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studying JC and related problems. One of them is based on the 

procedure of disentangling Pauli matrices out of the symbol of 

T-ordering operator.But it happens to be rather tiresome even for· 

the simplest models ( Kolokolov 1986). On the other hand, the 

standard method of integrating over fermionic and bosonic variables 

in the holomorphic representation, being very useful in the 

framework of perturbation theory, is practically useless in our 

case. The U(1/1) CS path integral seems to be the most appropriate 

one for the JC type models. 

2. JC model and 0(1/1) superalgebra 

The JC model is assumed to be the simplest version of matter

radiation interaction. It describes a two-level atom (or a single 

1/2-spin) coupled linear!~ with a single bosonic mode (Jaynes and 

Cummings 1963). Using the notation of band f for the bosonic 

and fermionic modes, respectively, we have as usual 
+ + + [b,b J= {f,f }= 1, [b,fJ= [b,f ]= 0. 

In this notation the JC Hamiltonian may be written as 

HJC = 2w1b+b + 2w2f+f + lbf++ b+fx. (1) 

An atom is here supposed to be in the eigenstates with energies E= 

2w2 and E= O. The interaction constant 1 may be considered in eq. 

(1) as a Grassmann or an ordinary c- valued number. The Hamiltonian 

(1) is easily proved to be hermitian. It should be also noted that 

instead of the operators f and f+ one could use Pauli matrices by 

setting 

cr+= f+, cr_= f, cr
3
= f+f - 112. ( 2) 

Let us now remind the definition of U(1/1) superalgebra 

(Balantekin et al 1981 ). The bosonic and fermionic bilinear 

combinations b+b and f+f, entering into eq. (1), generate the Lie 

algebras of UB(1) and UF(1), respectively. The Bose-Fermi bilinears 

bf+ and b+f close into the set b+b, f+f under anticommutation 

liltia,it'\,3;..• MHcmyr 1 
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{bf+, b+f} = b+b + f+f, {bf+, bf+}= {bf, bf}= 0. 

Thus, bilinear combinations bf+ and fb+ as the odd generators, and 

b+b, f+f as the even generators form the Lie superalgebra U(1/1) 
,. 

with the even subalgebra U(1)xU(1). The unitary operator U 

representing the U(1/1) supergroup action in the super Fack space 

formed by_ a tensor product of the Fock spaces of operators band f 

can be presented in the form 

U(w
1

, w
2

; a, 0) = exp(iw
1
b+b + iw

2
f+f + eb+f - bf+0), (3) 

where complex Grassmann parameters 9 and 0 are supposed to 

anticommute with fermion operators; w
1

, w
2 

E [0,2xJ.Note that under 

the action of U(w 1,w2 ;9,0) the operators band f transform through 

each other, but the commutation relations 

[b,b+] = {f,f+} = 1 

remain unchanged. 

Let us now express eq. ( 1) in terms of the U( 1/1) Casimir 

operator N= f+f + b+b and the generators M =1/2(b+b - f+f + 1), Q 

= bf+, Q+= b+f. The Hamiltonian (1) becomes 
A A A + 
H = w

2
- w

1 
+ (w

1
+ w

2
)N + 2(w1- w

2
)M + 1Q + Q X. (4) 

The following structure equations of U(1/1) hold 
+ A A A A + + {Q ,Q} = N, [M,Q] = -Q, [M,Q] = Q, 

,. ,. + + + [M,NJ = [Q,NJ = [Q ,NJ= {Q ,Q} = {Q,Q} = O. (5) 

The UIR's of the superalgebra (5) are well known (de Grombrugghe 
,. 

and Rittenberg 1983). In our case the Casimir operator N, whose 

eigenvalues label the IR's of U(1/1), takes on non-negative integer 

values. So, for any integer n >0 we have a two-dimensional IR which 

in the basis of ( le
1
>, le

2
>) is given by 

Q+le 1> = vrile
2
>, Q+le2 > = 0, Qle 1> = 0, Qle2 > = vrile1>, 

2Mle
1
> =c (n-1) le

1
>, 2Mle2 > = (n+1) le

2
>, 

,. ,. 
Nle1> = nle1>, Nle2 > = nle2 >, (6a) 

where 
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le
1
> = ,ln-1>x[ ~), le2 > = ln>x[ ~), b+bln> = nln> . 

For n = o the IR of U(1/1) is one-dimensional: 

Q+le
0
> = Qle

0
> = 0, Nle0 > = O, le0> = IO>x[ ~) . ( 6b) 

At this point some remarks are to be made. To consider the JC 

Hamiltonian (4) as an element of the U(1/1) superalgebra, one must 

keep the parameter 1 in (4) as a Grassmann number. In this case the 

Hamiltonian becomes an even generator of U(1/1) and can be 

diagonalized by the appropriate rotation in the U(1/1) superspace 

(Buzano et al 1989). But as we' 11 see later, in terms of the U( 1/1) 

CS path integral there is a possibility to consider both the 

cases,the Grassmann and c-valued A1

S. So, for the time being, we do 

not specify the parameter A. 

3. U(1/1) coherent states 

We now describe U( 1 /1) CS as defined for the ordinary Lie 

groups by Perelomov ( 1972) and generalized for Lie supergroups by 

Bars and Gtinaydin (1983). These states are obtained by operating on 

a vector of the U( 1/1) IR' s by a group element in the form of 

eq.(3). Consider a "lowest state" le 1> that transforms irreducibly 

under U(1/1) and is annihilated by the operator Q. We define the 

U(1/1) coherent state l9;n> labelled by the Grassmann parameter a 

that belongs to the coset space U(1/1)/U(1)xU(1) as 

1a;n> = exp(-eQ+) le
1
> = le 1> - me le2 >. 

The overlap of two states l9;n> and 19'; n> is given as 

<9' ;nl9;n> = 1 + n0'9 = exp(n0'9). 

(7) 

Important property of these states is that they satisfy the 

completeness relation 

I= le
1
><e

1 
I+ le

2
><e

2
1 = J exp(n90) l9;n> <9;nl d~cte, (8) 

,. 
where I denotes unity in the representation n. We use the following 

definitions 

5 



f d8 = f d0 =O, f 8d8 = f 0d0 = 1 · 

Note that the CS ( 7) depend on the representation index n. For 

every value of n there exists an overcomplete set of CS IB;n>. For 

n = 1 the CS ( 7) coincide with the so-called fermionic coherent 

states introduced by Ohnuki and Kashiwa ( 1978). It is rather 

natural due to the fact that the operators Q+ and Q at n = 1 become 

the usual fermionic operators as it follows from eqs. (6a). 

It is straightforward to see that 

J <8;nlei> <ejl8;n> exp(-nee) d~de = 6ij ( 9) 

In virtue of eq. (9) for any operator F acting in the two

dimensional space spanned by le
1
> and le2 > we have 

SpF = l <e. lFle.> 6 .. = J exp(-nee) <8;nlFl8;n> d~de • (10). 
1j 1 J 1J 

For definiteness we assume that any Grassmann number is commutable 

with the states le 1> and <e 1 I: 

8 le
1
> = le

1
>8, 8<e

1 
I = <e

1
18, ( the same for e ) .. 

For further use we present the averages over U( 1/1) CS of the 

operators entering into eq. (4): 

<8~n!Q+!e;n> = ni'S 
< ;nle;n> 0

, 

A 

<8~n!N~8;n> 
< ; n I ; n> 

4. Path integral 

= n, 

<8~n!Q !S;n> = ne, 
< ;n 1e;n> . 

A 

<8~n!2M!8;n> = n -1 + 2nee. (11) 
< ;nle;n> 

We now consider the path integral over U( 1/1) CS for the JC 

partition function 
A 

z = Sp exp(-f3H). 

On account of eq. (10) we have 
A de<n>de<n) 

Z = 1 + l J exp(-ne<n>9<n>)<e<n>;nlexp(-f3H) 1e<n>;n> n , (12) 
n=1 

where the first term is nothing but 
\ A 

1 = <e
0

jexp(-f3H) le0 > 

Defining£ as f3/N and using eq. (8) we write in the usual manner 

6 
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'1 

Z = 1 + l J exp(-n80) g~~~ <8;nlgN;n><gN;nlexp(-£H) jgN_
1
;n><gN_

1 
I 

n=1 

••. exp(-£H) lg0 ;n><g0 ;nl8;n> exp(-nE gkgk) ~ (dgkdgk/ n). (13)· 
k=O k=O 

It is to be kept in mind that all Grassmann variables of 

integration e, e, gN,gN, ••• g0 ,g0 are supposed to be labelled by the 

representation index n, so as it is done in eq. (12). To simplify 

the notation, we omit this dependence for the moment. For small£ 

we have 

<g.;nlexp(-£H) jg.;n>"" <g.;nl(1 - eH) lg.;n> 
1 J 1 J 

= <g.;nlg.;n> (1 - £H(g.,g.)) ""<g.;njg.;n> exp(-£H(gi,g.)), 
1 J l.J l. J J 

where 
A 

H(gi'gj) 
<g.;nlHlg.;n> 

- l. J 
- <gi;njgj;n> 

The integration over e, e in accordance with eq.(10) yields 

J exp(-n80) <8;nlgN;n><g0 ;nl8;n> dS~e = Sp (1gN;n><g
0

;n1) 

= Sp (1e1><e1 I+ ngNle2 ><e2 1g0] = 1 + ngNgo = exp(-n~
0
gN), 

so that 

Z = 1 + l J ~ [dgkdgk/n) exp (-nI; gk( gk - gk-1) - £I; H( gk;gk-1) 
n=1 k=o k=1 k=1 

- ngogo - ngogN) . ( 14) 
The integration over g0 ,g0 in (14) can be carried out explicitly to 

yield 

z = 1 +nf1Jk~1[dgkdgk/n) exp[-~~1gk(gk- gk-1) 

- £I; H(gk;gk_,>) I 
k=1 gN = - go 

In the continuous limit this may be written as 
' f3 

Z = 1 + l J ng<n>(t)ng<n>(t) exp(- n f g<n>(t)g<n>(t)dt 
n=1 g<n>(o) =-g<n>(t3) ~ 

- J H(g(n) ;g<n) )dt), ( 15) 
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where we restor then- dependence of the g's. Note, that each of 

the integrals over f<n>, ,en> is normalized by the condition 
. J3 

J ng<n>(t)ng<n>(t) exp(- n f ~(n)(t)~(n)(t)dt) = 2 = Sp I. 
g<n>(o) =-g<n)(J3) n 

For the JC model, making use of eq. (11) we obtain 
J3 

ZJc= 1 + 2 J Dg<n>(t)Dg<n>(t) exp(-f ~<n>(t)~<n>(t)dt -2(w2-w1)J3 
n=1 gCn) (O)=-f(n)(J3) n 

J3 J3 
- 2nw1J3 - 2(w1-w2)! g<n>g<n>dt - vn ! (g<n>x + lg<n>)dt) (16) 

where the change g<n>* g<n>;rn, g<n>* g<n>;vn has been made. 

If one considers las a Grassmann parameter, the integration in 

(16) can be easily performed in a usual fashion by making a simple 

shift of the integration variables g<n>(t) and g<n>(t). This leads 

to the known result by Buzano et al ( 1989), obtained by direct 
A 

diagonalization of the HJc (4). In the case of c-valued l the path 

integral in (.16) over g<n>(t), g<n>(t) may be easily recognized as 

a partition function for a single 1/2-spin coupled with a constant 

field. To be more precise, let us consider the Hamiltonian 
A 

H
0
= 200

3 
+go++ go_, 

Q and g being real and ~omplex constants, resp. The eigenvalues of 

the H
0 

are +CO2 + gg) 112 and -(Q2 + gg) 112, so that 

Z
0 

= Sp exp(-J3H0 ) = 2chJ3 ✓n2 + gg 
A 

On the other hand, through the fermionic operators (2) H0 can be 

presented as 
H

0 
= 2ncf+f -112> + gf + gf+ ( 17) 

Due to eq. (17) the fermion path- integral representation for the 

partition function Z
0 

is obvious (see, for example, Soper 1978) 
~ - ~ ~ 

Z
0 

= J ngng exp(-! g~dt - 2Q! ggdt - ! (gg + gg)dt + QJ3 ), 
g(o)=-e(J3) 

Z
0

(Q = g = 0) = 2. 

8 

( 18) 

Note that eq. (18) follows from our approach as a particular case. 

Namely, it is a path- integral representation for the partition , . 

function Z0 over CS (7) provided n =1. Comparing eqs. (16) and (18) 

we find 

ZJc = 1 + 2J/xp(- 2nw1J3 + j3(w1-w2)) ch J3✓(w 1 -w2 ) 2 + t-Xn . ( 19) 

This enables us to conclude that the eigenvalues of the JC 

Hamiltonian are 

± ✓ 2 E0 = 0, En~ 1 = 2w
1
n + w2 - w1 ± (w

1
-w

2
) + lXn, 

which are the correct expressions (see, for example, Agarwal and 

Puri 1986 ). 

5. Conclusions 

The path integral representation over U(1/1) CS, we have 

considered for the JC model, may be also applied to various 

nonlinear JC type models, provided their Hamiltonians belong to the 

U(1/1) enveloping algebra. For example, one can easily obtain the 

path integral representation for the partition function Z= exp(-J3H) 

where 

H = w
1
N + w

2
M + lQ+QQ+ + QQ+QX 

On the other hand, to represent in a similar way the partition 

function of the "dressed" JC or Rabi model, one has to deal with 

the Osp( 2/2) CS. The eight-dimensional noncompact Osp( 2/2) 

superalgebra happens to be the spectrum generating algebra for the 

"dressed" JC model (Buzano et al 1989). To label Osp(2/2) CS, one 

has to use Grassmann and c-valued parameters simultaneously and the 

corresponding path integral turns out to be a more complicated 

construction. This and related problems will be discussed 

elsewhere. 
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