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1. Introduction . 

. ·,· I .,; ·., . . ~ <)' '-..,-, , . ".- . '·, _, .. , •. • 

Recently,,. in quantum optics new· collective states of the 

electr~magnetici fielci have -~~Em predidted. .. anci expe~i~~r1tally 
detected, which essentially diffe~ from.lhe tradition~i (chao

tic and coherent) states: in quantum. fluctuation and correla

tion properties [ 1-3]. In· p~rticu_lar, states have _been.' found 

with.a sub-Poisson distribution of.the number of field quanta 

and a "sub-Poisson.laser" has been con_structed [4]. 

Recall that:the cohere~t light pos~esse~ the Poisson dis

tribution for the number of photons whereas the chaotic light 

has the· Gatissiari distribution· [5, 6] It is ·'conventional _to 

call the sub:....Poisson ·distributions •tliose distributions which· 

are·: more narrow than that' for ···the·. coherent light; For 

example, for the· Fock state of the electromagnetic field" the 

distribution of. the number of quanta,is a c'5-'-func1;.ion. 

Such "new" states .o.f 
1
,1;.he electt,o~agnetic. fi~_ld are ,~on

equilibrium, and their generation is due to nonlinear inte

ractiow of light with matt.er in the proces~es of generation 
,•.,; '! 

or scattering. 
It/ is undoubte~ly interesting to study the problem, of 

existence . of.: th.ermociyna~ically equilibrium states of' Bose . ,-. - ··'· . . ' . ... ' ; ,.,. ,, 

fields with nonstandard statistical 'prope.rties. The main 

reason is that: the mechanism of interaction of ·bosons ~f a· 

different pJ:lysi<:;al nature in condensed matter· possesses the 
•. - -.-·· ._1 ' ·_, : . - .• ! < 

same .. no~l1near1ty as the processes used for generat1on ·of 

sub-:-P.oisson ~tates in optics~· 
As •. has recently·· been .. shown, .·for the- simplest- _·model of ,a 

degenerate ~ara~etric proce·s's in the stat~ of; :the~~ociynamic 
equilibrium: b~low. a ~ertain,-temperature, there·· may occ~r 
squeezing of,· quantum fluctuations of: .the Bos.e-field ampli tu-·. .. . . - ;, . . . ~ ) 

des [.7]; ·and the• distribution.of i the,number:. of .. quantacis .sub~ 
. ' ~ ·~ ;; ~ $:'--',: • 

Poisson. 
In this paper; we will· •. consider some: simplelmo~els ;,used in 

the" soiid-stateJ physics . to· demonstrate :·.possible ·changes .,in 

the·: statistical properties ·oL: .. the: Bose field,.,wi th, lowering 

temperature and to· establish .the. condition .under. which ;the 

sub-Poisson distribution develops.··. 
~..---··--·-- ~-·--··-----... ; s-.... --:~·~"> . .:··· ,, .• ";.:.~..:.-. r 
·! ~~·:f·:!;!·ri~~~;~~~~;~~;r:; , 
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2. Polariton-like systems. 

. ·The theory of polariton considers model problems with 

Hamiltonians that ar~ blli:near fot:m~· of Bos~·. ·operators .of, two 
types, photons and phonons [9]:. 

,, _i',' 

- ·_.;,, 

.. 

(1)· B = B* 
k 1 1 k' A =A . 

k 1 1 k ,.J 

.,, 'i, 

This form ··is rather general and can, be-.used .for the. desc.rip-:-, 

tion of a wide class of phenomena, i_n s,olid .. st_ates, including 
the exiton-phonon' interaction 

scattering. of l~ght on. phonons, 

theory of magnetism. 

in moleculil'!":.. crystals·, 

and . somE:! pr:oblems of the 

·,, 

By the known linear transformation (see,•· e. g. [ 8]) 

·~ " 

[. .· ·. '*' +) a=\' u a.f..v'a' 
k L kn n kn n 

n 

.* 
[a , a ] = o 

m n mn 

. -.. :; 

a Hamiltonian Of that type is reduced to the'diagonal•form 

. ' 
~ 

H = E + \' E a+a , 
o L n .. n n ~.; 

. · .. ·,. ~ ... 
'"":"' n 

. ~ ' . 
~ \: . . ' ' 

and than various thermodynamic characteristics of a system.of 

fre'e· quasiparticles described by operators. a+·, • a with ·the 
. . , n n 

spectrum E ,. are calculated.·· These. quasiparticles are of. ·a 
n . 

complicated s'tructure;' polaritons; for. instance,·. consist :acan 

.optical ·phonon interacting with····photons ·[9]: . In:.this: case, 

experimental· methods ·allow·'the -study of one of· the components 

of the quasiparticle, for instance, with the use of the·Raman 

scattering· ['10]. that allows :us to determine the.: spectral cha-

racter'istics of·phonons:··In·what follows, .we. will'be interes

ted··•in ''the quantum .statistical' properties of· .. phonon· sub

system, 'Specifically, in the characteriof distribution-of the 

number of _Phonons in polaritons in an equilibrium.state .with 

a temperature T. In this case we should first calculate .vari-
' 2 

:)•_, 

-~ 

~-

. ,, 

~~~~~~-.. ..... 
ance of the number of quanta in different.modes: 

+ 2 . +'· 2 
Vk= ((akak) >- (akak> • 

where averaging runs over the equilibrium state of system (1) 

with a certain temperature T: 

( ... > = n p c m> I m> <m I . n nn 
Tr = ( ... p); p 

n 

p (m) = 
n (1 

'(a+ a' )m 
n n 

. ,, ' :_. ' -1 

(a+a > = (exp(E /k T)-1) . 
n n n b 

)

l+m ' + + (a a> 
n n 

The condition for the sub-Poisson distribution of the num

ber of quanta in the k-th mode looks as follows:· 

+ 
vk < (akak> 

(2) 

This inequality connects the temperature of the system with 
. • i 

microscopic characteristics entering into the Hamiltonian (1) 

(interaction parameters· and- characteristic f~equencies Ak
1

, 

Bk 1 ; En= E0 (A,B)). From a physical· point of view, it is natu

ral to expect tha,t at suff.iciently high temperatures the dis

tribution of the number of quanta . should be· chaotic 

(Gaussian); consequently, for the condition (2) ·to be valid 

at a fixed A and B in (1) the temperature should be lowering. 
In this case the equality 

+ 
vk = (akak> . ( 3) 

may be treated as an equation for determining· the threshold 
temperature· 

Tth= Tth(A,B), 

below which there occur true quantum fluctuations not. distor-
ted. by thermai noice. . ·'- ' · 
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3. A two-mode system. 

For simplicity, w~ will consider one mode o·f the photon 

field interacting with a quasiresonance mode of optical 
phonons·. The Hami 1 toni an of this ·system is of the form 

H = w a+a + w b+b + K(a+b++ ba). 
a b · (4) 

,..J 

To _diagonalize the Hamiltonian (4), we will apply the ca
nonical transformation: 

a = ua + v(3~ 2 '2 
u - v = 1, 

( 5) 
b = p.a + + v(3, v2- P-2= 1, 

"! 
~ : : ~ ..__ 

where the operators a H (3 obey the commutation relations: 

[a, a+] = [(3, (3+] = 1, [a#, (3 11
] = o, 

j 

and the transformation. parameters :~·ar~ given by: 
" 

. ' ~ ' ''· ~ 
., 

' ~ I 

= -[1+~2. ·]r · r---:; • v -
2v1-k~ ·. ·-

-p."~':['l-IH'J ~ 
2~: 

u- -v 
(6) 

; ; ', .... ; 
'· 

. 21<: 
where k = w + w 

a b 

'":· (7) 

and k < 1 du~ to the stability .condition for Hamiltonian (1) 
[11]. 

As a result, we arrive at the diagonalized Hamiltonian 

Hd= E~a+a + E(3(3+(3 + E
0 

(8) 

with dimensionles~ eigenvalues / 

4 

) 

\ 

;::-\ 
I \ 

\/ 

:'l 

Ea = ![ _1+k
2 

e .. ·s vi-k2 + ~]. E(3. := ![ 1i-k
2 

e s v'i-k2 ~):. 
:

0 

= ![vO -1]' .: 
and the following notation we have here introduced: 

w- w 
29 . w=2 a b· s = where e = kb T. . . 

w + w w + w a b a b 

Then we co.mpute. the. averages: 

(a+ a) = v
2 

[ na +n(3+1 J +na' 
',) 

(b +b) = v 2 [ na +n
13

+1 J +n
13

; 

v = v = v~-(~2 +1·~ [2~ n..,~n +n
0

+1]; 
a b . a ,.., a ,.., 

where na= (exp(Ea/kT)-1)-t n(3 = (exp(E(3/kT)-1)-t 

'• 

' 
'(gf1· 

.. 

(10) 

Here averaging runs over the eigenvalues of Hamiltonian (8). 

The di.stribution for' the mode a will be s(ib-.P6is.son pro

vided. that. the inequality (2) holds in the following form: 
•\'' ', \ 

4 [' ;,;.,·.,· . •. . J . 2 ·, 
v. 2n n 0 +n +n..,_+1 +2n n..,v -n < o. a.,.., a.·.,..,. ·.a,,.., a 

,• 

(11) 
.·.'l 

Solutions of the: biquadratic inequality (11) are in. the.regi-
. • • . 2 . . . • . 
on l1m1ted by the roots·v±a: 

·;.;,2 < v2<'v2·:; ., 
-:-';'· +a 

where v2 = -nano±~· 
±a 1-' a 

2nan(3+na+J:1(3+1 

!' •·• • .. :;·· '2 
S1nce v > o, and ...;.2 <: o, 

-a 

. ~; 

·' 
·- .. ~-

d = n2n~+n '[2n n~+ri +n..,+1];: 
a a,.., a a,.., a,.., . 

in . any ::case, then the''· actual 

5 



constraint on v 2 will be of the form: 

0 < V
2 < V 

2
• 

+a ( 12) ' 
/ 

For the mode b to have the sub-Poisson distribution the 
similar inequality: 

0 < V
2 < V 

2
, 

+b 

where v2 = -nant>+v{t' 
+b p b 

2nan{3+na+nf3+1 

should hold valid. 

• J 

(13) 

2 2 . [. . . J 
db= nan{3+nf3 2nan{3+na+nf3+1 

The threshold temperature T~b for the moqe a as a function of 

-parameters wa, wb and K can be determined from_the equation 

v2 (v2 +1)(2n~hn~h+nth+n~h+1) = v2 (nth+n~h+1)+nth; (14) 
. ap a P a P a 

whereas for mode b, from the equation 

2. 2 t h t h' ~ h' '' ·~ h' ' 2 t h t h' ' t h 
. v (v +1) (2na n{3 +na +n{3 +,1.>_ = v (na +~{3 +1)+nf3 , ( 15) 

where nth H n~h are given by expression (10) at T = Tu.-. a ·p 

Numerical solutions to equation (14) are drown .in Fig.1 

for various values of the dim~~sionless ,parameterw ... 

4. Discussion of results. 

The simplest polariton model we have considered shows the 

possibility of appearing the sub-:-Poisson distribution for the 

number of phonons at temperatures below a certain threshold 

temperature Tt h that is .function of Hamil toni an parameters. 
Since the condition 

•. 

V = (a+a > 

implies. the Poisson distribution realized for the coherent 
/ 

6 

state of the Bose-field [5] which is closest to the classi'cal 

state as it possesses. minimal-symmetric quantum fluctuations, 
th . . ' . ' ' 

then T can be considered as the threshold temperature of· 

transition from a state . with the true quantum behavior 

(T<Tth) into the region of classical behavior (T>Tth). There 

is no phas~ transition· at the.· point T~h in the conventional 

sense because the . l<:tter should be related with spontaneous 

symmetry .breaking. of the collective st~te of the system (see, 
for instance, [12]) . 

The question now arises of how to 
observe experi~entally 

. ,. '. the above-described "nonclassical" behavior of phonoTis in 

thermal ·~quilibri~m. It seems that for this purpose the 

methods of Raman scattering-can be used. However, since the 

information on statistical properties of phonons is contained 

in the correlation function·of the second order v, the me~su
rement of spectral characteristics of scattered light is·not 

sufficient. It is necessary to perform measurement of ·.the 

·S 
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Fig.1. Dependence of the threshold temperature sn on the coupli 
.'<' ' ' '•,:,' ' 

constant:k at•the following. values o:f'the· detuning parameter w: . . . ~ '' 
1) w == 1; 2) w == 0; 3) w ==. -1. 5. 

Normalized variables Sn and w are give~ via original parameter 

of system by (9); and k, by (7). 
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correlation functions of' scattered light· and· to reconstruct 

the correlation function of 'phonons·froni their relati~nship. 
This relationship will be thoroughly considered' 'in a 

subsequent paper. 

The authors·would like to express their deep gratitude to 
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rosopKOB Ei.Ei. (Mn.). WyMOBCKI-lH A.C. 

Ycnps1-1R BOJHI-l~HoBeHI-lR cy6nyaccoHOBCKoro 

paBHOBeCHOrO pacnpeAeneHI-lR cpOHOHOB 
B nonRpLHOHHbiX CI1CTeMaX 

E17-91-431. 

. ' .. ' . \ 
noKa.JaHO, 'ITO "B nonRpi1TOHHbiX CI1CTeMaX B COCTORHI111 Tennosoro paBtiO· 

BeCI1R C nOHI1>KeHI1eM TeMneparypbl B03HI1KaeT COCTORHI1e cpoHOHHOH nOACI1C· 

TeMbl, xapaK:epl13yeMoe cy6nyaccoHoscki1M pacnpeAeneH_I1eM '111cna cpoHoHos. 

8 npocTeHWeM. cny'lae KBa311pe30HaHCHOH CI1CTeMbl HaHAeHO RBHOe COOTHOWe

HI1e, onpeAeflRIO.LUee 3aBI1C11MOCTb. noporOBOH TeMnepaTypbi·O'f napaMeTpOB. 

raMI1flbTOH11aHa, .BbiWe KOTOpOH pacnpeAeneHI1e '111Cna cjJoHOHOB RBnReTCR Xao-

. Tl1'leCK11M. YKaJaHa BOJMO>KHOCTb Ha6ntoAeHI1R cy6nyaccoHoBcKoro pacnpeAe

neHI1R ciJoHOHOB MeTOAOM KOMfii1HaU110HHOrO pacceRHI1R np11 113MepeHI111 KOp-
penRU110HHbiX cpyHKU11H pacceRHHoro ceera. 

Pa6ora BblnOnHeHa B na6opaTOpi111.TeopeTI1'leCKOH cpi1311KI1 OL-1AL-1. 

. llpenpmfT. 061>eAHHE!fHoro HHCTHTyTa RAepHbiX HCCneAOB8HHH.Jly6Ha 1991 
. ., 

Govorkov 8.8. (jr.), ·shumovsky A.S. 

Conditions fo~ Arising the Sub-Poisson Equilibrium 

. Distribution of Ph6nons in Polariton-Like Systems 
I . . , 

E17-91-431 

It is shown, that in polariton-like systems in a state of.thermal equilibrium, 

when the temperature gets lowering, there arises the state of a phonon subsys

·tem with the sub-Poisson distribution of the number of phonons. In the simplest. 

case of a quasi resonance syste~ •. an explicit formula is found for the dependence · 

of the thresh9ld temperature on the Hamilton-ian parameters; above that temp~
rature the distribution of the number of 'phonons becomes chaotic. The sub

Poisson distribution of phonons can be observed by the method of Raman 
' . ' . 

scattering in measuring the correlation functions of scattered light. 

The· investigation has .bee~ performed at the Laboratory of Theoretical 
Physics, JINR.· 
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