


over-condensate excitations (the same idea underlies the

. ‘ semiphenomenological two-liquid theories®™ *). So the
i

L : , interaction Hamiltonian H may be replaced by an effective

i . : St o Hamiltonian H " which contains the high-order terms with

R o S , :pf V,t :i} ;.-m~ T o fé respect to the ééndensate atom operators a: and a,.
R 2. Every condensate atom operator in Her[ is supposed to be
R replaced by C-number according to the rule: a, « VNO where
N is a number of atoms in the condensate state (Nois

R e, T o 0
n S : S i supposed to be much greater than the number of atoms in the

over-condensate excitations Ne ).
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where k is the momentum, m is the mass and A is the coupling

constant. By virtue of the supposition 2 we should change now

every operator with index "0" by a C-number. This procedure

can be considered as an averaging of (1) with respect to some
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state of condensed atoms Thus, instead of (1) we get

- + + + _+ 2 +2
H = - + + A< >
err 2 Y (Ck(akak + a_ka_k) Aa a_ <a > A<a “>a_ a )
k #0 .
A
2.2
+ —— <a’?a’> - p<a’a >, (2)
. 2 0. o 0o 0
where

c, =rk2/2m -+ 2A<a;ao>,
and p is the chemical potehtial fhat»has been introduced to
take into account the violation of conservation of the number
of particles in (2). k

It is easy to see that the *"classical® state of
condensate atoms, that have been considered in statement 2,
is defined to be a coherent staté; In other words

<f(a:lao)> = <0|D+(a)f(a:,ao‘)D(a)l0>‘.v' (3)

‘where f(.) is any operator constructed from a: and a, . | 0>
is the vacuum state of the condensate atoms and

. + *
D(a) = exp (aa0 - a ao) .

By virtue of the commutation relations

Baa D(a) = a  + a ,
t, *
D@ﬂa:D(a) = a: + a

we obtain

N

< > =
ata> = lal? ,
2 2
<a®> = o , (4)
o
+2 2 4
<a_“a’™> = |a|” .
o “o .
: 2 . .
Here || = N,. This is the standard Bogolubov

parameterization of the condensate state'.
Hamiltonian (2) can be diagonalized with thé aid of BCT
of the form

a=u (b+ €Db ), (5)

where ueC and £€R, and

2 2

2 | _
g=-m+vV@-1), Jul®a-g) =1,
' (5a)
2
m, = Ck/A|<ao>[
In the diagonal representation
H ——i“ E (b+b +b" b )+ —i— <a+2a2> - p<ata >
err 2 ) kK 'Uk ok -k -k’ 2 o “o H<aga,
k #0 '
2.2 2
+ T Iu %] (o al<al>)). (6)
where
_ 2 _ 42 2,2
E = \/(ck Al |<a0>| ). (7)

In the case of parameterization (4) expression (7) describes
the famous Bogolubov spectrum of excitations.

One can see that the eigenstates of (6) are the Fock
number states of quasi-particles described by the
transformation (5). In terms of the Bose field describing *He

atoms this is the squeezed number state®’

bb ¢y =ny , n.o= 0,1,2,...



which can be constructed from the "two-mode squeezed vacuum
staten ! .

v = S(qk)|0>k|0>_k

(8)

with the aid of quasi particle creation operator b:. Here
|0>k is the vacuum state of k-th mode of the field described
unitary two-mode

" by atomic operators a: and a . The

squeezing operator is

* +
S(C,) =exp ({,aa - Caa )

and Ck is the known function of u, and Ek. This wave-function
(8) describes a state of an atomic system containing any
number of pairs with the opposite momenta. The state of the
system under consideration at zero temperature is defined by

the wavefunction

\II=|'|\IIk. '(9)

Let us calculate the variance of a number of atoms in

the excited state at zero temperature

V(N ) = <N® > - <N >2, N
exc exc exc exc

+ +
—kgg(bkbk+ b_ b_)/2.

where <.> is the expectation value with respect to the state (9).

Employing expressions (5), (8) and (9) than gives

vn_ ) =T lu l%g . (10)
. k #0

It follows from the definition that luk|2>l. Hence

_ 2.2
V(Nexe) > <N_ > —kg;lukl Ek

b3

. .21
Thus we have strong enough super-Polssonlan quantum

fluctuations of the number of excited atoms at zero
temperature. ’
It should be noted that the initial Hamiltonian (1)
conserves the total number of atoms
- - At + +
N No + Nexc a a, +k§o(akak + a_ka_k).

Therefore, the guantum fluctuation of the number of excited
(10))
corresponding quantum fluctuation of the number of condensate
In other words V(No)

atoms (expression means the existence of the

atoms, should have also a nonzero
value. .

It 1is possible to calculate V(No) using Bogolubov
parameterization (4)af the condensate state. In this case we
have the Poisson probability distribution for the number of
atoms. Therefore

V(N)) = N, = |a
Thus, the quantum fluctuation is small (proportional to VNO).

It should be
condensed state as the coherent state (4) is not the only

noted that parameterization of the
possibility. Moreover, the coherent state |a> = D(a)|0> is
not an eigenstate of the Hermitian operator.. So, another
possibility can be considered.

Let us suppose that the condensate atoms are also in
the squeezed vacuum state. (at zero temperature). This state
can be constructed from the corresponding vacuum state |0>0

with the aid of the squeezing operator

1¢,>, = S(L) 10>,

_ *_2 _ +
5(¢,) = exp{{ a /2 ano/Z}
Here ¢, is some complex parameter. Then
+ s a2y L
<a a > = s;nh‘!§o| = N

ol
' (11)

m

_ 2 . .2
V(N)) = 2 cosh |C0| sinh ICOI 2N (N + 1),

7



*2a225 = sinn® inh?{C | + 1) = N (3N_ + 1) .
<a_“a > = 51np Icol (3sinh ICOI 1) o (3N, )
In this ‘case we have very strong gquantum fluctuations of the
number of atoms in the condensate state (of the order of No).
The probability to have exactly N, atoms in the condensgd

.21
state 1s

N
0]

1
P(N)) = (N} cosh®l¢ )7 ( 5 tanhlC D) i, ().

where ¥ is the Hermite polynomial of degree n. Of course
n

this value depends on the squeezing parameter ;0. It can: be

chosen in the following way. From the conservation condition

of -the total number of atoms in the system we have

. 2 _ _ 2,2
sinh ICOI =N Y |uk| Ek,
k#0

where N is the total number of atoms. It can be expressed

also in terms of densities
Py =P = P " (12)

where p, = Nl/V and V is the volume of the system. In virtue
of expressions (2), (5a) and (11) p___ is a function of lcol.
Thus expression (12) can be considered as the equation for
the squeezing parameter of a condensate state.

We do. not examine this equation  here and _confine
ourselves to a brief remark.

It follows from our consideration that even at zero
temperature the quantum fluctuations of the number of
condensate atoms happen in the superfluid “He. They depend
on the quantuh state of condensate atoms. They are absent for
the Fock number state only. They are present in Bogolubov
parameterization (4). They can be strong enough in different
parameterizations of the condensate state. The
parameterization by the squeezed state (11) is ~possible.
Analogies with quantum opticszo’21 show that the nonlinearity
of quantum systém should lead to the sgqueezed state.

The concept of squeezed states permits us to look at the
condensation problem from a different point of view. Since
the state (9) is formed by. the groups of atoms with zero
total momentum, it is possible to consider the superfluidity
as a condensation of those groups (not only as a collective
state of individual atoms with =zero momentum). Their
contribution can be measured by the neutron scattering with
the smaller energy because their sizes (correlation lengths)
are much larger than the atomic size.

A number of guestions have been discussed with my collea-
gues B.Govorkov Jr,G.Kozlov,R.Pucci,V.Pupasov and V.Yarunin énd
I would like to thank them. I also gratefully acknowledge the
support of Russian State Program on High T, Superconductivity
grant 91112 "Hubbard".

REFERENCES

1. N.N.Bogolubov. J.Phys. USSR 11 (1947) 23.

2. L.Tisza. J.Phys. Radium 1 (1940) 164.

3. L.D.Landau. J.Phys. USSR 5 (1941) 71.

4. R.P.Feynman. Phys. Rev. 94 (1954) 262.

5. N.M.March, W.H.Young and S.Sampanthar. The Many-Body
Problems in Quantum Mechanics. Canbridge Univ. Press,
1967.

6. J.M.Ziman. Elements of Advanced Quantum Theory. Cambridge
Univ. Press, 1969.

7. D.J.Thouless. The Quantum Mechanics of Many-Body Systems.
Academic Press, 1972.

8. Z.M.Galasiewicz. Superconductivity and Quantum Fluids.
Pergamon Press, 1970.

9. I.M.Khalatnikov. Theory of Superfluidity. Nauka, 1971 (in
Russian). :

10.M.Umezawa, H.Matsumoto and M.Tachiki. Termo Field Dynamics
and Condensed States. North-Holland, 1982.

11.R.A.Cowly and A.D.B.Woods. Canadian J.Phys. 49 (1971) 177.

12.E.B.Dokukin, J.A.Kozlov, V.A.Parfenov and A.V.Puchkov.
JETP 75 (1978) 2273 (in Russian).

13.H.A.Mook. Phys. Rev. Lett. 51 (1983) 1454.

14.T.R.Sosnick, W.M.Snow, P.E.Sokol and R.N.Silver.
Europhys. Lett. 9 (1989) 707.

9



15.I.V.Bogoyavlenskii, L.v. Karnatsevich, J.A.Kozlov and

A.V.Puchkov. Phy51ca B 176 (1992) 151.

16.R.Haag. Nuovo Cim. 25 (1962) 694.

17.Y.Takahashi and M.Umezawa. Physica 30 (1964) 49.

18.N.M.Hugenholtz. Prog. Phys. 28 (1965)‘ 201.

19.G.G.Emch. Algebraic Methods in Statistical Mechanics and
Quantum Field Theory. Wiley, 1972.

20.A.S.Shumovsky. In oth gen. conf. of cond. Matt. Div. of
EPS. Eds. J.Lahuerte, M.Le Bellac and F.Raymond. V.134,
p. 223. European Phys. Soc. 19889.

21. R.Loudon and P.L.Knight. J.Modern Optics 34 (1987) 709.

Received by Publlshlng Department
on August 19, 199%92.

10

llJyMoBckMﬁ AC ; " E17-92-355: N
CeepxTexyuecTs *He v kBaHTOBbIE ° .
bNyKTyaumun KoHaeHcara :

- PaccmoTpena Mogaens cnaGoro - s3aumoaeiicTauA - Borono6oea.’
MokasaHo, 4TO NPW HyNeBOi TeMNepaType HaAKOHAGHCATHbIE BO3BY K-
'ZlEHUA - ONUCHIBAIOTCA * ABYXMOAOBLIM - CAKaTbiM COCTOAHMEM. BO3MOX-
Hble NapaMeTpu3aUNM KOHAEHCATHOTO COCTORHVA MCCReAoBaHbI. B cny-
4ae CKaToro BaKyyMHOI'O COCTORHWA KOHAEHCATa HalleHO ypaBHeHue
ANA. napameTpa CXaTuA. Mpeackasana BO3MOXHOCTh KoHAeHCaL Y -
rPYNA C 4eTHLIM YMCIOM aTOMOB.

PaBoTa BbinonHeHa 8 SlaBopaTopuy TeopeTuieckon dmanku ONAN.

ITpenpunt QOFbeanHEHHOrO HHCTHTY Ta RaePHbIX Hecaelosanit. Jybua 1992

N

i }Shumovsky AS,
4Superf|uud|ty of “He and Quantum Fluctuatlons
“of Condensed State

© E17:92.355 -

The Bogolubov model of weak |nteract|on is conSIdered Itis shown

,that ‘the over-condensate excitations.are descnbed by a two-mode squee-
rzed state at zero temperature The possible parametrlzatlons of ‘the con-

densate state are exammed In the case of a'squeezed vacuum state of -
the condensate the equation for’ the squeezing parameter is obtained.

The possibility of condensatlon of the. groups with an even number
ofatoms:s supposed R O :

y)

The mvestlgat|on has been performed at the Laboratory of Theo- '

' ret:cal Phy5|cs JINR

_\7 Preprint of the Joint Iastitule for Nuclear Resea‘rchy.lDubvria 1992

i




