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1. Introduction 
It is now widely recognized that high-Tc superconducti

vity is deeply related to the problem of strong correlations. 
Some simplification' in treating this problem is usually gai.'... 
ned by transforming the starting one-band (or extended) Hub
bard model into an approximate effective .Hamiltonian which 
describes relevant low-energy properties of oxide supercon
ductors. The simplest effective Hamiltonian is the well-known 
t-J model /1/ which is transformed in the canonical perturba
tion theory /2,3/ ·from the one-band }iubbard Hamiltonian in 
the strong correlation limit •. More complicated examples ap
pear /4-6/ when one considers highly hybridized orbitals in 
the CuO

2 
plane on the basis of the p-d model . suggested by 

Emery /7 I. In this model the largest energy is the on-sife 
Hubbard repulsion Ud at copper sites and an extra hole, in
troduced to the· system •by doping,goes to·the oxygen p-level. 
One may highlight two different regimes for holes dynamics 
/8/. The first one,the so-called spin fluctuation regime, co
rresponds to a weak copper-oxygen hybridization parameter, 
V<<A, Ud-b, where bis the charge transfer gap and Ud-A is 
energy of the higher Hubbard sublevel at copper sites with 
respect to the p-level. In this limit, one obtains a Kondo
type effective Hamiltonian /4/ that involves propagating oxy
gen holes which interact with the strongly localized copper 
spins. According to 15,9, 101 more representative values of 
the parameters in the Emery model give not· so weak hybridiza
tion. In fact, V<b, while V<<Ud-b is fulfilled. Such a.choi
ce of the parameters i.e. the charge fluctuation regime, re
quires special attention because the charge degrees of free
dom at copper sites should be taken into account. 

The first systematic derivation of effective interac
tions up to the fourth order in V/b and V/(U-A) in the spin 
fluctuation regime was presented by Zaanen and Oles /11/.They 
applied the formalism of projection operators in the canoni-
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cal perturbation theory, as it was done in obtaining the t-J 
model /3/. Recently, the same results /12/ have been rederi
ved on the basis of the canonical Schrieffer-Wolff transfor
mation. Besides, a great variety of other papers is devoted 
to the derivation and analysis of approximate effective 
Hamiltonians in the spin fluctuation limit of the Emery mo
del.We mention only a few of them /4-6,9/. Particularly, a 
good deal of efforts are undertaken in the study of relation 
of the t;_J model to the p-d, or even more general HamiUonian 
containing cu- and 0-bands /8, ·t 1 , 13-16/. 

To the author's knowledge, the systematic perturbation 
expansion consideration of the charge fluctuation regime for 
the Emery model ltke this is not so far presented in the li
terature. In this paper we fill partly this blank and obtain 
on the basis of the canonical Schrieffer-Wolff transformation 
the effective interactions to the fourth order in V. The ef
fects of the direct oxygen-oxygen hopping CO-band) on the ef
fective interactions are taken into account as well. 

Effective Hamiltonian derived here involves a variety of 
different kinds of interactions and provides a basis for bet
ter understanding the low~energy properties of the Guo~ pla-

.::. 
ne. Among them we restrict ourselves to a particular problem 
of magnetic frustrations in the system of Cu-spins and calcu
late superexchange integrals as functions of the direct 0-
transfer and the 0-hole concentration. 

2. p-d Model and Canonical Transformation 

Hamiltonian for the Cu0
2 

plane can be written as 

l + 2 + + 2 -H = Ed d. 0d. 0 + v. (d. 0c 0+ c 0d. 0 ) + ud n. n. 1 1 1m 1 m m 1 1~ 1• 

+ 2 
mnO 

iO imO i 

t C+ C mn mo no ("1) 

wliere d10 ( di<J) and <o (cmo )are hole operators for copper 

.. - ;,:£. 
2 

) ;~£ ;,; ~ ~: .... 

{.J,.. ), 

-~ 

~ 

(i) and oxygen (m) sites. The energy of the oxygen p-level is 
chosen to be zero, EP=O, hence for the copper d~level Ed<O. 
The hybridization parameter V. is non-zero only for the 

1m 
near-neighboring ( n. n.) Cu-0 sites. In comparison with the 
original Emery model /7/ we omit the on-site repulsion at 0-
ions (U = 0) and n.n. Cu-0 repulsion (U d=O), while the di-p p 
rect hopping term ( Nt ) between n. n. 0-sites is involved. mn . 
The representative values (in eV) for the parameters are 
/5,9,·101: 1£.dl ~2, 1v1~-i.5 ,ud~ 8 and t~o.s, which provides 
the charge fluctuation regime V << Ud+ Ed while V/IEdl < 1 

To treat strong correlations at Cu-sites,it is natural 
to introduce the Hubbard operators X~q =lip><qil instead of + . 1 
dio ( dio) operators 

+ _ 00 ~ 20; _ 00 0'2 
0 diO- Xi + vo•o Xi diO- Xi + Eo•o Xi (.::.) 

where E-o= - Eo= I and Eo = Eo= 0. The operator x?0 ( X?O) 
. 1 1 

creates ( destroys) a hole with the spin o on the lower d-
sublewel with the energy Ed and x~0 (X?2 )creates (destroys) a 

1 1 

hole with the spin o=-o on the upper d-sublevel with the ene-
rgy Ud+.sd. 

In terms of these operators Hamiltonian (1) can be re
written in the following form· 

H = H0 + H
1 

+ H
2 

Ho= Ed 2 x~o + cud+2Ed) l xf2+ l t C+ C 
mn mO nO (3) 

iO i mnO 

H1= H~+ h.c. H~ = l v. x?0c 0 1.m 1 m ( 4) 

imO 
·+ + -1 l 20' (5) H2 = H
2
+ h.c.· H2 - . VimEo,o Xi cmO 

im oo· 

OUr aim is to obtain an effective Hamiltonian (to the fourth 
order in V) which works in the (low in energy) subspace of 
states with no doubly occupied copper sites. Just the term H

2 
. corresponds to the admixure of the high-energy states, and 

hence, we consider this term in (5) as the perturbation. AB 
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the first step we remove from the transformed Hamiltonian H' 
=exp(S1)H exp(-S1) the term linear in H2 • This gives for the 
generator S1= S~ - h.c. of the Schrieffer-Wolff transforma
tion the following equation: 

ads H0 =- H2 
1 

with the notation 

adA B = [A,BJ. 

Then, Hamiltonian H' can be represented in the form 

ro 

( 6) 

( 7) 

H'= Ho+ H1+n f1[ (n~i)! ad~_1H2 + ~! ad~1H2] (8) 

The linear in V Hamiltonian H1 gives the residual hybridiza
tion which mixes hole's states at the lower d-sublevel with 
the. p-level states. This linear term cannot be. removed by a 
canonical perturbation transformation because the change
transfer gap lcdl is not as large as Ud+Ed. However.being the 
part of the main interactions in H0+H1 the term H1 gives hig
her order in V contributions. 

To satisfy equation (6) the generators~ should be cho-
sen in the form 

+_ , 20 
81- £ xi "'io 

iO 

and for the operator "'iO we obtain from (6) the equation 

[H + _, 20 , x20' 
0• 81]- £ Xi (Ud+ Ed+adHO)A.iO = £ VimEo'o i CmO 

iO - imOO' 

This equation is satisfied if 

~\o' =. l vimEo'o(Ud+ Ed+adH0)-
1

cmO 
mo 

4 

'11 

' 

Taking into account that 

adH Cmo= - l tmn cnO 
a n 

A 

and introducing the t -matrix with elements t we finally mn 
obtain the result 

+ ' ' 201 
A -1 S1= £ £ Vin Xi EO'O[(Ud+ Ed- t) ]nm CmO ( 9) 

i= oo' 

Note that the Schriffer -Wolff transformation with the gene
rator (9) takes into account effects of the narrow 0-band to 
any given order in t/(Ud+Ed)«1, because 

·ro 
A -1 ' 1 "k [(Ud+ Ed- t) ]nm=£ ----k+1 ( t )nm 

k=O (Ud+Ed) 
( 10) 

A A 

For clarity below we put following notation :Ud+ Ed-t =U1 •.. 
Let us examine the second order effective interactions 

corresponding to n=1 terms in (8)~ The straightforward calcu
lations gives first the result 

Here 

, , ( 1 ) 20 02 ad81 H2=£ £ v-u v ij xi xj 
ij O 1 

, , ( 1 · 22 + 
- L L VU)imVil Xi CmOClO 
iml O 1 

( 11) 

, , [ 1 00' + ] 
- L L (V-)imVil Xi Cma ClV Eaa E O'V +h.C. 

iml oo'av u1 

1 I 1 (V---rr- V) .. = V. (-) V. 
v 1 1J im U mn Jn 

mn 1 

(V+). =' V. v 1 in £ im 
m 

(-1-) 
U mn 

1 

5 

( 12) 



The physical meaning of the processes involved in ( 11) is 
clear. It should be only stressed that each of the terms in 
( 11) works either in the subspase of highly excited states 
with double occupancy (the first and the second line in (11) 
) or in the subspace of low-lying states (the third line in 
(11)). The rest of the second order interactions are given by 

, , [ 1 ) 20' 00 
ads H1=L L (V- V ij xi xj £00' 

1 ij oo' 01 

. , 1 20 + ] 
+ L(VU)imVil Xi cmoc10•£oo•+h.c • 

ml 1 

( 13) 

Both kinds of the processes involved in ( "13) lead to mixing 
of the highly ,excited and low~lying states.in the sustem.The
se second order hybridization terms should be removed 
from the resultin~ effective Hamiltonian. We make this 
by applying the second Schrieffer-Wolff transformation 
H=exp£ s2) H' exp( -s2) • Requiring that the transformed Hamil to
nian H does. not include the term linear in ads H 1 we obtain 

1 . 

by the procedure developed before the generator S2 in the 
following form: 

s = s<1)+ s< 2 ) 
2 2 2 

s~1)= l l [<v-1_ V)ij_1_ Xio'x~oEoo' - h.c.] 
ij oo' u1 ud 

( ·14) 

s~2)= l l 8v-1-)imvi1[-1-] ' ,xio c!,oc1'0,Eoo•- h.c.] 
iml 00' U1 U2 mm 11 
m

1

l
1 

where 
ro 

[ ~
2 

]mm'11'= l [ (U +2:-t )n+1 ]mm'( tn)ll' 
· n=O d d 

( 15) 

Introducing the operator P projecting out the highly excited 
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states, we obtain the effective Hamiltonian expanded in Vas 

ro 

Herr=Pexp(S
2

)exp(S
1

)H exp(-S
1

) exp(-S
2

)P= l H(n) ( 16) 

n=O 

Up to the fourth order one has 

H(o)= PH P 
0 ' 

H( 1 ) = p H p 
1 

"'( 2) 1 P ads
1 

H2 P , H(3)_ 1 P ad~
1 

H1 P, ( 17) H = -,., - -ry-
L '-

i'i< 4 > _ 1 3 1 Pads ads H1 P --g- pads H2 p + T 
1 2 1 

3. Effective Interactions 

After performing some lengthy calculation and classifying di
fferent kinds of interactions we present the transformed Ha
miltonian in the final form 

N N N- N N 

Herr= Ho+ Hcu-o+ Heu-cu+ Hs-s 

The zero order Hamiltonian is 

80= Ed l Ni + l 
, iO mnO 

where 

Ni= l x?o 
1 

0 

t C+ C mn mO nO 

,v 

The effective Cu-0 Hamiltonian Hcu-o includes four terms 

4 "' l "'(n> H = H Cu-0 Cu-0 
n=1 

7 

( 18) 

(-19) 

(20) 



The first term is the first-order resid~al hybridization in
teraction with v< 1 >(ilm)=V. im 

H< 1 >= 2 v< 1 >cilm) x?0 c· + h.c. 
1 imO i mO 

The second-order term is 

H( 2 J = 'J< 2 >(ilm n) [ S.s - 1 N.n ] eu-0 .£ i mn 4 i mn imn 

where 

5a = 1 xoo' 0a 
i 2 i oo' 

a 1 + a 
' _Smn = 2 CmOCnO' 000' 

and 

J< 2 >(ilm n) = (V-1-). V. + (V-1-). V. U im in U in im 
1 1 

n = mn 

( 21) 

(22) 

+ cmOcnO 

(23) 

Hamiltonian Hb~~0involves at m ~ n the oxygen hopping three
site o~cu-0 interaction and at m=n the antiferromagnetic ex
change interaction with the constant J< 2 >(ilm m) between cop
per (S.) and oxygen (s} spins. Due to expansion ('10) of the 

i 1 m 
matrix (-) 

1 
in powers of the oxygen hopping integral t U m nm 

1 
these interactions connect not only nearest-ne~ghboring, oo.t 
more distant sites. The next contribution is the. third order 
cu-0 hybridization-type interactions 

~c3) _,, (3)(-·I [oo oo' h ] (24) Heu-0- L L V lJ m) Xi Xj cm01 £00 £0'0' + .c. 
ijm oo' 

+ 2 2 yC3l(ill n m)[x~oc~ocno'cmO'Eoo EO'O' + h.c.] 
ilmn 00' 

where 

8 

·) ,, 
l 
I 

) 

r 

v< 3>(ijlm) = - J (V-1- V) .. (V-1-). 
~ u 1J u Jffi 

1 1 

y< 3>(ill nm)= i (V-1-). (V-1-). V. 
~ U il. U in im 

1 1 

(25) 

· The fourth order term is 

H~~~o= 2 A< 4 >(ilm n 1 l') [ Sismn- ¼ Ninmn ]n11,+ h.c. (26) 
imnll' 

+ 2 { ~ [e< 4 i(ijlmn)+e< 4 >(ijlnm))Nj-e< 4 >(iilmn)} x 

ijmn 

Jf. [ S. s - .J. N . n ·] • imn "+ imn 

and involves different kinds of exchange-type Cu-0 interac
tions and oxygen hopping-type 0-Cu-o interactions. Here 

A( 4 )(ilmnll')=1(v-1-). [ V. (V-1-). (V-1-· ). 4 U im in U il U 11 1 

1 1 · 1 . 

- V.1,(V-1-). (V-1-).1]· i U in U i 
1 1 

e< 4 >(ijlmn)= g (V-1- V) .. (v-1-). (v-1-). 
~ U iJ U im U Jn 

1 1 1 

(27) 

1 ·1 [ 1 1 ] . +. (V - 2 V) .. (V-). V. + (V-). V. (28) 
. "+ U iJ U im Jn ,U Jn im 

· 1 1 1 

N 

The cu-Cu effective Hamiltonian He· c contains three kinds u- u 
of fourth-order interactions 

3 
N - l N(4) He e - He ·c (k) u- u u- u k=1 

(29) 
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Two of them are given by 

H( 4 ) (1)= 'J( 4 )(ij) [ S.S. - 1 N.N. ] 
Cu-Cu L i J 4 1 J 

(30) 

ij 

H< 4> (2)=-' 1 (B< 4>(ijlmn)+B< 4>(ijlnm))[ S.S.- 1 N.N.]n (3·1) 
Cu-Cu L 4 1 J 4 i J mn 

ijmn 

Here 

J< 4>(ij)= g (V-1- V)~. 
ij U iJ 

d 1 

(32) 

and (30) gives the familiar Cu-Cu superexchange interaction 
while (31) incorporates explicitly the oxygen operator n . mn 
and, hence, causes a renormalization for the Cu-Cu superexce-
nge depending on an oxygen hole doping. 

The third term in (29) presents an effective highly cor
related d-hole hopping interaction 

H<4> (3)= 1' i4>(ikj>[ x~o xoo x~o_ x~o xoox~o] (33) 
Cu-Cu 2 L i k J i k J 

ikjO 

where 

J< 4>(ikj)= g (V-1- V). (V-1- V) .(1~0 .. ) 
. U U ik U kJ iJ 

d 1 1 

(34) 

Hamiltonian (33) is anologous to the three-site extra term 
one obtains in deriving perturba~ively the well-known t-J mo
del /3/. 

To make the physical meaning of the interactions presen-~ . 
ted by H

8
_s more clear, the last term in (18),let us- first 

, introduce the singlet combinations of oxygen and copper hole 
operators, respectively, 

. (j)nm = lCnO' CmO Eo o' 
oo' 

, 
'" _ , oo' oo ~ji - L xj xi .Eo o' 

oo' 

10 

~ 
Then the effective Hamiltonian H8 _ 8contains two fourth order 
parts 

N N ~ 

Hs-s= 8s-s< 1>+ Hs-s< 2> 

and gives singlet-singlet interactions 

H (1)=' Gl 4 >(ilmnll') x? 0 ~+ ~ S-S L i ~mn ~11 1 

H,, 
8
(2)=' (p< 4 >(ijlmn) ¢,+ lj) •• + h.c.) ..,- L mn iJ . 

Here 

G< 4 >(ilmnll')=J' v. ,cv-1-). ,[ v. cv-·1-). <-1-) , 1 ~ L im U in im U in U m 
m' n' 1 1 2 

·1 1 ] + V.l(V-).1,(-), ' 
i U i U m m n n , 

1 2 

p< 4)(ijlmn)= - ; (V-½-V>ij [ 
1 

V. (V-1-). _1_ + 
im U in U 

1 d 

l vil(V-
1
->i1'<-

1
->1n l'm] 

n' · u 1 u2 

(36) 

(37) 

n'l' 

( 38) 

(39) 

We see the Hamiltonian (18)-(39) derived here involves a 
variety of. different kinds of effective interactions and ser
ves as a good starting point to investigate low-energy pro
perties of the cuo2 plane in oxide superconductors. This work 
remains to b_e done elsewhere. 

4. Magnetic Frustration in Cu02 Plane 

Here,we restrict ourselves to one of the phenomena,name
ly,to the problem of magnetic frustration effects in the s~s-

11 



tern of Cu-spins. These effects are described by two fourth
order interactions (30) and (31). To estimate the dependence 
of the effective Cu-Cu superexchange integral J< 4 >(ij) on the 
oxygen doping we ignor the subtle effects of 0-hole hoping by 
putting for site indices n=m in ( 31). After replacing in a 
mean-field approximation the 0-hole operator n by the ave
rage hole occupation number for 0-si tes <n >:~<c-t-

0
c a>= n 

mm fr m m p 

one gets the Heisenberg Hamiltonian 

tt< 4 ) (1)+ H( 4 ) (2) ~ ''j< 4 )(ij)[ S.S. - l N.N. ] (40) 
Cu-Cu Cu-Cu L 1 J 4 1 J 

ij 

where 

'jC 4 >(ij) = J< 4 >(ij)-n J ~ BC 4 )(ijlmm) 
p L L 

m 
( 41) 

It is worth noting that the residual hybridization term, 
H1 

in (4), being considered perturbatively at V<<IEal, provi
des additional contributionsN(proportional to V4 /1Ea1 3 ) to 
the superexchange constant i 4

) ( ij) in ( 40). At this limit 
Ihle and Kasner /17/ have investigated frustrations effects 
in Cu-spin system. However, treating the problem at Ud • ro 

they missed the contribution (40)-(41). Here we examine sepa
rately the frustration effects giving by (40),(41) at finite 
value,of Ua in the same manner as it was done in /17/. 
· From (28) and (32) we obtain for the nearest neighbours, 
( i, j) =n. ri~, the following form for the superexchange integ
ral 

'jC4)(ij=n.n.)= '3;4)= 2 y4 2_1_ { [1-s !ti ] 
(Ud+Ed) Ud (Ud+Ed) 

Ud 

2(Ud+Ed) 

' . 

[ 1-12 It I ] n } 
(Ud+Ed) P 

( 42) 

Due to It l/(Ud+ Ed) «1 only the linear in t contributions 

12 

.. 
are taken into account in ( 42). For the second neighbours., 
(diagonal bond) the superexchange constant is given by 

'j<4>(ij=n.n.n.)= 'jC4)= 8 v2t2 [1- ud n ] (43) 
2 (U +E )2U (Od+Ed) p 

, d d d 

At t=O only the n. n. antiferromagnetic coupling 
'3; 4>(>0) occurs and there iJ no frustration J~4 >=o 'for all 
nP. Moreover, the coupling J; 4> drops with increasing 0-hole 
concentration n, but does not change the sign in the range 

p . . . 
of reasonable values of n (<1). This result is in accord 

p 
with that by Ihle and Kasner /17/. 

At t10 the n.n. c?upling '3; 4 > decreases with d!rect 0-
band dispersion and the antiferomagnetic coupli~g Jt> ap
pears that results in frustration measured by J~4 > /J; 4 > N 
0.03 - 0.05. However, taking into account the relevant values 
of the parameters, quoted before, one can see that with inc
£easing nP theNexchJnge integral J~4 > decreases faster then 
J; 4 >, so that J14 > /J; 4 > decreases too. From this result we 
conclude, like in /17/, that frustration in the superexchange 
cannot explain the drop in Neel temperature TN with doping, 
and additional frustration mechanisms must be invoked. 
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