanics has mainly been de
veloped to cieafwith Closed dynamical systems. -For.the investigation of open 
dynamical systems interacting with' the external world it is usually suggested 
that the.total Hamilfonian H splititinto three parts_ · 

'H::J/. +.H. ·+H-~; 
. .. syst. , mt. . . ext. 

(1.9) 

the first Hsyst. depe~ding orily 01i t~e sys!eill, · the second'Hint. rf!presepting the ._ 

interactioi:t between the syst~rri and the externalworld; and the third Hext. de-
, "' l, . • ,._ , . 

pending only on th_e _external world. Wheri t~e system in tlie macroscopic yolume 
has an enormous· (budinite)_numberof degrees of freedom, it is impossible to·· 
specify rig(>rously the par:fHint. in (1 .~).·The only way, apparently, to a~oid this 

' >, • • ' t- ., . - . ~ . . . . ' ' -··· -

difficulty in the framework of quantum mechanics is adoption of the phenome-
nological approach of irreversible thermodynafuics; Qtiant!}m mechanics of 'non
conservative open dynamical systems, interactirigwith chaotic thermal environ
ment, has been de~elope_d in the. Nelson method ~f stochastkquantization on 
the basis of the Newtori - Langevin equation from" classical mechani~s' ' 

. . . 2 ;~ . ' ' .. ' ,, ... . ·. ' 
' d <I=. i•z: dq - a U(</, t)' +·Ai(· t .. ).' ·:.·· .. m 2· d . . . .. ' . · · . dt · . . t · a <I : "· · · .. . · ·: · .(I.IO) 

·. 'where m deiiote~ «lllaSS>>, l is the<~friction coefficient»; ll.is the usual potential 
• .. " • • • • • , ·. . " . ' • • • . • 1 • : • . • . • • • 

fu~ctioh, and A1( t)' the Gauss_ian whHe noise'i~ the gener~l,Ized C:OO~~ih,ate space 
{q}:. To open systems sue~ as (1.10), the carionicalqiiantizaUon pr9cediire <ie
manding the knowledge of tlie HamHioriiari ins not applkable. To open systems 
such as (1.10), tlie·pathihtegral q~antization procediire demanditig the _know-· 
ledge of th~ Lagrangian Lis notapplicable ioo:, '' ' : ' : ·. . . ' ' ' . '' 

. Nelson's~uantization procedure uses the .Newton __ -:- Lliigevih equation 
(1;10) (wiiho~t any arg~~ents) in the genefaii~ed but not iii the ushal physical 
coordinate space where h ·is weii::foiinded .. In the pfoc~dure ·ii j. the probabiiity 

- . ' \ -- , ' , 

2 

I' 

: 
i, 

j 
J 

i;:- ' 

( 

I_ 

·j 
\ 

/ 

(' 

derisity f (i, t) satisfies the Fokker - Planck equation (1.1) in ~hich the dif-. .. 

fusion coefficient is assumed to be constant ~-... . 

\"' 1i, 
a=-, 

m (1.11) 

a priory introducing the suppositionabout the deterministic nature of the clas-' 
sical path for irreversible processes in the open dynamical systems'. Finally, it is 
assumed_ tp.at the ~ave function 1JI ( /, t) ~s defined as in the quasi-classical 

.approximation : . ·. . 1 
· , · · · . · · ' • 

, .. . 'I'(/, 1) -' ~ (/, ;) ] I/2exp [kW(/;)] (1.12) 

and hence it follows that the functio~ (1.12) satisfies the quantum-mechanical 
Sch~odinger-:- Langevin equation . , . - . 

, ~ aw(/; t) _· r· _- . -,/": a2_;· .... u· .-(~ .):: ·, . 
lri · = - ---- + , I/ f - 1 

. · at . ·• .· . · 2m ar/ at/ · , , ' . 
', •-• "-~'\":. A•,'C,. ,/ : S 1 ~~ "•,. o' ; 

·( -JAi(t)+
11tw(cJ.,1)],w(r/,t), . . : o.13> 

.. . . · .. m, \.: .... _, . ·_ .. 

whe~e, W ( r/, t) ~en~tes th~ ~echanical action wit~ the introductio~ by (1.12) 
making the Ham1ltoman operator from (1.13) nonlmear; - · · : 

.· From the above 'discussion of the relation between quantum mechanics: and 
stochastic irreversible thermodyn'amics it is _obvious· that the problem of tran
sition from macroscopic deterministic, equations to macroscopic stochastic 
models is important; This problem has been'.discussed in the well-known works 
by Grabert, Graham and Green [2,3 J where the authors wrote: <<It seems to be 
clear that.the deterministic description comes out of the stochastic description in 
a deterministic lilllit in which _fh1ctuations become hegligible. It is less clear what 

. exactly is involved in that limit and, furthermore, whether the stochastic des- '. 
cription cart be reconstructed in a unique' way if ,only ,the deterministic descrip-:: 
tioti is. known>>. Since.physically different· stochastic models are obtained from 
the same deterministic equations if the widespread procedure, consisting in the 
requirements of. the detailed' balance and the canonical form of the equilibrium' 
distribution,· is applied in different franies of coordinate .in state space;)he 
authors [2,3 J nave proposed another way. This way consists in using the deter-
ministic equation in Onsager's form: . 

- ... ·. . .·.· .1 ·(·,· .) ·, (:, a)· . .. , 
· · · dq. ' . di/ .. · · dq . ·· ·k . . . • · · ' 

V =.di~ dt ' ' + d_ t .· =. d,xk (a+ l = _n), 
· · rev. · · ,rrev. 

-- • ' .... ¼. 

(1.14) 

,3 ,..._ .--·• 

,· '"-; 



where xk are the thermodynamical forces -

.. . ~i ~ iJS (1) /a,/, (1.15) 

· S(r/) is the total entropy (S is_maximalfor the equilibrium state), and dr/1.dt are · 
the fluxes that have been caused by the forces'(l.15). Since the deterininjstic 
drift vi in (1.14) splits into re\'.ersible and irreversible J>.arts, the diffusion matrix 
Jk of the transport coefficients in (L14) and, as a re,sult, in the Fokker -
Planck equation (1.1) is singular. In other \Vords, the differences between the 
reversible {qa} and irreversiple {i} a + i,= n variables appea~ iri vanishing of 
the symmetric parts a jk of som~ transport coefficients . • .. , 

. ' ' / ' : . . / 

-a{J -ai ..:.;a' ·o >,, 

a = a. "= a- = . . ' . ~' , 
,,"\ ·, 

· . (1.16) 
t . . , ' l ._. • ,J • ,-

The second law of thermodynamics requires that the remaining transport coef.'. 
: ficients a ik be positively _defin'ite .. Then, the author~ [2;31 making a hypothesis 

about the conditional probability F for a small time interval and the author [ 4 ], 
• ,, C ,_ .,. - • •• -. _,, , •• - ' \ ,. l' 

representing the «Hamilfonian»H (1.2) from (1. 1) as ·· 
' , . " - , :. - ; ' .. , ' ,,·_. ·1, 

-. :[_a,·• '2ik] 
,_·n_ ~- ~-v + __ · iJ_~.; __ l_iJ __ a, .. , __ ,. 0:17). . ·':- - aqa ar/ :2 al al 

have obtained, the same result, - the function ,8in the form of a path integral , \, 
(1.8). ,,,', _.,·· ' ··1 '. :· .\ . : .'; ,, : .· ' , . , , i, , •. ' . , ,: - .• , , 

, As we quite agre·e. with the assertion from. [2 ] about the need: «to put the. · 
discu"ssed problem in:i physical rather than a mathematical context because the 
physic~! contextis'interesti~g in itself but it also has the adv~ntage of.putting 
the very complicated calcuiations in a frame~ork that heipiin their understap.- · 
ding>>, we must point out some quesfions in this context. The discussion in· the 
followin.g paJ"t wiU be represented in.the form of.some questionsfroni the works·\ 
.[1;-,4 ]and possible new answers to them. As a more detaile_d knowledge of the 

. proposedapproach can be gained from the other works by.the authors [5.]·a~d 
forthcgmirig publications on. this•_topic, ·we-shall.presenfonly:the basic steps:· 
Because in dependence upon admitting• determination of the· characteristic of. 
differential' (or pseud~diffeJ"ential) riperator from the same Schrodinger equa-· 
tion not only the reversible dete~inistic Hamilton ....:..Jacobi equation may be 
obtained but aslo' the irreversible ~tjuatfon of heat conductivity, for example, 
particular attention should be"giverdo the well..founded choi~eof deterministic 
. dynamical equations in· the generalizedcoordinat~ space, Let us try to formulate 

· the problem of transition to the deterministic, description_ of nonequ'ilibrium' 
thermodynamics asfaithfully as possible.~r , ·- . , •· : , . -. 
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. '2. QUESTIONS AND POSSIBLE ANSWERS 

' 
The first question: are the linear (or quasi.:liriear) relations between fluxes 

and forces in Onsager's form (Ll4) real deterministic equations of motion in 
non equilibrium thermodynamics? . . . . 

The second question: what physical sense· do the, generalized coordinates 
' ' ,, , \ , 

{/} have in this task? . . . . . • • . ·_ . 
· . One of the possible answers to the first question has been: given by the 

phrase-[2 ]: <~The fluctuations are supposed to come froni the underlying mole
cular nature of the system, which primarily rrianifestsHself in the form of the 
deterministic equations of motion as a _linear relation between fluxes and for
ces». Then, the purely reversible (1.16) parts of the equations (1.14) are treated 
[3] as.constrafnts in th_e forinulatiori of these deterministic equations according 
to a variational principle by iiitroducting theLagrarigian Lin the form- ' ' 

. ' , 

. (· ·: d,/)·· 1 ~. ·.(dr/ · ·) (JI ·. k). 
~ r/, dt = 2.aik: dt-;-: v dt -:- v 

. ' ' .. / .. - ., . ,._. -
U;l) 

. as well as the action functional \ . , - , 

• .. •. 2 • . • a'r/ ' ' ,, ,, .· .... t: [ "] 

,W (<l(t)~ t1 _st st2) =: {F ~(t), _df -~.t. 

The Euler - Lagrange equations -, 
dP · · ·· fl a., iJL ... --iJir ·, 
-, -=-'-p·-. -

d~ •\ ,aq'!.._ , ._fJ aqa·' 

·---.. 

dP." L . ova 
I i) ·--=-.-pa 'i 

dt oq' . . iJq 

have_been obtained [2,3 Jby th~ method of Lagrangem~ltipli~rs: 
- ' J ' '· 

' . , 

t { ' [ . ' . "] ' . . [' ·: . , ] } . 2 .· . ., . d l . . . d a(t) .. . . . f L r/(t)'. Ji .;_:pa(t) . qdf _ _::q;(t) . dt, 

I ' 

. which leads to the additional requirements _ 
, ' ' - . . ' . , 

. ' .... ' 

P · ~ o, aL/ a (di) ·;..o_ 
a · , dt · 

' _·, __ .. • . _,-..... " 

5: 

! 

(2.2) 

I ,(2.3) 

\ 

' (2.4)' 

(2.5) 

(2.6) 

, ,\ 



" . 
in the final state (t) and where p. denotes 

I . 

. - · . (di). · - (dt/'. _· k) 
P;== aL/a d_t =_aik dt - v· . (2.7) 

We propose the following variant for the above phrase from [2 ]: "The 
fluctuations are supposed to come fi:om the underlying molecular nature of the 
system, which mainly · manifests itself in tlte inhomogeneity of equilibrium 
and nonequilibrium (i.e. nonstationary) states". Another possible answer to the 
first question may be as follows. The real deterministic equations of motion in a 
field theoretic treatment are 'the balance equations' for the main ·extensive· 
properties of the-many'..:particle systems. Fora pure sul>stance in the equilibrium 
state in agreement with.the fundamental differential Gibbs form< . 

,. . ' .. · ,_ •,· ; . 
. ' . . ~ 

dE =,-;-PdVf µdN+TdS, · \. •-< (2.8) 

such main properties a;e exterisive values E,1 V, .N for the equilibrium themio-
dyriamical entropy : ' · · · ' · · · · 

·. - S = S(E, V, N): · /(2.9) 1 
' ~ . . 

' 
The fixed ~cale, which defines the system, is usually. taken to be either the . 
volume V or the particle numberN (and the mass: m ~ .N m0). Then we have, 

respectively: 

di= µdp·+·Tda;' 
. \ . -. 

. a=a(e,p)-
\ •· -.. I, 

for the extensive densities(e, p), and 
,( . .. :... ·de= ...:.Pdv + Tds 

- ,. ' 

! .. -

• I,. 

(2.10) 

. (2~11) 

. (2.12) 
• ✓----: 

s ~. s(~, v~ . 
1 

·· .(2.13) 

for the sp~cificvalues ( ~. v == · 1 / p ): Ori the basis· of the function (2.9) there was 
_constructed ,Einstein's thermodynamical fluctuation- theory .in· dose vicinity 
with the equilibrium sta.te, where: it has· been. postulated for the ,.conditional 
probab!lity 'distribution · · · · ·· - ./ 

• F(/ I /o><f/;, B eXp [f Si/1 lo>Jd,/_ . . (2.14) 

B is the, normaliz~t~on factor and S(t/ i lo>' is the tot~l .ent;opy of_ t,he_ex;~r~a.l 
• - -;_··:. • ' • • - ••• ,. _\ • ••• '.'. • 1 • • • • ' 

world having the coordinates{<fo} ~nd the fluctuating sys_tem {q'}: Near the 

equilibrium point (/olthe fluctuations.' . . . 

6, 

' ' ·, 

,, 
:T ~, 

·,. 

·' 
! 
j 

~l J 

0<1 ~ </...: rlo> . (2.15) 

in the macro~copic,volume v 0 reflect either the part of the interaction Hint (1.9) 
• between the system and. the ex!ernal world · (for an open system), or the 

inhomogeneity of *e macroscopic system. The,part of the exte~mH world He~t 
(1.9) in equilibrium thermodynamics is characterized by the constant values of 
thermodynamical fields (µ ,:_ chemical potential and T _.::.. temperature) which 
form the differenti<!_l Gibbs -Duhem equation.: . ·_ . · ' 

dP ·= pdµ +. adT, 

j, ~ P(µ, T). 

(2.16) 

(2.17) , 

·Now we can formulate a possible ariswer to the s_ econd question. In the case · 
thaf the entropy Sis used in the equation (2.14) for.the conditional probability 
F;the values of natural independent variables from the functioris 1(2.9), (2.lD, 
(2.13) must be the generalized coordinates of the task: Hence, for the function 
(2.11), for instance, the real' deterministic equations of motion. in· a •field 

. l • / . ' - . • j ) ' - ' 

theoretical treatment of variables: · · · 
'. ·, ,": -. ,:, ·,) ·'.. -- ·/-

q = q(x., t), . i =:-1, 2;3 ' (2.18) 
. , ·'. ' . ·- ~:-·, __ ·- *-,'._-., ·- ,·. ~--'· :_-·:,' ,:·.:···· -~.: ~-·· . -:~~;' ~' ,--·." -; "\ 't. ,_ ·:·.; /' 

· are the balance equation for the internal·energy E (in the usual notation) · · 
' . - . . . . ; ' . - . .. . ' ·. . ~.. . . ' . . . . . ; 

· ae· :a(eJ;).· .. ·.' . . ay
1 

at + ~ - Pikvik + ax. = O 
· I I 

(2.19) 

ancl the balance ~quation ;of tlie p~rticle n~mber N ·(an~{ihe D1ass) ... 
-· ; ·- _·. ,_ ,.,·. , .. •-. • . i ¥ ·.·., : •• - ,· • 

', ·,:-·· 

up u(pv;)':: .· . 
7ii + ·. ax. = 0. (2.20) 

. I 

Thes~ equations ni~y be e~sily trarisforinedinto a simpler fon:nif o,ne admits, the 
condition of isotropicity of the system· (i:e.; the viscosity is absent)(. . -·:.. . ' 

'r . ' ; . . . • .Pik·~:~~iik.<' ·. ;"-''. . . , . . ; <(2.21) 

.· .This ad~is~i6n giv~~ us.the op~rt~nit;}o deal o~ly .with self;diffusidn a~d heat 
conductivity hiving th~ ;mic.rds~opic; molecular n'atu~e of '.th<: 'trarsp<:>rt 
process·es. Taking account of(2.21) we have from (2.19): · · · , 

• • ,: : • • -; < •• ;_: '·: • ·-" • : .', • ,, 

~e a(ev.): <:"av/ . . ii :· ... 
-·+ ~'. + p ::.,;;;,;J,. +-' == 0. at · ax. . . ax

1
... ax

1
· ~ 

. . I . . . 

7 



Then, we must take.into account the existence of the function· (2.13) (and the 
differential form (2.12)) incorporating the balance• equation for' the total' 
entropy S: ' .. r • .• • ' I • ' ' • ' • 

' ds ay; · · 
• , pT.at + ax. - d = 0. (2.23) 

.1 

· As the viscosity is absent, we really obtain for the dissipation function d the . 
condition · · · 

·, d=O, , 
/ 

·and two equations: for the entropy. 
. . ds .1·ayi 

P-=-'--
dt Tax. 

I 

.,· ... •. I ·'. 
and for the internal energy ·· 

. . • .. . . . 'de P av~ ·.·. . 1· clyi , 
p-+--.-= --.-, 

dt . · T ax;_ · T ax; . 

(2.24) 

'<2.25) 

(2.26) 
' 

. having the equalright-:-hand sides including the divergence of a heat flux. 
The third question: is the way' of dividing the drift (1; 14) from. [3 J ihto;the 

,reversible and irreversible components the only possible way? In the field · 
theoretical_ approach [6],)he way of dividing the'drift v dr in the physical space, 

i.e. the filed of the velocity o'f any physical property of the system, into the 
convection component" = · { v;} an~ the.diffusion c9mponent ,v di/is the usual ·way 

•. . . / , ~ d>= v + v;;r: . ' . . (2.27) 

which is completelYa~~loious to the wa; frorii [3 ]for the generali~ed· space of · 
coordinates; If we consider the field of.the particle; velocity of the system (or · 
mass): , · · · ' ·. · · · 

· vdr = v; vd,; =.0, .· 
-. ·-.' lJ . - , -, 

. (2.28) 

these equalities are a deterministic equivalent of the equations (l.~6) In 
statistical mechanics there are own natural macroscopic variables · {d} [3 ], 
which «are algebraic sumsof molecular variables that depend on few micro
scopic degrees of freedom» of course;: these variables· are !thermodynamical 
densities (e,p) (2.U), or specific values (e, v) .(2.13), or, at last,'extensive 
values (E, ·v, Nj · (2:9);: where internaf energy E' is. connected with the. 

'Hainiltonian of the system H st. 0.9>.. ,In the'field theoreticafapproach, this 
selection of natural variables ~ngs some seriousdiffic.ulties in the formulation 

. of the irreversible thermody~amics tasks .. The _internal energy ( e, e), in a strict 
, . ' ,.. , . I .. · ' , . 

sense;. is not a local-conserving variable. In nonequilibrium, inhomogeneous 

<. 8 

cit ·,. 

' i 
,/' 

systems, the local states strongly ~orrelate with the same local states from their . 
close surroundings. In that case the separation (1.9) of the total Hamiltonian 
into three solitary'partsis impossible; This cause provokes strong }luctuations of 
the densities (e;p), specific values, (e, v) and the entropy (a, s) in. such 
nonequilibrium ·systems. In ·equilibrium sysfems,· -the, same variables are 
undetermined in phas·e transition states .. Based on this discussion we make two _ 
conclusions .. First, we refuse to . use the· natural macroscopic variables of 
stati~tical mechanics as generalized coordinates, i.e., 

' . . ' 1- -::- ; ,, ' . . -; ,· > ' - . 
. {d} = {a = p, a =::= e} = {r/}, (2.29) 

and propose using in nonequilibrium tasks the thermodynamical fields· (2.16), .. • 
(2.17)' . . . . . . · .. ' . . . . . . . . . . 

· ·. I · . 2 . ' .. · • . 
.{II} =Jh = µ, b = T}-= :{r/} ,• · '/ (2.30) 

'as in the 'theory of. eqililibrium .··ph~se transiti~~s. These variables ma/ be 
· considered as.continuous quantities in inhomogeneous systems in. contrast to 

the densJties (2.29). This crucial proposition of our work results in the following 
claims; The real deterministic equations of.moticm are: the balance equation for 
N ·(2.20). a'ud the balance equation for S (2.25) in the forni . .. . ' 

. . ', aa. iJ(av) .' ,' ··1· ay. , '• (a/,)::·. . 
.. I I . . -1 · , . -+-.-.=·-. --= .- .. -. , a= sp ... (2.31) at. ax. . .T ax. . ax . . • 

I .' ' I ·,'.' I di/ 

instead of the equation for E (2'.26)'; In the last equ~lity (2:3i) we admit a inore 
general form for the irreve_rsible component . . . . . . 

jd; = a V .,+Jd;£ · . (2.32~ 

i~ accorda~ce with (2.27). Nmv a 
0

possible a~swerto ~he. third 'questfo~ is that 
the left sides of the equations (2.20) and (2:31) correspond tcithe irreversible 

·motion.This claim is anaiogousin the physi~I space:to that for the generalized 
space of coordinates [3]. .. . . . . · · . · . 

The fourth question: is the' entropy S unique function ~hich can be used in· 
foundation of fluctuaHon theory as in Einstein's equality,(2~14)? . . . 

Since the entropy is a function of state, it transforms as a scalar, but the 

tra,nsformation of the s~rlace eleme~t TI,, de/ = dq1 di in (2. i 4) int~oduces.~s a 
• •'. '', j ' ' . ' . ' ' ' '. 

·• multiplicative factor the Jacobian of. the coordinate transformation·• [9, 7 ].· 
Generally, it is not constant and cannot simply be absorbed in the normalization ·• 
factor B: Hence, equation (2.14) cannot'retain the same form in allcoordinate 
syste~s · [7 ]. Since we propose using only field variables (2.30) in any tasks of .~ • 

-. equilibrium or nonequilibritim theories as generalized coordinates, we must 
' .._' , ~-. . •. ,, -- ' ,__ __, ' ' ' -. / ' ' - - -; 



s~ecify the metric /k on the therinodynami~l surface (2.17) in field state space. 
Usually, a thermodynamical treatment lacks a meaningful metric structure, an 
expression . for the distance· between equilibrium point states. In some 
interesting works by Ruppeiner (7 ,8] it has been proposed in the framework of 
equilibrium fluctuational theory to represent thermodynamical syst~ms by 
Riemannian manifolds. In (5] we discuss the problem of'building in the qeld 
space a global'equation of the therniodynamical surface of equilibrium states. 
:The important differerice of ·our work from all fluctuational theories of 
nonequiUbrium . 'thermodynamics lies in. using instead of entropy S · the . 
thermodynamical pote~tial for an open system (.:.PV); It is not onljlsupposition 

. ~f such:a possibility: this i~ a, strict result of the above ad01issions. r 

Since the definition of the metric is intimately conriectedwith the meaning 
cif the deterministic trajectory (3 J, we consider, at first; only reversibl~ motion, 
i.e. the left sides of the equations (2.20), (2.30 which are equivalent to the 
resulting equati~n ·• . . . . . 

P ds = 0 
. dt ·. (2.33) 

' / , . . . . . ·.. ·. . . , . ,· '.' ;r_. •. ,. , ·, ·: ' ., . ~~ 

instead of (2.25) ~ This is, the well.:.known model of ideal fluid.If, then, we put 
these reversible deterministic equations of the motion in correspondence with. 
the Eule~ ~.Lagrange equati~ns in field represe~tation (2.30): - ·. , . 

. . . . . . -
.°I• 

-a · Ba. · -- . 
-- . =0 

axi a. (ii</) ' - · - ax. . . .'.. I . 

'), 

j! 

aa · a ··( aaj 
at/,--, at . : a</ 
' " . a at -

for variational principle in the field theor~tical ~pproach: · 

df fa dtdV == 0, 
t y ·. . . 

' 0 '."' 
' ' .· ' . '', . . . . _j _j • . . . ~ . . . . . .. . . . . . . . . alf alf 

where the density of,Langrang1an depends on q, at' ax., x
1
, t: . 

. . I 

( 
. ari a,/ · · J · 

a~~ /'._ M' ~x/? t ', __ 

' 
· (2.34) 

· _(2.35) 

, (2.36) 

we ca.n obt~in a ne~ density of mbchankal action· (P - P0): fo,r ,the re~ersible 
motion: ' ' ' ' ' . ' - . ' 

- .- d J J adtdV = d J <Plr/)dV = df (~ ~ P~dV = 0. '.'; (2.37): 
t Yo Yo ·- Yo · 

t 10 ,• 
°'r 

''-...-

I 

This result is of crucial importance for the new theory of fluctuations in 
equilibrium and nonequilibrium thermodynamics. 

· In equilibtjum the~odynamics, almost simultaneuosly, one of us [9] and 
Ruppeiner (7] have proposed a new method of investigation of rionhomogeneous ·· 

· systems by continuous procedure of decreasing tlie scale of volume. Ruppeiner 
has used the repiesentation (2.29) arid the traditional . entropy. approach 
(without ari account of.the drift) for path-integraUormalism, whereas in (10] · 
the following covariant forms for reversible' deterministic trajectories on 
thermodynamical surface (2.17) werefound: . . . 

I I' 

"'!'I - ...;.3/2 ' ' 
r = C µ + D µ _+ ••• , (2.38) 

·_-- .·..:..3/2' ' 
_75-;AT+_BT _+.·:·•· . (2.39) 

. where (JJ, µ, Tj = (~ :_ II)!~ and (A, B)" (C: D)' are constants on every 
, ' \ , I \_, f' 

isoentrop: -.• 
, a ·., ·• . . 

S ~ const; (- = S = Const). 
"p ' . ' •··. 

(2.40) 

It is obvious that these equations of reversible motion are similar to the result for 
the action (2.2) of im;versibie motion from (2,3 ]: · . . - . 

. .. . ·• ·_ ' . 3/2 > w = a r, + /3 r + ... , . (2.41) 

~here ris a small interval of physica'l time. The ca~se ofthis similarity consists 
in formally cominon forms of irreversible Lagrangian L (2.1) and the density of_ . 
reversible Lagrangian (2:37) in which the impulses:.· 

. . _·. aP> .. . . aP . aP 
pi - ar/' p - aµ' a;-;- aT ,' -. (2.42) 

-are f~nnally equivalent to the variables p. "(2.7) from [2 ]. The volume ele~erit'~f 
. .· . : . • • ·.· • I . , . . . . 

. the canonical conjugate pair (q, .p.) is invariant under 'arbitrary nonlinear 
- ·.. , . . L.. . . . . . . . 

t~a~sfo~ations ofthe state va~ables. . _ .. _. . • .· , . ..·• _. , 
_ In our approach to pr~blems of noriequilibritim thermodynamics we .do not. ·, 

consider. tJ::te e:o~pone~ts o~ ·feversible motion as. constraints (2;5); . quite. the 
reverse-: the components of irreversible motion are treated as a small addition .. · 

-to deterministic Jrajectcui of rev~rsible niotion: for. every sniaH interval of 
physical time t. We substitute the usual eqiiatioris of coordinate traii~formations 
. . . . .. . . ' . . . -: '·c1d - ''.Jkdbk . . ·, . ' i(2 43),' 

for the tran~~rt e~u;.~ons (LJ4). ;:e:ore ;erieral f6rm of (2.43) i,s-obv~ous 
because. we admit the foilow'ing relation. between operators, acting 6n. dete~i:. 

'nistic and stochastic va~aoles, too: : ' . - ' . . . . . . . 

Ii 
< .,.,, 



\t d .iJ ·. iJ 
. d .., d - dt ·= iJt + v; iJx/ (2.44) 

Then the density of irreversible Lagrangian is represented in the form: 
. ' . ' . '·,. ··_ . ': 7, 

1
· a= a0 +7a~ = dP + 2 d2P, (2.45) 

where 7 is a ·small paranieter relaxation to rev~rsible motirin. Finally, we have 
. obtained for the irreversibility following from the right side of equation (2.3 I) of 

. . minimum production of entropy: . . 
' ' . 

· • ds . . 2t .· · 
-~ dt = 2,o e~p(- 7) 2: 0, (2.46) 

which is a physical confirmatiri~ of the theory p~oposed; . . .. . 
~ It is possible that'the main results of thisapproach,will be.useful from 

' ' . ' ... ·.. . ' . .· ' ' ' \ 
practical point of .view in solutions of the· complicated tasks of irrevesible 

. thermodynamics by pa~h-integral techniques.-. · · · ·· 
' , 1 ' - -a: 

._ACKNOWLEDGEMENTS 

The author (V.F.) ,would. like to. thank Dr~.H.Grabert; R.Graham, 
H.Kleinert, p .Hangi, B.Gerlach·,· H:LeschJ:ce for discussion during the con-
ference •. ·· · · · · · · · · 

REFERENCES 

1.YasueK. _:Ann:Phys., 1978;~114,1.479. ' ' {I 

2.Grabert H.,.Green M.S. - Phys. Rev., 1979, A19, NQ4; p;f747. .. .· 
· 3.Grabert,R,_GrahamR.,GreenM.S:-Phys.Rev'., 1980~ A21, NQ6,p.2136. 
4.MorozovV.G. -TMF, 1984,58, NQf, p.79 (in Russian).· : .. _ '· 
5;FedyaninV.K., Rogankov V.B. :_Phys.Lett;, 199(A160, NQ3, p;274: 
6.Gyarn:iatiJ: ;;__ Noneq~ilibrium Thermodynamics. Field Theory and Varia-

tional Principles. Spring.~Ver., N>Y., 1970. . . 
1:Ruppeiner G. -Phys. Rev., 1983, A27, NQ2, p'.i'il6. · · \ 
8:Ruppeirier G. - Phys. Rev.,1979,A20, NQ4, p.1608. : . . . 

. 9.Rogankov:V.B. ~· Dynamical Structure0\lfEquilibrium Theories of .Fluid 
. ·.~ State. Dep.VINITI, p.1; NQ 5710-82 (in Russiank : . . 

10.Rogankov V.B. ~ DAN.SSSR; 1986','289, NQl, p.141. 
. . - - ' . 

· .. r Received by Publishing D 
on December 30, J 

\' 
· .12 

j 

' 

1, 

(,· 

! 

<l>eAsrnHH B.K., PoraHKOB B.B: 
<l>nyKTya~noirnaSI TeopHSI paBHOBeCHl>IX HeOAHOPOAHhIX 
COCTOSIHHi1, ncnqJih3yrow;aSI HHTerpanbl no nyTSIM 

E17-92-483 

.ll,JISI cpyHK~HH npeo6pa3o~aHHSI nonyqeHa cpopMyna B BHAe HHTerpana no 
'nyT.SIM. CooTBeTCTByrow;aSI cpyHK~H.SI pacnpeAeJieHH.SI IlOA'IHHSleTCSI ypaBHeHHIO 
<l>oKKepa - 'IlJiaHKa, B KOTOpoM ytJeT tteo6paTHMOCTH o6yc.naB.liHBaeT CHHry
JI.SlpHOCTb AHcf>cpy3HOHHOH MaTpH~bl. B KatJeCTBe cpa30BOI"O npoCTpaHCTBa 6e
PeTC.SI npocTpaHCTBO noneii: (xHMH'leCKHX noTeH~uan:oB µ n TeMnepaTyp _ T); 
pOJib <<IlOTeH~imJia» HrpaeT AaBJieHHe P(µ , T), npH 3TOM IlOBeAeHue HeOAHO
P0AHhlX cuCTeM. MO)KeT 6hITh ncc.neAOBaHo. nyTeM ucnMb30BaHIDI HenpepblBHoro· 
yMeHhIDeHH.SI MacmTa6a OObeMa: napaJIJieJibHO C cpH3HtJeCKHM' BpeMeHeM «t>> 

' ~ ' . . 
BBOAHTC.SI TepMOAHHaMHtJecKoe BpeMSI T = V' VT ➔ (Vc)t' 

.. T .. 
Pa6oTa Bhln~nHeHa B· Jia6opaTOpuu TeopeTntJecKoii :' cptt3HKH OH5U1. 

IlpenpHHT OIJbe,111111eHHOro HHCTJ.fl)'Ta 11,11epHblX HCCJ1e,11oaam111. Jfy6Ha 1992 ' 

Fedyanin V.K;; Rogankov V.B. .. 
Fluctuation.al '.fheory of Equilibrium Inhomogeneous States 
'Using Path Integrals .. 

E17-92-483 

: The formula as a path integral 'is derived for the transformation function. 
The corresponding distribution function obeys the Fokker -Planck equation 
in which the irreversibility specifies the diffusion matrix singularity. As a phase 

, space we take the space of .fields (chemical potentials and temperatures); the 
role of the «potential» is played by the pressure P(µ, T). In this case, the 
behaviour of an inhomogeneous system can be studied by continuous decrease 

· of the volume scale; simultaneously with the physical time <<f>> we introduce the 
V. . 

thermodynamic timer = v°, VT ➔ (Vc)t' 
! T 

. The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR'. . 
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