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. edgcd Optxcal coherent” superradlance is thoroughly studied both experlrnentally and

; thCOl‘Cthdlly For review one can consult Refs. 1-5. Radlofrequency superradlance is

"'r“'i,y'l\nown a bil less although it has been observed in a nurnber of experiments’ 617

18~ 22'

ftheoretlcally conSJdered in several papers
. f

4*,a un1f01m objcct havmg unlque total magnetuatlon Therefore, the assumptron of'

: coherencc is already 1nc01p0ratcd into’ the Bloch: approxrrnatlon In tlns way, the '

Bloch equntlons are not able to descrlbe the onset of coherence and to accurately ’

: 'con51der1ng a microscopic spin ‘model w1th reallstrc dlpole 1nteract10ns .

VDIPOLE SPIN MODEL e B
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. thh the mdcx i=1,2,..,N , and which interact with each other through,dlpole‘

: 1fol ces. Thc Hamiltonian of this system can be written 2 in the form

2
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Hyj=55:5; - T§_"(Si )85 755)
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where S; "is a spin operator,
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e Closc analogy between optrcal and 1a.d10frequency superradrance is well acknow]-
and -

All theor ctical consrderatlons of radlofrequcncy superradlance have been done byill; 2

; 1smg tllc 1)llcnomenologlcal Bloch equatlons The latter treat the whole systern as"v"; ;

‘j"study thc 1)ccullar1tres of coherent elfects occurrmg in rea.l spm systerns It is Just"lﬁ e

the aim ol' the present paper to glve a, thorough analysis of the latter questlons byA ;

Let us consider a system of N- spms whose sites in real space are enumer. ated' e



'y 1s the gyromagnetlc ratio whose srgn coincides with the srgn of a pa1 trclc charge :

Heff is an effective magnetlc field actrng on the system

The total effective ﬁeld Heff can contaln a constant external ﬁel(l ]]

A

- an altelnatrng magnetic field H€;coswt and when the sample is placed mto a

- resonator, a back actmg field H;,4€.., induced by rotating spins of the system:

ﬁeff = Hoé.z + Hlé‘: COSWt + Hindé‘re’a . : (3)

Consrder a case of a cyhndrlcal 1esonator W1th the axis dlrected along €y . Let ‘;

, for dcfnrteness this' be a coil having n turns of cross section A, , a Icngth l

_;\reslstance R, lnductance L and capacity C. The back acting magnetrc field of a

‘high quality resonator, followmg Bloembergen and Pound 18 can be written as -
: ' . dmn |

Hiy = ——

TR

'Vyherethc voltage induced in the coil by moving'spins is

: dr s o
Uinn? = _Tn‘?pAreaNZ:Sieres § ) ’ o g (5) L

7 being a filling factor; p, a density of sptnS, o Ty
: ) ) N N .
1%
n‘z/V_-': X

TES

‘/res:lAres ) P=% - : (6)

‘For the induced magnetlc field ( 4) we get the expresmon

Hoa == TR Y Sies oo
B in which @ is the quality factor of the circuit,

,«/LC ’ T e

B and the characteristic circuit frequency w is assumed to be in resonance with the .

frequency of the alternating ﬁeld in Eq (3). sty e
The dlfference between the classrcal case consrdered by Bloembergen and Pound'® \

and the quantum case is in the meanrng of the notation S In the cla.ssrcal case

. . Dot [N

bl

(jindy ' s ' L(4)

fthe property (5’) = d(5))/dt .

i s,

this is nothing buta time deriyative of the spin § In the' ouantum case § means

an addrtlonal operator commutmg with spin operators and ‘under averagrng, havrng.

: »that thie Heisenberg equations for the considered system would yield, when returning

“ to the classical case, the corresponding classical equations of motion. Note that if

we use the mean-field method, the Hamiltonian of our system would not contain _the:

““terms bilinear in spin operators, the term S ES will change to .5' E< > and

‘the commutator of .5' with .5' does not appear The equatlons of motion for the

“classical quantltres <.§,> are the same for both the cases.

To write the Heisenberg equations for the spin operators. S? and SF = 57 +5¢5
we direct the coil axis‘ along the axis z, so that €., = €, use the notation

on’YHo’v wy = 7H; J } ' : (9)

and introduce an important quantity, called the coupling constant,

2m2Q
thre,

9= -1’ Q =goN;  go= (10).
which describes the strength of a couplmg between the spm system and the resonant
c011 '

In this way, as equations of motion for the microscopic’ model w1th Hamlltoman

(l 1) we obtain the following equation for the lz'—comp'onent of a spin operator

B = B s B SN e
+ Z[au (S S+ S‘+SJ') -+ (C'J ClJSJ) “
i@ _
4 e.-jsz‘s,-*—e:jerI] B €Y

and the equatxon for the ladder operator '
‘ CdST e e e, d R
zhw' = fhwosf + h%""ysi Coswt —905i ZJ: (Sj + 5,+) +

Such a definition of the operator S, is given so -« .



+ Z[ 3 (SSI +25‘ Sf)kt+ c;j(st+ ZS’S‘) +

3(#)
s S5 — 26,87 st], | (12)-
' in which
; :
. = /1
a; = -TT (1 — 3 cos® 1.9,'j) s
. = 3/‘2
C; = 4 3 sin (27-9:_1) exP( upU) ’
ej = —4—73 s1n2 Jijexp (—2150.'1‘) )

_where "J;; and @ij are the spherical angles corresponding to the vector” r,J

.

The radiation processes occurring in the system can be studied by"measuring the

power of current absorbed by the coil

2, ’ L
Py = Bed —ps P, (13)

w|\hich is presentable as a sum of the incoherent and qohefent pérts, respectively,
Pone(t) = higo 3 <S’> . Per(t) =hge 3 <S”Sj>
T # o

\Anqthe; characteristic is the intensity of magnetodipole radiation

() = Line(t) + Loa(t) , ‘,‘ : ‘ (14) ‘

also consisting of two'terms
)= 225 (3 20~ (33
inc = 33 g il ‘cah(t) = @ <SxS]> 3
. : T i#o
the.i’ntensities of incoherent and coherent radiation. .
The radiation intensity ( 14) can be measured, in prmc1ple by usual detectors

of propa.gatmg radiofrequency waves, to dlstmgmsh the'signal of harmonic pumpmg

and compllcated I(t) is not difficult. The main difference between (13) and ( 14)

is that the power of current (13) is observed in a resonance circuit surroundmg thc |

here by the equations

. the possibility of separating out-in Egs. ( 13) and (

samblé considered and bound with it by the back action chz{ractre‘rized‘by ‘.the coupkliﬂnngA -
consta/nt‘(. 10),.while the intensity of radiation (- 14) should be measured by detectors
that are nbt coupled with the spin system, being situated out of the latter. When the

system is not placed inside a resonator, the sole measurable radiation characteristic - ‘

is intgﬁsity ( 14). :Although a problem can arise when measuring the ‘intensity.of

‘radiation ( 14) because of its smallness. For example, in the case of proton spins,

if we take wg ~ 10%5~! and .N.~ 102 , we get I(t).~ 10"W , which is quite
small and is rather difficult to measure. However, in the case of electron spins with

wo ~ 10"s~! and the.same number of spins N ~ 10?2 , the intensity I(t) can

.-reach tens >of__wv‘atts and is casily detectable. ‘Therefore, the. magnetodipole radiation.

{from I]_)rotous scems to be too small to be measured, but that from electrons can be”
éaSily“bbscrx{ed, even though in reality, the number of coherently. radiating part':icles
N. i;ﬂsixfﬁcien@ly’smaller because of inhomogeneous broadening. In all the cases the.
'ippyvgr.vﬁ%)f' current ( 13) is higllér than the intensity of radiatién (:14) by. a factor of -

X3/(2n 2V,es. » which is ﬁite large for the radiofre(.]uencyA wavelength - A .and .for

- _high quality resonators!®

To study the onset of colicrence and all peculiarities of coherent effects in real

systems, it.is very convenient to introduce the coherence coefficients?*=2¢ defined

\

"U

won (1), _ La(?) | o
Poll) ® Canll) = T35 (15)

Let us stress that the introduction.of the coherence coeflicients (.15) is based on

I(coh(t) =

14) of the corresponding inco-

licrent and coherent:terms, which is admissible only for a microscopic model.
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III. . RESULTS OF NUMERIYCAI};INVESTIGATIONS‘

“

We solve the equations of motion ( 11) and (° 12) by using a standard method of
computer 51mulat10n ‘which is applied for treating the dynamlcs of spin systems 71,38
In this approach spins are considered as classical vectors, their initial dlstrlbutron
is gwen by the Monte-Carlo technique, and the differential equations of motion are
numerlcally solved by the Runge Kutta method. :

To check that the qualitative behavior of the system does not depend‘on;’thfe
number of spins, we have realized three variants of calculatiOns with N =27, | 1k25

and 343 . For all these cases the time behavior of- the system has been found to be

qualltatlvely the same. Therefore,in what follows we present "the results of calculations -

accompllshed with N =125.

, Everywhere below time is measured in units of T; = ha®/u?’, where a is'a

mean interparticle distance, and frequencies in units of 757 . ‘We have calculated = -
the coherence coefficients’ K., = K on(t) and Ccoh = Coon(t) -and the radiation

characteristics ( 13) and ( 14) which, for convenience, are made dimensionless by

passing to the duantities

3Ty
7 1(1) -

P=2Lpy, 1=
hgo P(t)

We present as well the average'polarization

Pit) =+ ZS’“ ®),

in which the spin of a particle is assumed to be 1/2.

- It is worth of noting * that in our microscopic model we do not take into account

. the spin-lattice interaction as far as its intensity is much. smaller than that of the -

- dipole interaction ( 2), that is, the spxn-lattlce relaxation time is much larger than -

T>.

The polarized spin system is supposed to be prepared in a strongly nonequilibrium ;

state This means that if p(O) > 0, then the external magnetic field is overturned .

TS

be negative if p£°

- . 7 . EEET : . .
in the case of positively charged particles (Hp < 0) "and is parallel to & in the -

case of negatiilely charged particles (Ho >0). In bokth the‘ca".ses wp = yHy isto

is p051t1ve When the initial polarrzatlon p( Vs negative, then -
wo is to be positive in order to make the initial state strongly unstable. Therefore,
the general condition showing that the system is initially ina nonequilibrium state
is wop, ) <0. k _ v ‘

Figures 1-3 shﬁow‘ a-transition of the spin system from such‘a strongly nonequi-
librium state to its equilibrium state when: the system is coupled with a resonancé'
circuit (go # 0) but the alternating pumping field is absent' (wi =0). Fignre 1 ;

demonstrates the influence of the coupling constant g, on the delay time and on

 the duration of a radiation pnlse .The dependence of the latter characteristics on the

value of wy and on the initial polarization p is illustrated in Fig. 2 and Flg 3,

o respectlvely. In Figs. 1-3 the time behav1or of the power P is completely analogous
" to this function measured in the corresponding experiments'-17, The first coherent
' “burst is typical of superradiance ''? " when P ~ N?:, after which the incoherent

" maser generation continues. ‘The Bloch equations, which assume the existence of

coherence, can reasonably describe the superradiating pulse itself, but are not able

' to describe the incoherent maser generation ( see Refs.11,12,19-22). This is because

the Bloch equations correspond to the classical approximation, while the incoherent
radiation is of quant.um nature. Our microscopic model alloyys us to picture the whole
process with both its coherent and incohereht parts and to o.btain a good agreement -
with experiment!*~17. By tracing the time behavior of thep coherence coefficient, de-
fined in (\15), we can unambiguously yde‘cide. when the process is really coherent and
when is not. - \ | ‘ o

If the spin system is not coupled with a resonator - (go = 0) and there is no -

alternating pumping (w; = 0), then the coherence can appear only in the situation

 typical of free induction, when the 1n1t1a1 polarization p( ) is more important than

(0) “This case is illustrated in Fig.4. The description of free mductlon by the Bloch'
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-FIG.1.: The colierence. coeflicient  Keop, power: .of current P and. polarlzatlon Py -aS - -

:functions of time (measured in-units T3) for the case of the spin system coupled W1th

, "a resonator but without external pumping. (wi = 0)..The sohd-h.ne is for' go _-_>0.1‘,.

“the dashed line, for- go = 0.01 . The Zeeman frequency is. | wo |=40  (in units;of
" :.'Tz—l)-,i L
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FIG.2. 'i‘he same functions as in Fig.l‘ for the parameters go = 0.1 and p£°) =0.25.
The solid line is for | wo |= 200; dashed line, for |wo |= 40.
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FIG 3. The same functions as in Fxg 1 for the parameters go = 0.1 and | wo |- 40

‘The sohd lme is for p = 0.475; dashed line, for pg ) = 0.250.
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FIG.4. The cbhefehce coefficient. ' Ceop, radiation intensity / and ‘po]arization‘ p,‘="
as functions of time in the case of the spin system without a resonator (go = 0) and

Withput pumping (w = 0) for‘,szo.)_ = 0475 The solid line is for [ wo |= 1000; .
dashed line, for | wp |= 200 ; solid line marked with crosses, for . | wo |= 50 ; sol‘i‘d‘:

line marked with triangles, for | wg |= 200 but without dipole interactions. All

. corresponding curves for the polarization p, practically coincide.
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: FIG 5 _The same functions as in Fig.4 in the case of the spm system without a

) resonator (g0 = 0) but in the presence of an external pumping (w = wp) . fox the :

» pa.rameters | wo |—- 200 and |w, |=0.5. The SOlld line is for p(o) —0.475; dashed

line, for p = 0.375 ; solid line marked with crosses, for p = O 475.

equations displays the disappearance of coherence during the‘time T,. Contrary to

this, we see in Fig.4 that for ¢ > T, there are oscillations ofﬁ{-coherence with a period

close to T,. These oscillations are dne to the nonuniformity of the system, since in -

our case not all spms have xmt1a.lly the same direction. As is eV1dent such oscillations

of coherence cannot appear in the Bloch description where all spins, by supposition,
are unidirected.

Finally, we show that coherence can be obtamed ina system thhout a resonator

(90.=0) but in the presence of a resonance external pumplng “(wy # 0). This ‘lS- o
demonstrated in' Fig.5. Such a regime cannot- be accurately descnbed_by the BlOch’(

_equations, since, as has been discussed by Redfield 2, with radiofrequency fields, when .
tlfe‘energy of spin alignment in these fields is comparable to the energy-of typ’ical ..
dipole spin interaction, the simple phenomenological concept of a - T relaxation time. -

“breaks down. . : B : Tt O R I AR LT
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