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o , phase propertxes of the 1 /r coherent states

: " usmg the Hermrtra.n phase formahsm lntroduced by Pegg and Barnett [6]— [8] In'jf :

L :‘on 1ntroduc1ng a ﬁnlte (s + 1) dlmensronal space ‘Il spanned by the number states"‘k

.t

1 Introduction .~ .
, ' R&entb, D’Ariano [1] has discussed a possibility of a'mplitudes‘queezing through -

" the” photon fractlonmg procedure The idea is to reduce photon number ﬂuctuatlons;

Cat the expense of 1ncreased phase ﬂuctuatlons, and thls alm 1s achleved by 1ntroduc-

- ing multlphoton phase and number operators, whlch corresponds to the nonumtary,f o
- scaling of the orlgmal phase and number operators: If the scallng transformatlon 1s‘ .
: apphed to the ﬁeld states, 1nstead of operators, it leads to the statlstlcal fractxonalr "
j photon states (2, 3], and in pa.rtrcular, fractlonal coherent states The most in- ;
L ‘terestmg are the: 1/ r coherent states for Wthh the photon number varlance scales
and the phase variance as r? , 50 the uncertalnty product remains unchanged :
o ;However, these r— dependences of the number a.nd phase varxances ‘are true for hlghly S
exited states only Moreover, to descrrbe phase propertles of the ﬁeld D’Arrano (1) SO
: uses the Susskmd-Glogower [4 5] nonunltary shlft operators Ei 1ntroducmg the'v,
' inonHermrtla.n phase operator ¢, whrch for hrghly excited states and small phase uns

",;'_certa.mty can ‘be consndered as approx1mately Hermxtla.n, and it is used to descrrbewf’,

At present there isan alternatlve way to descrlbe phase propertles of such sta.tes” i
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L this paper we are going to reexamlne the phase propertles of the 1 /r coherent states’ o

- : k.‘fl‘Om the pomt of v1ew of the Pegg—Barnett phase formahsm R

| 2 Phase propertles of l/r coherent states

To descrrbe phase propertres of the 1 /r coherent states we use the new Her- .

-mltlan phase formalxsm mtroduced by Pegg and Barnett [6]— [8], Wthh is based'..‘ '

g [0}, |1), ,Is) The: Hermltran phase’ operator operates on this ﬁnlte space, and afterf

all necessary expectatron values have been ca.lculated in ‘Il the value of s 1s allowed_"_ ;
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to tend to infinity. A complete orthonormal basis of (s + 1) states is defined on ¥ as

16.) = ) In), )

n—O

where

27m
—_ =0,1,...,5). 2
00+ s+ 17 (m s) ( )

0, =

The value of p is arbitrary and defines a particular basis set of (s + 1) mutually
orthogonal phase states. The Hermitian phase operator is defined as

> 0 l6m) {Ormls ‘ (3)

m=0
where the subscript  indicates the dependence on the choice of f. The phase states
( 1) are eigenstates of the phase operator ( 3) with the eigenvalues 0., restricted to lie
within a phase window between ; and 90 + 2. The unitary phase operator exp(i¢s)
is defined as the exponential function of the Hermitian operator $g. This operator
acting on the eigenstate |0,,) gives the eigenvalue exp(i0m), and it can be written as
(6] [8]
s-1

3 Ind(n + 1] + expi(s + 1)do] |s)(0]- (4)

n=0

exp(ids)
This is the last term in-( 4) that assures the unitarity of this operator. The first sum
reproduces the Susskind-Glogower [4, 5] phase operator in the limit s — oo.
If the field is described by the density; operator p, the expectation value of the
phase operator ( 3) is given by V

(o) =Tr {phe} = 3 OnlOuloli), )

m=0
where (0,,15|0) gives a probability of being found in the phase state |0,n). The
density of phase states is (s + 1)/2m, so in the continuum limit as s tends to infinity,

we can introduce the phase distribution function

' : s+1 : '
— 1 - ’ 6
PO) = lim ——{0n|plfm), (6)
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where 8,, has been replacéd by the c;)ntiﬁuoﬁs phase variable 8. As the phase distri;-
bution function P(8) is known, all the quantum mechanical phase expectation values
can be calculated with this function in a classical-like manner by simply performing
integrations over . We have, for example,

fot2r

/ 0P(0)do.
AN .

(o) = (M
The choice of the value of 8, defines the 27 range window of the phase values. Taking

into account the definition ( 1), we can rewrite the phase distribution ( 6) as

P_(0) s+l

lim
8—00

—{Omlpl0m)

=5 ZZexpl—z(n— k) (00 +o)1pnk, )

n=0 k*—O

where pni. = (n|p|k) are the matrix elements of the den51ty operator g in the number
. state basis.- . ‘ X . o
At this point we are able to study phase properfies of 1/r coherent states the
density operator of which is given by [1] '

p(l/r) - e-lwl Z Z Im)

A=0l,m=0

mr+/\ tlr+/\

\/(mr-i-z\)'(l H),(I ' | ‘(9)

where &'is a complex number. On-introducing the notation

R LRRE w
b, = eXp(—IWI2/2)\/7?,

the density operator matrix elements ¢an be written as

! ot i

w = ol expli) (10)

72,

Z bm,.+,\b1,.+,\ exp[zrcp(m — I)]

A=0

prt = (mlp211) = )

'and the phase distribution for such states is, accordmg to ( 8) given' by

r—-1 oo

Z > eXP»[—l(m - 1)(9 + 00— "‘P)] bmr+Ablr+A

/\~0ml 0

P(6) = (12)
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Assuming 0y = r¢ — 7, we symmetrize the phase distribution with respect to the
phase’r and define the § values window from —7 to 4, so the phase distribution

takes the simpler form

2
1 r=1| co ]
P(6) 5 DD exp —ma)b,,,,+A
A=0 |m=0
1
=5 {1 +2 Z Z bonr+abir 42 coOS[(m — 1)0]} (13)
A=0 m>!
with the normalization
/P(O)dﬂ = (14)

Knowing the phase distribution function ( 13) we are able to derive exact analytical
formulas for the expectation value and the variance of the Hermitian phase operator

in the 1/r coherent state. The results are

ks

(#0085} =re+ [op@)0=re,

-1

(559) =Tr

(@40 = Tr {8407} = / o*P(0O)0
Rt )
+4ZZ Ty binryabirya. (16)
—0m>l

The mean phase given by ( 15) is r times the phase of the ordinary coherent state,
so the scaling law considered by D’Ariano [l] works exactly in this case. As regards
the phase variance given by ( 16), it is clear that the scaling law does not work
cxactly, and can only be met for highly excited states. However, our formula ( 16)
obtained within the Pegg-Barnett phase formalism is exact and valid for any value
of |w|. The value 7?/3 is the phase variance for a state with uniformly distributed
phase, e.' g, the vacuum state. This is the situation when |w| = 0, or for given |w|

r — oo. To illustrate phase propertiesof the 1/r coherent states we plot in Fig. 1



the phase distribution function P() for [w| = 2 and various values of r. It is clear

—
o)

that as r increases the phase distribution becomes more and more uniform. In Fig.
2 the phase variance is plotted against r for different values of |w|. As r increases the

1.2 t

phase variance asymptotically approaches the value 7%/3 characteristic for uniformly

—_ distributed phase. The scaling law {(A¢g)?) ~ r? means the parabolic shape of the

2 0.8
a,

e

curves, which is really seen in the figure for |w| > 1 and not too large r, so that

jwl/r > 1. _ ; , o
In the bright limit |w| 3> 1, the phase probability distribution ( 13) can be ap-

0.4 |

proximated by the Gaussian distribution. This can be done replacing the Poissonian

weighting factor by the Gaussian distribution [7]

I T

L - -7 ‘;ji n 2 ) o
0.0 g 2 1l 1 [GM—M] -
. exp(—|w ) exp [— 17
- -7-3- 14 /,%1 P(’ |eo]*) nl \/m p 2Mwl? (17)
;’;y‘ and performing integrations instead of summations. This gives us
o oo
FIG. 1. The phase distribution P(f) for |w| = 2 and various r. ol : D = Z exp(—im0)byri
"x'?"x," . m=0 - ) )
(i o ‘I o wjmrr
i = exp(—~im#) exp(—|w
l‘v'\‘i; m£=:0 ( ) exp( ) (mr+ A)!
3 2 2
T i 1 . (lwl* = mr — A)
L B L S T T : ~___..__._)1/4/exp [—zmﬂ————————‘lle dm, (18)

and in effect we have

B ‘ - ;\3' = (@2rlw]?
. ) V ?
}
/
j

PO) = 5 31D = Z—exp (-3) (19)

A=0

with

i T » (20)

T4

Thus, in the bright limit the phase variance which is equal to o2 scales as ~ r

L

g

2 in

agreement.with the D’Ariano results [1}. .

The photon-number variance for the 1/r coherent states can be calculated accord-

ing to the formula

emaay

O ..|....l.-'..l..-.l...“.l.r.
0 o 10 15 20 25 30
r- o ) (A)?) = () —(A)’

FIG. 2. Plots of the phase variance for various |w]. |
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o0 o0 2
=Y n’pun - [Z npm.}

n=0 n=0
oo r=—1 oo r—1 2

=YD b [Zznbi,ﬂ] : (21)
n=0 A=0 n=0 A=0

In Fig. 3 we have plotted the photon-number variance, évaluated according to ( 21),
against r for different values of |w|- In Fig. 4 the number-phase uncertainty product

((A%)?){(A¢0)?) is plotted against r for various |w|. Of course, in the bright limit the

Gaussian approximation of the Poissonian weighting factors leads to the D’Ariano-

scaling results () ~ r~', and ((A#)?) ~ r=%, which retain the number-phase uncer-
tainty product unchanged. \

To complete the phase properties of the 1/r coherent states, we adduce here the
results for the cosine and sine functions of the Hermitian phase operator $s. These
results can be compared to their counterparts in the Susskind-Glogower approach.
Taking advantage of the fact that 1/r coherent states Vafe »physical states” [7]— [9],

we can easily calculate the exponential of the phase operator

oo r—1
(exp(ims)) = exp(imryp) Z Z binym)r+abarsa (22)
n=0 A=0
From ( 22) one can obtain
. ' R . oo r-1
(cos $o) = cos(rp) D 3 bnt1)r4rbarir, (23)
’ n=0 A=0
and
| . 1 1 oo r—1 )
(cos® do) = 5 + 5 cos(2ry) 37N bsarabaren- (24)
n=0 A=0

Corresponding formulas for the sine function are obtained by replacing the cosine
with the sine in ( 23) and changing sign of the second term in (24). Of course, we

have (cos? &g) + (sin® 439) =1 in the Pegg-Barnett approach.
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FIG. 3. Plots of the photon-number variance for various |w|. The values of |w]| for

the subsequent curves counting from left are: 1, 2, 3, 4.
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FIG. 4. Plots of the number-phase uncertainty product for various |w).
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3 Conclusion

In this paper we have discussed phase properties of the 1/r coherent states from
the point of view of the Hermitian phase formalism of Pegg and Barnett [6]— [8].
This formalism allows to get exact analytical formulas describing the variance of the
Hermitian phase operator for any value of the state amplitude w|. In the bright limit
(Jw| > 1) the exact formulas obtained within the Pegg-Barnett formalism reproduce
the approximate results obtained by D’Ariano [1] who started from the Susskind-
Glogower phase formalism. The clear advantage of the Pegg-Barnett approach is the
possibility to obtain the exact analytical formula for the variance of the Hermitian
phase operator, which next can be approximated for some special limiting cases. We
have applied the exact formulas to illustrate some of the phase characteristics of the
1/r coherent states. Our'results may be of special value for such values of |w| and r
for which the approximate formulas are not applicable, or they can serve as a test of

validity for the approximate results.
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“ of V|ew of the Pegg- Barnett Hermltran phase formallsm. Exact analytical formu- ; %
e las for the phase variance are obtalned and lllustrated graphlcally The results
‘ ) ,',can serve. as a test for the range of valldrty of the scallng law. for the phase va- &

“nance. : Gl ‘ : o '
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Phase Propertles of Fractronal Coherent States

Phase propert|es of the fractlonal coherent states are d:scussed from the pomti, R
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