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l.Introc:luct.ion 

~pe gauge c~natructionl in th• theory ot ••t•ri•l• with detects have been successfUllY <levalope4 in the la•t ten years (see,e,g., (1-JJ). Ttle complete gauge fiel<l theory tor aateriala with dislocations and disclinationa has tirat bean praaented in [ 1 J • The approach developed by RadiC and Edelen includes the combinations of the Yang-Mills (YK} minimal coupling theory, the conventional equations for defect dynamics and the Cartan structure equations. It has been shown that the space group G•P• SO(J}~T{J) may be viewed as a 6-parameter gauge group that leaves the Lagrangian of elasticity theory invariant. Breaking of the homogeneity of the action of SO(J) was shown to give rise to disclinationa and rotational dislocations, while homogeneity breaking of T(J) gives rise to translational dislocations. As a final result, the field theory Lagrangian that describes the deformable elastic continu\111'1 together with the dislocation 'and diaclination fields has been derived in [1]. 
Note that the Radid-Edelen (KE) gauge llOdel allows us to study the defect dynamics. It is known, however, that the mobility of dislocations in semiconductors depends on the electronic states of materials (see,e.g.,(4)). Moreover, the core of disclination acts as an acceptor {donor) thus leading to the formation of the dislocation subband in the midgap of the electronic spectrum [5-7J. The subject of our investigation in the present article is the electronic properties of defect systems. We show that the electronic properties of materials with dislocations and disclinations may be viewed in the framework of the gauge 



approach. For this purpose, we extend the Lagrangian of the KE 
model by adding the electronic terms in the gauge invariant form. 

The plan of the paper is as follows. In section 2 the KE 
gauge model is considered. The Lagrangian as well as the field 
equations are presented. As an illustration of the possibilities 
of the method, the exact monopole-like solution for static 
dlaclinations obtained first in [8) is presented. The effective 
Lagrangian for the electronic subsystem is constructed in section 
4. The electron fields are considered to transform by the spinor 
representation of the gauge group SO{J). Spinor components are 
suggested to be the electron states with spin up and spin down, 
respectively. It is of interest that the primary free electrons 
are found to interact with disclination fields. we have solved the 
Schr6dinger equation in the external potential given by the static 
vortex-like disclinations. The tara describing the interaction of 
electron fields with acoustic waves is derived in section 4b. In 
this case electrons are shown to interact vith both the 
dislocation and disclination fields. Restricting here attention to 
phenomena where only disclination fields play a significant role, 
ve have analyzed the Schr6dinger equation in the presence of the 
interaction term. As a result of the interaction, the localization 
of electrons in the region of the core of the •onopole-like 
diaclination is established. Section 5 is devoted to concluding 
ccrmments. 

We have used here (unless otherwise stated) the same notation 
as in [1). Namely, lower case Greek indices, a,IJ, ••• , take thair 
values from the set ls{l,2,J). The aa•e is true for indices 
denoted by capital letters, A,B, •.. , and by lower case Latin 
letters, i, j, k, ... , starting vith the letter i. I.ower case Latin 

2 



letters at the beginning of the alphabet, a,b, ... , take their 
values from the index sets J""(l,2,3,4}. As usual, the summation 
for repeated indices is assumed. The labels i,j,k,a,~, and 7 are 
the G•P labels, whereas the labels a,b,c, .•• and A,B,c, ••• are the 
space labels. 

The Lagrangian that is invariant under the inhomogeneous 
action of the gauge group G

8
p takas the following form (1]: 

where 

describes the elastic properties ot the material, 

L-- -C•/2)~ 11o:bk•c:kbdo!. 
describe• the dislocations, and 

L • -(o 12)C p« q••q"'rf' If 2' a~ •b cd 

(2 .1) 

(2 .2) 

(2. 3) 

(2.4) 

describe• the diaclinations. The strain tensor in (2.2) is 
deterained as 

(2.5) 
where 

B
1
- B x1+ 1

1 x'w« + ; 1 
(2 .6) • • «J • • 

is the distortion tensor. In (2.6) B.:t1 describe• the integrable 
part of the distortion, the second tera ari•e• troa the 
inhoaogeneoua action of the rotation group 50(3), and third arises 
fro• the breaking of the homogeneity of the action of the 
translation qroup T(J). The state vector :t1 (x-)-x1 (Jt",T) in (2,6) 
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characterizes the configuration at time T in terms of the 

coordinate cover (X") of a reference configuration, ~ are the • 
compensating gauge fields associated with disclination fields, 

whereas f~ are associated with dislocation fields. Tensors n:b and 

Fa are determined as follows: •• 
(2. 7) 

and 

(2 .8) 

In (2.2-2.4) X and u are the Lam@ constants, is the mass 

density in the reference configuration, s
1 

and s
2 

are the coupling 

constants, Cap are the components of the cartan-Killing metric of 

the subgroup 50(3), ca are the structure cOnstants of the Lie 
~· algebra 50{3), ' and 1' aJ are the generating matrices of the 

S0(3). In (2.4) the quantities g•b are given by g"'~~=-.s"'~~, 

for a.,.b. The parameters ( and y are the two positive "propagation 

parameters". The field equations that determine the functions ;r1
, 

W~ and •: are given in Appendix. 

The physical substantiation of the KE model as well as some 

other details may be found directly in { 1}. It is necessary to 

take account of the fact, however, that only defects continuously 

distributed in materials can be considered in the framework of 

this model. Moreover, as was mentioned in (9 J, the gauge 

translational and rotational degrees of freedom were treated in 

[1] separately, which is of interest only in the regime of dilute 

defect distribution. Some of these problems have been studied in 

(9,10) where the gauge theory of defects for discrete systems was 

developed by using simplicial and differential geometric methods. 
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The field equations given in Appendix are a system of coupled 
nonlinear differential equations which is very difficult to solve 
in the general case. To study most of the problems of practical 
interest, the linearization procedure developed in [1) may be 
used. This procedure involves the scaling of the gauge group with 
a group scaling parameter c. As was shown in [lJ, in the first 
order approximation the elaaticity theory is recovered. In the 
second order approximation the dislocation fields appear whereas 
the disclinations enter the equations only in the third and higher 
order approximation. However, as was mentioned in [1], there are 
other possibilities, one of which is examined in the next section. 

3.The exact •onopole-like aolution Cor atatic diaclinationa 

Let us consider the disclination Lagrangian L=L:t+Lw where the 
dislocation fields ~~ are ignored from the beginning. In this case • 
(AlO} and (Al) can be rewritten as follows: 

(3.1) 
and 

a z•- z"w"7 ' 2 o (3.2) ., J•«l 
where the condition (Al2) takes now the form T;-7~1z;x1 , At thia 
stage we choose the regular representation for the rotation group 
S0(3): 7~t' c 1«J' where cUXJ is the full antiaymmetric tensor, 
c 1 ~·1; ca:p=5aB' and c!a=-c~a' Where c~~l. 

Note that the system (3.1-3.2) is similar to that in the YM 
field theory with the Higgs triplet. Since the underlying group 
for the YM theory, SU(2), and 80(3) have isomorphic Lie algebras, 
the known solutions in particle physics may be suitable in defect 
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dynamics. Indeed, as was first shown in [ 1], if the disclination 
energy density coefficient s

2 
is very large, the right-hand side 

of (3.1) tends to zero thus reducing (3.1) to the free YM 
equation. The static solution of such an equation (well known as 
the solution of Yang and Wu (see,e.g.,[ll])) was used in {1] to 

describe the far field of a static disclination. 

On the other hand, in [B) the static monopole-like ansatz for 
(3.1,3.2) has been chosen in the form 

and 

w" • o, 

(3. 3) 

(3. 4) 

where ' r• 1 n accordance with the boundary conditions (AS) 

and (All), the function F(r) in (3.3) must tend to the constant 
value, F, as r~, while the disclination fields W~ tend to zero as 
1/r. Let us note also that the solution (3.4) is already antiexact 

in accordance with (A14) since X~~+TW~•o. 

Clearly, (3.4) is the solution of Yang and Wu that is 
singular as r~o, while (3.3) is the exact monopole form analogous 

to that for the Higgs triplet in field theory. Note that the 

singular beh'lviour is peculiar to dislocations and disci !nations 
and may be explained due to the fact that the elasticity theory 
formulae are not valid for small r. 

Let us show that the right-hand part of {3.1) turns out into 
zero at our choice of (3.3,3.4). The stress tensor a: determined 
in {A2) may now be written as 

(3.5) 
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where g(r)=BF(r)/Br. Clearly, u~ is symmetric. Thus, the right­
hand side of (3.1) takes the form c

1
o:Jx1x"xJ•o, and we obtain the 

tree YM equation. The deformation tensor E = (x y lr2
)q

2(r)-6 , All A""ll' AB 
and the distortion tensor B~- (x1x4/r

2) g (r} • As can be ea•ily 
seen, {3.2) reduces to 

(3 o6) 

where A~~/2+~, and Bz3A/2+~. carrying out the integration in (3.6) 
we obtain the following condition: 

IAq'(r)-Bg(r) 1 • q,jr', (3 0 7) 

where g
0 

is an integration constant. The stress tensor takes now 
the "form 

(JoB) 
which agrees with the reault of {1], but is valid for all r {with 
the exception of the ••all region near r-0 where the ela•ticity 
theory does not work). We would like to remind that in (1] only 
the region of larqe r has been considered. Note that the solution 
(3.3,3.4) has a vortex-like behaviour. Due to the nonlinear 
character of (3.7) the new principal feature, as co•pared to the 
monopole solution, arises. Namely, the analysis of {3.7) shows two 
distinctly defined regions characterized by the di•enaional 
parameter r0-{27q~A/4B3 ) u 4• 

The solutions of (3.7) are found to be [8) 

q(r) • [ 

1 -t 2 2 q1(r)•N0coah[;cosh r 0/r J, 

q2{r)--N0coa(icos- 1 r~/r2 + ~], 
(3 0 9) 

where N
0
-2 (B/3A) tn. Obviously, the symmetric solution q* (r) --q(r) 

is also present. It is convenient to introduce the universal 
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dimensionless parameter t=rjr
0

• For t ... o g(t} diverges as t-213
• 

For t ... ~ g(t} tends to zero as t-2
• At t=l g(t} has a jump from the 

value N
0 

to -N~2. Fig.l shows the function gn(t}=g(t}/N
0

• One can 
see that g(t) essentially changes its behaviour when t passes the 
point t=l. To restore now the function F(r} we perform numerical 
calculations (the integration constant is set to be zero here}. 
The result is presented in Fig.l. The region t:sl determines the 
core of the disclinations, i.e., the region where deformations 
take maximal values. Beyond the core the state vector x' changes 
slowly and tends to a constant value as t~. 

The topological charge (or, equivalently, the Frank index) 
can be defined as follows (see, e.g.,[12]): 

(3.10) 

After straightforward calculations we obtain that N=l for (3.3). 
It should be noted that disclinations with the Frank index N~l are 
now not so well studied in solids to be compared with the case 
Nd. The reason is that the investigation of disclinations with 
N<><l as well as cores of disclinations meets considerable 
mathematical problems because the nonlinear relation between 
stresses and strains must be taken into account. As we have shown 
here, the gauge model of defects allows us to describe the 
disclinations with N=l quite well. 

t.Electronic properties or detect systems 

Let us introduce the electronic fields + n (x8 ) transforming 
under the action of the rotation gauge group S0(3} according to 
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Fig.l. 

3.0 ....------~------, 

I 

2.0 ~ 
I 

The functions (solid line) and 
gn(t)=q(t)/N0 (dashed line) are presented. The point t=l (rzr0) 
corresponds to the disclination core radius. 

0.25 ,------------, 

0.00 ~-----,_,-r-----{ 
I 

...i 

v 
-0.2 5 l...L...LL~-'-'-'-~-1U...-'--'-.L...C-'-'-'--''-' 

0.00 1.00 2.00 
t 

Fiq.2. The effective potential (4.19) is shown. The parameter set 
is used: 4B/3A=2, • J=l/2, m ==O.SMeV, 
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( 4.1) 

We have taken the spinor representation for fields ~J (j=l,2). In 
this case Ta= ~a:/2 where Ta are the Pauli matrices. TWo states t

1 

and +
2 

may be associated with the spin up and spin down electron 
states, respectively. 

Let us consider the long-wave electronic states. We derive 
the effective Lagrangian for the electronic subsystem that is 
invariant under the inhomogeneous action of the gauge group G8 p in 
the form 

(4. 2) 

where + is the two-component spinor, m"" is an effective electron 
mass, and the covariant divergence for electron fields is 
determined as 

(0 t) = 8 + -igTa Wat" , 
" J • I Jk a t (4.)) 

where g is the group constant (in what follows we shall consider 
the case g=l). Thus, we obtain in (4.2) that the primary free 

electron fields interact additionally with the disclination fields 
while the interaction with dislocation fields, ~:, do not appear 

in the free case. Clearly, the variation of (4.2) with respect to 
W~ adds new terms to the Euler-Lagrange equation (AlO). Moreover, 
the variation of (4.2) with respect to + gives an additional 
equation. We do not know at present how to carry out the complete 
analysis of the self-consistent system of equations for defect 
dynamics in the presence of the electron fields. We see, however, 
two types of problems which can be studied. First, we can 
investigate the electronic properties of defect systems 
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considering the schr6dinge~ equation in the external potential 
gi\ren by the dislocations and (or) disclinations. Second, we can 
stt~ldy the influence of the electron fields on defect dynamics. 

We shall consider here the first problem. Namely, let us 
study the electronic properties of continuum media in the presence 
of the vortex-like disclination (3.4). The variation of (4.2) with 
respect to ~ gives the Schr6dinger equation which takes the 
following form in the stationary case: 

We restrict attention here to static disclinations (W~"'O). Using 
the gauge condition a~~o, one obtains from (4.4) 

(4. 5) 

where a2~aAaA. Substituting the solution (3.4) in (4.5), one gets 

(4. 6) 

This equation may be solved in the usual way. Let us introduce the 
operator of the total angular momentum 

(4. 7) 

where Ma: =-iflca:Asx a denotes the ordinary angular momentum, and orb A B 

Ia:,fl-ra: /2 denotes an isospin. Breaking up 82 into the radial and 
angular parts, 8

2
== a:+ (ljr

2)a:.e• we rewrite (4.6) in the form. 

(4.8) 

• .2 ' ' Since Morb= -fl a~.B' we finally obtain 

(4. 9) 

The solution of ( 4. 9) is well known. The wave function ~ may be 
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presented in 

the spherical 

hmY" and •• 

the form +(r,;,a)=R (r)~ (;,e), where ' .. 
spinors which 

(4 .10) 
Here J 8 is the Bessel function, a~, and c, can be 
determined from the normalization condition. The quantua numbers 
take the following values: J•lt(l/2) at l•O: J-1/2 at 1-o, and 
m•-J, ... ,J, where 1 (1""'0,1, ...• ) i• the orbital quantua number. 
The energy spectrum E is similar to that for the free motion, 
E*h2k2/2m•. Thus, we obtain that the presence of the vortex-like 
disclination only slightly modifies the electronic properties of 
continutm media. 

Here, we consider the electronic properties of defect systems 
when the deformation potential which characterize• the interaction 
of electrons with acoustic wavea i• taken into account. we 
construct the interaction Lagrangian in the following gauge 
invariant form: 

(4.11) 

where the deformation potential in the isotropic case may be 
defined aa 

and G is the interaction con~tant. Let ua re•ind that EAR is 
determined in (2.5). In the defect free case we easily obtain from 
(4.12) the known expression for the deformation potential (see, 
e.g.,{13]) where the constant G is deterained aa G•(2/3)Et, and Et 
is the Fermi energy. Thus, the complete theory includes now 
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elastic fields, dislocations, disclinations, and electron fields. 
The effective Lagrangian takes the form 

( 4 .13) 
where LX,L,,Lw,L~ and Lint are determined in (2.2-2.4), (4.1), and 
(4.11), respectively. Note that electron fields in (4.11) interact 
with both the dislocation fields ': and the disclination fields 
W~. In the present paper, we restrict our attention only to 
disclination fields. Namely, we consider the static monopole-like 
disclination (3. 3, 3. 4) as the external field to the Schr6dinger 
equation. An analogous problem has been studied in relativistic 
field theory ( 14]. It has been shown that the Dirac equation for 
massless fermions possesses the zero-energy fermion bound state in 
the presence of the static t'Hooft-Polyakov monopole. As a 
consequence, fermion nu~ber is broken thus leading to the strong 
baryon-number breaking in monopole-fermion interactions [15]. In 
our (non-relativistic) case we expect the appearance of discrete 
levels in the electron spectrum in the presence of the monopole-
like disclinations. 

Taking into account the interaction term (4.11), we rewrite 
the Schr6dinger equation (4.4) in the form 

(4.14) 

We consider the case when the dislocation fields are absent 
whereas the disclination fields are taken to have the monopole-
like form (3.3,3.4). Thus, (4.14) can be rewritten as 

The wave function in ( 4, 15) may again be chosen as a product of 
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the radial and angular parts. In this case one obtains for the 

radial part R 

It is of interest that the constant. term in (4.16) is determined 
as 3G/2•Er. Thus, the electron energy is really measured relative 
to the Fermi energy. We reduce (4.16) to the u•ual fora 

where i-E-E and r 

V • -{£ 13)g2 (r)+ [J(J+l)-1/4]h2/2m•r2
• .rr r' 

Using (3.9), we rewrite {4.18) in the following form: 

v -"" [ 

-K
1
cosh 2 t -icosh- 1 (1jt 2

) J+Kafe, 

-K1cos2 t-icos- 1 (l/t2 )4]+K~t2 , 

td 

b1 

(4.17) 

(4.18) 

(4 .19) 

where X
1
•4BE,.IJA and X2•[J{J+l)-1/4)h2j2a•r~ are the positive 

dimensional parameters. The analysis of (4.19} allows us to obtain 
the full infonaation about the electron •pectrua. Let us study 
first the qualitative behaviour of v.rr· For t ... o the second term. 
in (4.19) tends to infinity as t-2 whereas the first tar. diverges 
as -t-v3. For t--1- one obtains v.r, ... x

2
-K1• For t--1• v.r, ... K

2
-:kl4· 

For t .... the first term. in (4.19) tends to zero as -t-• whereas the 
second term as t -a. It is clear that the potential well always 
arises in the region ts1. The characteristic paraaeters of the 
potential well essentially depend on the values of X

1 
and :k

2
• When 

K
2 

decreases (or, equivalently, K
1 

increases), the aini.ua of v.rr 
moves to the left and the depth of the potential well rapidly 
increases. Such a behaviour takes place in a wide range Of the 
parameters. We have investigated (4.19) numerically taking a 



parameter set related to sem~etals {Er=0.03eV). The typical curve 
for v .. rr is shown in Fig.2. 

Thus, we find that in accordance with our proposal the 
discrete levels must appear in the electron spectrum due to the 
presence of the static monopole-like disclination. Moreover, it 
follows immediately from Fig.2 that the electron states with E<Er 
are localized in the region of the core of disclination. This 
result agrees quite well with that for the electron localization 
in the region of the core of dislocation {see, e.g., [4-6,16,17]). 

s.summary 

Let us note the main results obtained in the paper. 
1. we extend the KE gauge model by including electron fields. The 
effective Lagrangian that describes elastic fields, dislocations, 
disclinations, as well as electron fields is constructed in the 
gauge invariant form. In the framework of this model one can study 
both the influence of electron fields on the defect dynamics 
(using, for example, the quasiclassical approximation for electron 
fields) and the electronic properties of materials with defects. 
2. We obtained the exact monopole-like solution for static 
disclinations with the Frank index N=1. The stress tensor is found 
to depend only on the model parameters (A and j..t) and on the 
disclination core radius (r

0) . 

3. We investigated the long-wave electronic stateS of materials 
with disclinations. When the interaction between electron fields 
and acoustic waves is taken into account, the electrons with the 
energy E<Er are obtained to be localized in the region of the core 
of the monopole-like disclination. 

In the present paper, we restricted attention to 
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disclinations. Note that disclinations are not so well studied in 
solids to be compared with dislocations. The reason is that 
disclinations are seldom observed in ordinary 3-dimenaional 
crystals. Nevertheless, they are important in liquid crystals, 
polymers, and amorphous bodies. Our interest in disclinations 
comes from the known results obtained first in the relativistic 
field theory for the t'Hooft-Polyakov monopole. There is no doubt 
that the investigation of electronic propertiea of aateriala with 
dislocations in the framework of the gauge aodel are of 
considerable interest. The work in this direction should be 
continued. 

Appendix 

Here we present the field equations of defect dynamics 
obtained first in [ 1]. The Euler-Lagrange equationa with respect 
to x 1 take the form 

84p1 -B,cr~ = 1'~ 1 (W:p1 -~ct~+F:bR~b), 
where the explicit expression for the stress tensor 

and the momentum 

P,"" p03 1 J(l14x 1+.,~ .. w~xt+~!). 
R•" is determined as follows: ' 

(Al) 

(A3) 

(A<) 

Note that (Al) are the equation• of balance of the linear 
momentum. When wa are equal to zero (pure dislocated material) • 
(Al) reduces to the well-known in classical elasticity theory form 
8 u'•B p . As was shown in ( 1] , the two types of the boundary A I 4 I 

conditions may be written for (Al): 
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a) the Dirichlet data (traction-free spatial boundaries) 

( ;t
1 I BE specified} 1 

' 
(AS) 

b) the homogeneous Neumann data (zero initial and final momentum} 

(A6) 

Here and below, 8E
4

(8E) are the spatial boundaries of the 4(3)­
dimensional Euclidean space, respectively, n

11 
is a top-down 

generated basis for the 

top-down generated basis 

where 

(: l-
for and z"'= 

' 

The Euler-Lagrange equations with respect to ¢: are 

a R"'b- rl WaRab = Zby'2 a j aj a I j 1 

(A7) 

(AB) 

where R:b is determined in (A4). The boundary conditions are the 
homogeneous Neumann data 

R, I BE = 0. 

' The variation with respect to W~ gives 

8 G"'b_ cf3 WrG"'b= T~/2, "' a ra a f3 .... 

(A9) 

(AlO) 

where G11
b= BL/8Fa and r"':: {BL/BWa,l l,a. The boundary conditions a ab a 

•• for (AlO) are obtained to be the natural Neumann data 

·• I Gaj..I.B 8E
3

= O. 
(All) 

Additionally to the Euler-Lagrange equations, we write here 
the important relationship between dislocations, disclinations, 
and stresses 

T"= 1 (Z"' J+2R"b.o.J) a r O:J ,x ' Y'b , (Al2) 
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and the integrability conditions 

(A13) 

which determine the balance ot moment ot momentum. 
Finally, we note that the theory (1] has been constructed in 

such a way that the nonexact qlluge condition must be satisfied. 
Namely, 

x~-0. (A14) 
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