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. l Introduction 

Recent exP.eriments in.oxide superconductors. show a d~finite role of electron-
' ' . , 

phonon interactions in the pairing mechanism of carriers in conduction plains 

'cl Cu 02, For instan~e, aii enhan~ed isotope effect a i 1/2 was obs~rved at 

definite carrier concentr~tions both in La2~xSrxCu04 [1] and y l-xPrxCu3()r~y 

[2] ,Th~or~tical estimations· also show strong el~ctr6n-phonon interactio~s in 

~;ic1; c~ri-ipounds [3, 4] . 

• . ''Strong electron correiations on i Cu-sites le~d to ~ ch~rge-transf~r gap in 

. the electronic spectra which cannot be adequately described by a ,standard 

theory of Fermi-liq~id. Hence,' one should study the problem
1 
of pairing mech­

. anism in a system near the metal-insufa.tor transition with strong electron 

correlation's. In the present paper, we co~sider a single band Hubbard model 

on a square lattice in the strong correlation limit U -+ oo when double occu-
• c: .• : :' l' 

pancy of states on the lattice sites at the average occupation number n ~ 1 

is prohibited. 

2 The model and equations for Green functions 

To take into account strong anharinonic oxygen ion vibrations in 6xide sup~,r~ 

c.onductors, we consider•. ele'ctron~'ph.onon interacti~ns within the fr~riiework 
. ' . . '>. . ,, - , .,!, ,· I 

of ari anharmonic model [5]. The anharnionic model with strong correla-

tions was proposed by K.A.Miiiler [6] and we consider here the model with a 
nonlocal ~lectro~-phonon interaction. [7, 8] . 

• - ' , '; .,· ' I; ' • ', '· 

In the strong correlation limit the Hamiltonian of the model [7, 8] written 

in terms of the Hubbard operators X.f0 ~ ct,(1-nia ), X.f0 = (XJq)+, a = ~er . 
-, • '' .' ! ' ,'. . . • :, • I' 

.... -~:.'f•-"-•---~~~7-::-:-.-,­
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has the form 

H = t E xJ
0
xJt - µ Exr + g E<En;+o5)Sf -n Est (1) 

ji.j' j,u i · S i 

where j and j' label lattice sites, o runs ovei: four oxygen sites within the 

Cu04-plaquette denoted by the index i, u is the fermion spin, tis the hopping 

matrix element, sr' VE {x, Y, z} are the pseudospin ·operators, g_ denotes the 
. . 

coupling constant, n;u = xr = X'J0 xJO' and n; = Eu n;u, the energy 

of pseudospin oscillations characterized by frequency 11, µ is the chemical 
• t ' - • 

potential. 

Let us introduce the two-component Nambu operators 

( 
x!Ju ) ·x1 - I xtu - (XqO x9") 

I - _. ' J -,-- J l J 
x:t-Ou 

I , . , 

(2) 

and define the two-time matrix Green function (GF) 

G'f;(t - t') =<< Xf(t),Xfu(t') >>= 

( 

<< Xfu(t),Xf0u(t') >> << Xfu(t),XJ"(t') >> ) 

<< xt0"(t),Xf0u(t') >> << Xt°"(t),XJ"(t') >> '· 
(3) 

with normal ,diagonal matrix elements and anomalous nondiagonal ones. To 

calculate the GF, we employ the method of equation of motion for a dynam­

ical variable X[(t) in the Heisenberg representation. By differentiating Eg. 

( 3} over time t, one gets in the w-representation: 

wroG;,;•(w) = 8;,;,Qro+ E(Qt;1-µ81,;)r3G1,;,(w)-g L << Sf-sXJIXJ;O' >>w 
I S 

(4) 

where To, T3 is the Pauli matrix and < X?° + xru >= (1- < n;u >) = 

(1- n/2) = Q = 1- < Xf'" >. 

2 

:<) 

;i 

l 
l 

Strong electron correlations_ in.( 4) were considered )n the Hubbard I approx­

imation. 

By differentiating the Green function<< Sf Xfu;xJ;u(t') >> in Eq.( 4) 

, ov~r the s~cond time" t' and e~ploying the same app~o~i~atio~ ~e obtain 

the system of two equations; It can be solved in the form: 

· G( q,w) = Go( q,~) + Go( q,w)T(q,w)Go( q,w), ·csr' 

where we introduced the zer~order G_r~en function in the q-representation: 

Go1
( q;w) = wro - (tq - µ)r3, (6) 

with 

f q = t(l - n/2)-y q = t(l - n/2)2( cos qx + <?OS qy) (7) 

(the. lat tic~ c()nst~nt a = 1) 

2 (' ') 
T( ) - g T3 "" sx XO'ISX x· +u -i q 1-J (8) q?w ;-:- NQ T,t ft,<< i-5_ ;

1 
;-~•- ; >>~ e .-. .. T3 .. 

is the scattering matrix. N is the number of lattii;e sites. By comp.i.rin~: Eq. 
( 5) with the Dyson equation for the Green function G( q,w ): 

G( q,w) = Go( q,w) + Go( q,w)I.:(q,w)Go( q,w), (9) 

one can obtain the equation for the self-energy operator 
·• '' ' - . . . . ~ . . 

T( q,w) = I.:( q,w) + I.:( q,w)G0(q,w)T( q,w). (10)' 

To obtain the s~lf-energy operat6r I.: in the second order. in electron­

phonon co~pling one can employ the approximation for the many particles . 

time-dependent correlation function in the scattering matrix ( 8_): 

< Sf(t)Xf (t)ISf,Xfu >~< Sf(t)Sf, >< Xf(t)Xtu >. (11) 

3 



Using this approxim'.3-tion which neglects vertex corrections, one can arrive 

at the equation: 

E(q,w) ~ T(q,w) ~ Q~:2 Jj w-:z_!;;+;c(th( 2J,) + cth(~))x 
-oo . . 

-f; E,2
( q-p)ImD(q-p,z'.+ i8)T3/mG(p,z+ ie)r3, 

p 

where the pseudospin GF for anharmonic vibrations was introduced: 

. 00 . 

(12) 

D (. ') sx( ) sx( ') ~ i q(i-J') 1 f ( ) iw(t-t') ;; t-t =<< ; t, ; t >>=L.Je .. 
2

7r D q,w e .·. dw. 
q ·-oo 

(13) 

To solve Eq. ( 10) we neglect the renormolisation · of the ~nergy of pseudos pin 

excitations and use the following approximation: 

ImD( q,w + ie) ~ ImD(w + i8) = -!l < sz > 1re(w2 
- !l2 )sgn(w). (14) 

Therefore, ~e obtai~ a closed system of equations for the G~een function ( 9) 

and the self-energy operator (12) 

3 Superconducting transition· temperature 

·. By using the standard. procedure one can obtain the Eliaschberg equations. 

Then, in the weak coupling approximation [9] we arrive at the linearized· 

equation for the superconducting gap (at T ~ Tc): 

A( q w) = g2<J> In dwth w 1 c·-1 )Im " ..,2 . (.p-q)d(' p). 
' · 2 · ?.TN 1r L.. w2-(£ -µ)2. -0 . p p . 

(15) 

To solve this equation we consider the f~llowing q-dependent representation 

for the gap (see e.g. [101): 

A( q) = Aos + A~s'Y q + Acd( q + AsdX q , 

4 

;i ,, 
'! 
•,i. 

11 
1l 
' 

where ( q = 2(cos(qx):.... cos(qv)), x q = sin(<ix)sin(q)y. Multiplying 

Eq.( 15) by 1 q, (q, Xq and averaging it over the directions of wave-vectors 

"q and p, we arrive at the system of equations: 

n 
· . g2 < sz > f dz z Aos(w) = O(!l - lwl) 

2
!} -;-4N(µ + z)th(

2
T)Aos(z), • · 

-n 

2 z n 
Asd ::C: O(!l - lwl) 9 ·· ~g > j dzz E(µ + z)th(

2
;)~8d(z), 

-n 
Acs = Acd = 0, 

' 

(16) 

(17) 

where N(<.) = -1 Ee(<. - {k), E(<.) = -1 Ee(<.-,- lk)Xk, < sz >= 
k k 

½th( i ). It is interesting to point out that due to the symmetry of an electron-

phono~ interaction 1
2( p-q), the coupling constants for the extended s-wave 

Asd and d-wave Acd pairing vanish. 

. The chemical potential µ is defined from the equation 

. 1 E an 1 L aO On 
n = - < xi >= -- < xi xi >. · N · · N · ' in in 

qs) 

Eqs. ( 7), ( 16), ( 17), ( 18) form a set of fully self-consistent equations for 

the superconductivity transition temperature Tc. To solve Eqs. { 16), { 17) 

we adopt a standard approximation: 

{ 

Ai = const, lwl < n 
A;(w) = , 

o, lwl >n 

where i = Os, sd, and write Eqs.{ 16), ( 17) and Eq~( 18) in the form: 

. n 
·g2

· . n f dz · z 
1 = 4nth( 2T) -;-4N(z + µ)th( 2T), (19) 

-n 
n 

g
2 

!l f dz z 
1 = 4nth(2T) -;-E(z + µ)th( 2T), {20) 

-n 

5 



.. ,n 1""' lq-µ . 
. 1 - n/2 = N z...,[l - th( 2T )]. · (21) 

. . q . . 

These equations were solved numerically for the following set of parame-
-' ·.- - ' .. , .. ,. 

. ., 

ters: a)n = 0.1,g = 0.5 and b)n = 0.1,g = 0.3. The energy scale is given by 

· t~e hopping matrix eleinent, t-= 1. The results of calculation of Tc(n) are 

presented in figures _1 and 2. 

a10 .----.....------,---, 
,,-, 

t ' I \ 

aa; l ,,,, ',, 
() , ' ~ , ' 

/104 ,-- __ ,,,- \ 

aa1 

· a021: 

a2 a4 as as 1.0 
n 

Figur~ 1. Tc( n) dependence for 

tii~ s-waye pairing for 't~~ pa­

. ram~ter _sets a)n = 0.1,g = 0.5 

. (dashed line); b)n =: 0.1,g = 0.3 

( solid line) . 
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Figure 2. Tc( n) dependence for . 

the d-wave pairing for two pa­

ram~te_r sets a)n:=· 0.1,g = 0.5 

{dashed }i~e); b)n = 0.1,g =:= 0.3, 

(solid line). 

For the s-wave pairing Tcs(n) in fig.I. has its maximal value at µ = O, 

n ~ 0, 66 due to the van Hove singularity for the two-dimensional Brillouin 

zone {see e:g. [1.1), [12) ). For the d-wav~ (b29 ) pairing Ted on fig.2: due to 

the factor Xq in the density of states has a different behavior in comparison 
> T S' 0 -, < • ~ • - < - • 

with Tcs(n). We see that the temperature calculat~d for the s-wave pairing 

is larger than in the d-wave pairing case. 

'·. In summary, the anharmonic electron,-phonon model with strong correla-

6 

tion (1) was considered analytically and the dependence of superconducting 

· transition temperature Tc on the electron concentration n was obtained. The · 

nonlocal character of an electron-phonon interaction in the model results in 

a peculiar Tc( n) dependence: Tc for the s-wave pairing has its maximal value • 

at the van-Hove singularity, µ = 0, n ~ 0, 66, while Tc = 0 for the extended 

s-wave and d-wave (b19'symmetry) pairing. For the d wave (b29 symmetry) 

pairing Tc(n) has its maximal value at low {n ~ O, 1) and high {n ~ 0, 95) 
, > • , ' • 

electron concentrations. 

Our results for superconducting pairing in the strong correlation limit for 

the model {1) are in agreeme.nt with the off diagonal long range order which 

was found in [8], where the Hubbard modelwith the anharmonic electron~ 

phonon coupling was investigated by the quantum Monte Carlo method. 
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IInaKH,o;a· H.M., Y,o;oBeHKO B.c~' 
3neKTpoii-cpoHOHHoe crrnp1rnaune 
B MO,o;enn Xa66ap,o;a ' 

El7-92-102 

PaccMaTpHBaeTcH cHcTeMa 3neKTpOHOB C CHnhHOH Kop-. 
. penmi;ttett B paMKaX OgHO3OHHOH MO,o;enn Xa66ap,o;a C CHJihHO 

aHrapMOHtttiecKHM 3neKTpoH-cpOHOHHblMB3aHMo.o;eucTBHeM. Ha 
OCHOBe MeTO,o;a cpyHKIJ;HH fpttHa rronyqeua 3aBHCHMOCTh TeM:­
rrepaTypw cBepxrrpOBOAH~ero rrepexo,o;a, Tc OT KOHIJ;eHTpa11;~n 
HocnTeneu n. II9Ka3auo, qTo 6naro,o;apH uenoKanhHOMY xa­
paKTepy 3neKTpOH-cpOHOHHOf'O, B3aHMo,o;euCTBHH B paCCMaTpH­
BaeMOH .Mo,o;enn, 3aBncHMocTh Tc(n) orrpe,o;enHeTcH CHMMeT­
pneu ~enn. 

Pa6oTa BbJITOnHeHa _B Jia6opaTOpHH TeopeTHtieCKOH qJH3HKH 
OIDUI. 

Ilpenpl111T OObeiili'tteHHOro HHCHIT)'Ta 11/IepHblX HCC.1e,.osaH11H. ,lly6Ha 1992 
' ' ' ' 

Plakida N.M.~ Udovenko V.S. 
Ele'ctron-Phonon Pairing 
in the Hubbard Modei 

El 7.-92-102 

A system of electrons with a strong correlations is 
considered within the fram~w~rk of a single band Hub.­
bard model with a strong anharmoriic electron-phonon in­
teractfon. The dependence· of superconducting transition 
temper?ture Tc on carrier concentrations n is ~btained 
using the Green function.technique. It is shown that 
due. to.the ,nonlocal character of the electron-phonon 
coupling in the mo_del;Tc(n) strongly depends' on _the , · 
symmetry of the gap. ' 

The-investigation has been performed at the Labora­
tory of Theoretical Physics, JINR~ ' . . 
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