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1. Introduction 

Problems involving barrier penetr'ation. phenomena ndght be dis-
' . cussed within a path integral rormalism by using propagator with 

·' 
complex-valued time parameter. Such an approach was rfrstly 

suggested by McLaughlin2 .Csee also Rer. 3
) and next. used by various 

authors e.g. Rers. •-? Eigenvalue problem in the case or double-well 

potential and the decay rate or the vir'tual level ·were studied in 

detail .;nd results . or ordinary quantum mecha~ics were obtained7
'
8

• 

Although this method or real trajectories in complex lime, leads to 

reasonable results ~hich also agree wilh results or similar 
P-11. . 

tre~tments· and which belong to regions delermined by other 

predictions'2
, there slill have existed some questionable points. 

Namely, in an eingenvalue. problem, lhe energy levels·, E • n 
are 

round as zeros or the denominator or Green's runction. In the rirst 

approximation ror double-well potential Csee below) the ramiliar 

splitting or energy levels7 

(±) Co) 
E ;;;E ±t£ 

, n . n ., •-d 
mighl easily be round .. However, the exact solutions, E • n 

obviously posses an imaginary part, so that they are not real! .In 

the problem or decay or virtual level the·decay rate is estimated 

by using a "smoothing procedure"~ to exclude a dense part.,or 

spectrum. Any dense part may be.predicted within treatment 

presented in Rers. •-cs - zeros or the denominator or GCE + io) are 

rather well separated instead or rorming dense spectrum. In Weiss 
ii . 

and Haerner's approach ,, where some quantitative dirrerences in 

comparison with results or Rers. •-cs were round, the above mentioned 

derects are also present. 

·The main purpose or this paper is to show that a proper way or 

summation over all -closed (semi) clasical orbits in complex 

time13-t~ solves problems or this type. The energy eigenval.ues E , 
1 n 

both in the double~well and multiwell poten~ial~, a~e r~al and a 

dense part or spectrum in a metastable state problem i~ a,;,tually 

Obt.cai'l11eltt:lhl~ m1cnrryy 
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present. Cand may be removed by a smoolhing procedure).-Il will be 

shown lhat lhe melhod or real lrajeclories in ~omplex lime mighl 

also be used in discussion or Creal) t.ime-dependenl phenomena. In 

lhe problem or lhe decay or virlual level, lhe escaping lime or a 

parlicle rrom a melaslable well is eslimaled, and il becomes in 

aggreamenl wilh inverse imagi~ary parl or energy or raise vacuum 

slale. A phenomenon or jumping a parlicle belween well~ in lhe 

double-well polenlial will be revie~ed as well. 

To make lhe paper selr - conlai1ned we slarl by shorl 

inlroduct.ion or a met.hod or real lrajeclories in complex lime (Sec, 

2). The eigenvalue problem ror lhe double~ and multiwell 

polenlials CSec. 3) and lhe problem or imaginary parl or energy or 

a ralse vacuum slale CSec. 4) are lhen discused. In Sec. 5 lhe 

simplesl cases or a lime - dependenl phenomena, escaping or a 

part.icle irom a melaslable well and jumping or a parlicle belween 

lwo wells in lhe double-well polenlial, are considered and 

coincidence wilh resulls or indirect. eslimalions or lwo earlier 

Seclions is round. Final remarks are given in Sec. ·6 and lhe 

delails or sumrnalion over closed orbils are presenled in Appendix. 

2. Real lraject.ories and complex lime-rormalism 

r'l is well-known lhal an agreemenl belween semiclassical 

approximation or lhe pat.h tnt:egral melhod
1

, where lhe propagalor 

KCx
2
,x

1
;D: 

xCl =D=x 
2 2 i I D[x(l)Jexp(-h5[xl) C2.1) i 

KCx
2

, x
1

; D:(x
2

1exp(-hf!T) lx;_>= 

xCt. =O)=x 
t t 

is dominaled by lraject.ory or conslanl energy, and lhe WKB 

approximation or ordinary quanlum mechanics, mighl be obse~ved e.g. 
t<S . • . 

Rer . Throughout lhis paper we shall discuss lhe case or parlicle 

wit.h mass m wilhin one-dimensional polenlial VCx), so lhat. 

-··. 
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S[xJ ·= fdl£~ - VCx))• 

0 
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Il was shown by McLaughlin lhal barrier penelralion - like 

phenomena mighl be considered in lhe semiclassical approximation 

wilh lime parameler exlended onlo complex plane Caclually onlo ils 

lower, righl parl Im l ~ 0, Re l ~ 0). Such an appr<;>ximalion allows .. 
one lo oblain propagalor in lhe rollowing rorm Csee Fig. 1) 

~I 
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1. Semi classical 

poinls A, B. 

lrajeclory or consla,nl energy wi lh lwo lurning 

Kcx
2

• xt; t.) ~ [ 2rrikSx2)k(x~?J -~[[ 
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(2.2) 

C2. 2a) 

(2. 2b) 

(2. 2c) 

(2. 2d) 

Propagalor C2.2) is used in lhe asymplolical eslimalion oC'lhe 

Green's Cuncion GCx" x' fE) 

r 
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(X) 

. dt. - [ i ]' GCx" x• IE) = J 
211

h KCx" x'; t.)exp -F;CE + io)t. 1 
(2. 3) 

0 

where the contour or integration is derormed to passt.he saddle 

poi.nt. 2 

.a -Ft;<S + Et.) = 0. (2. 4) 

Finally GCx" x'IE) is given as a .sume over all rixed energy, ·path 

Eq.C2.4), with end points x' and x" 
~ ;J 

GCx" x'IE) = 2:h (kCx")kCx')] 
2 

)- n r,, (2. 5) 

po.fh9 \.. 

where the ract.or r. can be characterized. via one or two sets or 
• 

rules 
1) propagation rrom xQ to xb in a classically allowed region 

yields· 
xb 

exp (i JkCx)dx) 
X 

Q 

2) propagation rrom xc to xd in a classically rorbiden region 

yelds 
-xd 

exp (-J)<Cx)dx) 
X 

c 
' 4.-d 

and -
. 56 

3') a ract.or Ci) is yielded at. each turning point. • · 

E = VCx) 

or· al t.er na t.i vel y~s-Hs 

3") rerlect.ion at. turning point E = VCx) within classically 
. i 

allowed crorbiden) re?ion yelds ractor -i(z)· 

It turned out that. rules 1-3') and 1-3") yielded the same results 

up to the rirst order approximation in the case or double-well 

potential. However, higher order corrections, which are not 

discussed, usually behave in dirrerent ways within 1-3') and 1-3~') 

- sets or rules. 

3. The eigenvalue problem 

The energy eigenvalues, 

Green's ·runcti on GC E) •e.~o 

GCE) = fdxGCx,xiE) 

E • 
n 

may be found as the poles of 

C3.D 

4 

t 
I 
~ 
' 

In the most. simple, non-trivial case, o_r the. double-well potential 

VCx) (see Flg. 2) the denominator or GCE) calculated according to 

v 

b. X 

2. Symmetric douol=-w"'ll potential. 

rules 3') and 3") has the rollowing rorm Csee Appendix) 

a) G-'CE) -(1 + a 2 )C1 
~ 

b) G-'CE) - C1 + a 2 )C1 • 
respectively, where 

+ a2) + b2 
2 I 

+ a 2
!) + !.b2 C1 

2 4 I 

al 
b 

I 

expC -i Wl), 

expC-W) 

(1 1, 2) 

A I 
l 

w, = lk(x)dx, 

B l- ~ 

w 
I 

l 

J)<Cx)dx 
A 

Ci - 1. 2) 

- a 2 )C1 - a
2

) 
~ 2 

C3. 2a) 

C3. 2b) 

(3. 3a) 

(3. 3b) 

(3. 3c) 

(3. 3d) 

Let 
• us shor_t.ly discuss the main dirreren·ces between rormula C3. 2a) 

and C3.2b), in symmetric and asymmetric cases. 

!.Symmetric double-well potential. 

The properties or potential 

VCx) = ~x2 
- ~2 

4 B 
have been widely discussed5-7'~5.~"'·20 and it is said 

I 

C3. 4) 

that 

"low-lying levels are splitted into pairs due to the tunneling 

errect. In.this case 

2 2. 2 
a =a sa. 

• 2 
and low-lying energy levels, E 

GCE) = 0, 
n 

E • 
n 

in the zeroth order approximation, E 

1 + a 2 = 0, 

W CE0
) 

l n 

1 Cn + z)n, 

Eo, 
" 

and in the rirst.order approximation, E 

5 

b
2 = 0 
1 

E± b
2 

"' 0 n' 1 

(3. 5) 

C3. 6a) 

(3. 6b) 



C1 - a2) ~ 2 -'' 

C1 + a2)2 + ~2(1 
4 I 

- . a2)2 
"" C1 

E± = E0 ± .hE 
n n n 

_ 1 (iJW1) ~- 1 -W'CE
0

) _ hw -W CE
0

) 
.hE - z ~ E0 e I n .= zne I n 

n 

· C3.7a) 

+ a2)2 + b2 0(3. 7b) 
I 

C3. 7c) 

(3. 7d) 

are t.he same wit.hin rules 3') and 3")
17

• However t.he meaning of' 

result.s C3.2a) and C3.2b) 

real E 

is di f'f'Eirent.! Let. us nole t.hat. f'or 
·"' 

la~l = 1 , 

and Eq. C3.5) in t.he f'irst. case C3.2a) 

(1 + a 2::> 2 = -b2 < 0 C3.8) 
I + 

has nQ real solut.ions. It.s real solut.ions E~. Eq. C3.7c), exist. 

only in t.he f'irst. order approximat-ion, whereas higher order 

.correct.ions must. be complex. On lhe.ot.her hand, Eq. C3.5) in t.he 

second case C3.2b) 

( 1 + a2)2 = -~2( 1 _ a2)2 
4 I 

might. be rewrit.len as 

1 = ~xp[ -W/E)] ,ct.g2[ W CE)] 
. l 

C3. 9a) 

(3. 9b) 

Solut.i'on of" Eq. C3.9b) real (obviously each t.erm in expansion wit.h 

respect. evenlually small parameter b
1 

is also real) and being 

gat.hered inlo charact.erist.ic pair.s deep enough wi t.bin wells, might. 

be arranged in a less regular way f'or higher levels. The dif'f'erence 

bet.ween result.s of' t.reat.ement. 3') and 3") is more apparent. in t.he 

case of' 

2. Asymmet.ric double-well pot.ent.lal. 

There is no_any reasonable approx!mat.ion which might. lead t.o'real 

energy levels E , wit.hin rule 3') 
n 

C1 + a 2)C1 + a 2) + b 2 = 0 (3.10) 
1 2 I 

in such· a case (see Fig. 3).0n t.he ot.her hand wit.hin 3"), real 

solut.ion of' eigenvalue problem (see Eq. C3.2b)) 

(1 + a 2)C1 + a2) + l:n2c1 - a 2)C1 - a 2) = 0 
1 2 4I l 2 

obviously exist. as solut.ion of' an equivalent. equat.ion 

ct.g[ W
1
CE)]ct.g[ W

2
CE)] 1:--t,2 

4 I 

1 
~xp[ -2WICE)] 

6 

(3. 11) 

C3.11a) 

J. 
I 

!' 

Plot. of' funcion ct.ga guarant.ees a f'init.e sequence of' such solut.io~s 

E C<V
0
). Higher level~, E > V

0 
are found from a familiar equat.ion 

1 + a
2 = 0, 

1 
(WCE) = Cn + a)nh). (3.12) 

The melhod 1-3"::> summa lion over all. closed orbi t.s present.ed in 

Appendix might. be used in t.he case of' multiwell pot.ent.ial. In t.he 

case of' t.hree-well polent.ial, one has t.o assume t.hat. t.here are t.wo 

addidional t.urning point.s 8
2 

and A9 Csee Fig. 4). Theref'ore, 

right.~hand side of' Eq. C3.2b::> one should change 

in t.he 

a2o+A2=a2(1+e 20 )=a2 1 2 II 9 
i!: [ 2(~ )

2
(1 - .a

2
) ] 

2 2 2 A2 2 (1 + a:) + ~:(1 - a:) 
(3.13::> 

where 

b 
II 

exp[ -w 'CE) 1, 
. II 

a
9 

= expUW
9
CE)l, 

W CE) 
.II 

8 
2 

h JnCx::>dx 
A 
A2 

9 

W9CE::> = nJkCx)dx 

2 

Energy levels are 

0 = C1 +. a 2)C1 
l 

found as solut.ion of' the f'ollowing equat.ion' 
' 2' 2 2 1 2 2 . '2 

+ a
2

)C1 + a
9

) + C1 + a
1

::>Czt'I? C1-a2::>C1- a 9) 

+ C1 + a 2)C!;h ) 2c~2 ) 2C1 - a 2)C1 
2 c:o I II l 

2 
a9::>. 

+ (1 + a2)C~ ) 2C1 - a 2)C1 - a 2
) (3.14) 

9 2 I 1 2 

and one cari r'at.her ~asy show t.hat. Eq. C3.14) has real s.olut.ion 

round f'rom 

ct.g[W CE)Jclg[W CE)Jct.g[W CE)l = c 2~ ) 2ct.g[W CE)l 
l 2 9 . Il l ' 

+ 2~b ) 2ct.g[W CE)J +·(~ ) 2C 2~ ) 2 ct.g[W CE)l • C3.15) 
I 9 c:o I II 2 . 

In t.he case of ~ne large barrier, e.g. b
1 

""0, Eq. C3.16) leads t.o 

t.he f'ormulae f'or energy levels in a separat.e single well 

ct.gW
1 

= 0 

al)d double-well 

. 1 2 
ct.gW2ct.gW9 = ?n 

as one {s expect.ed. 

7 

C3.16a) 

C3:16b) 



4. Decay or a meLasLable sLaLe 

The decay or a meLasLable sLaLe-problem may be discussed in Lhe 

model of asymmetrical double-well potential (Fig.3). It has. usually 

Bo I At Bt L X 

3. AsymmeLric dc..uble-well poLenLlal.. 

been ·assumed
5

"
6

"
11 

LhaL Lhe inrinite wall in the right well aL X 

L is ror away and/or mighL evenLually be removed La inrinity., L -

oo. ·According La 1-3'), equaLion rc;>r energy levels (3.10) was 

· obtained, and in Lhe zeroth order 

b = o. 
I 

discreLe spectrum in Lhe lert well 

o· · 1· · 
. W

1
CE1 ) = Cl + 2)rr, 

and quasicontinous specLrum in the.righL well 

. 0 .1 .r-o 1 
W CE ) ~ :'-Lh Y'2mE- = Cr + :;-)rr, 

2 r r c. 

C4.D 

(4. 2) 

were round. ~hen, the smoothing procedure ror density or sLaLes 
CE) 5

'
6 

py 

p CE) = !..ImGCE + iy) 
Y rr 

provided complex poles, in the rirsL order in bi, ror El 

E ;;;; ReE - i r ~ E0 
- i r l l l .. l l 

rt 1 (iJWi) ~-i -2W CE0
) _ hwCE~) -ZW CE0 ) z iJE Eo e I l = en e I l 

l 

C4. 3) 

However, as is has been discussed in previous·secLion there is no 

real soluLion or Eq. C3.10) in this case also in Lhe rirsL order, 

approximation in bi C« 1). · Thererore, a quasicon~inous spectrum is 

only zero.Lh-order. ~pproximation "errecL. and there is nci any· reason 

La consider .smoothed dens! ty runcLion. On the oLher hand, 

Holstein
15 

assumed Lhat the wall in Lhe right well is at "inrinily 

and "no rerlection is allowed". Then 

a = 0 
2 

and Eq. C3.11) leads to the rormul~e 
C4. 4) 

.. 
,.. 

E ;;;; E0 
- ir n n n 

- !..[ctw•JI-• -aw CEo) 
rn - 4 ~ Eoe I n 

n . 

C4. 5) 

C4. 6) 

which reproduces WKB-type result and dirrers rrom Patrascioiu 
- 1 resulLs ~4.3) by racLor 2· 

One can show that inconsequences or the rormer treatment 1-3'), 

Eqs. C4.1 - 3), do noL appear in·a laLer. one·1-3") and it is not 

necessary wiLhin Lhis approach Lo remove a wall to inrinity. 

The spectrum or ~ergy levels determined by Eq: C3.11) Lurns 

out Lo be quasicontinuous in the case of large asymmetry: 

cLgCW1CE))ctgC~Y2mE) = ~xp[ -2W/E)J 

0 -1 
CEn+t - En) j:z 

with rluctuations or densiLy states around 

E - E0 

l 

CEQ. C4.1)). One rinds thaL smooLhed density .runction 

p CE)C= !..ImGCE + ly), with y 1T . 

1 
y » .t.E,.. = En+i- E,.. - j:z• 

a 
2 

exp[iW
2
CE + iy)J ~ 0, 

has pols in the complex E-plane CEq. (3.11)) 

2 1 ° 2 2 
Cl, + a

1
) + 4<=~ - a

1
)b

1
= 0, 

and in the.rirst order approximaLion in b
1 

E = E0
- ir 

C4. 7a) 

C4. 7b) • 

c4. 9) 

(4. 9) 

(4.10) 

l 0 l l, 
where El and rl are given by ~qs.C4.1) and C4.6), respectively. 

Higher order corrections may bE{ round rrom Eq. (4.10) and they 

rulrill the condition or asympLotic expansion round,by Combes et· 
~ . . . 

al . Let us note Lhat the smoothin procedure C4. a and 9) is 

equivalehL to the summation over all trajectories belonging Lo the 

,region x - x CFig. 3). This will help us in direct interpretation 
1 i 2 . 

or hf' 
0 

as the inverse lire-time or a particle in Lhe lerL well. 



5. LiCe-Lime or a Calse vaccum stale 

In. this secLion we shall show Lhat lhe.method .oi complex Lime 

and real LrajecLories can be used in discussion or expliciLly 

Lime-dependenL phenomena. LeL us esLimaLe Lhe Lime oC decay a 

~eLastable sLaLe formulaLing Lhe problem as Collows: 

How much Lime does Lhe particle originally placed in Lhe 

lerL· well CFig. 3) need,. Lo escape LhroughL a poLential barrier? 

One can say LhaL we are inLerested in a lime evolution or Can 

appropriaLe) wa,;e packeL, localized a{ L = 0 somewhere around 

x = 0. In Lhis case propagaLor KCx",x':D is evaluaLed as a Laplace 

transform or a Green's runcLion GCx",x' IE) 
00. 

l 

KCx";x';D = JehETGCx",x'IE)dE. C5.1) 
0 

According Lo Lhe resulLs or Sees. 2 and 4 GCx",x' IE) is a sume'.over 

all• LrajecLories or constanL energy, Eq. C2. 5). _starLing Cx') and 

ending Cx") wiLhin classically allowed region x, y
1

, and exenLually 

penetraLing .classically forbiden region Y, 

Therefore, 
11 

00 i- n 

X. 
2 

GCx",x'IE)=}: G~n 1 Cx",x'IE) (1+ e 
20

81
) 

n:O [ 1~2 ]n 
=~G:Cx",x'fE)l-2 4

,: 2 ,(5.2) 
n:~ . 1 + 4f'I 

n-t.h t.raject.ory comes n-t.imes t.o t.he point. y from a classically 
. t 

allowed region x
1
y

1
. Inserting result. C5.2) int.o Eq. C5.1) and 

using st.at.ionary phase approximation ta,id one obtains 

• • ( . ~2 ]pj 
KCx",x';D=K

0
.'P'Cx",x';T) 1-2 4 : 

2 
_, C5.3) 

1 + -b E=E - · · 4 I 

where E is deCined by st.at.ionary condition 

x" 
dx 

T = J • 
x·.f~E -V) 

(p., m 

C5. 3a) 

Cp) fixes an appropiat.e t.rajecLory Cp, classical reflecLions 

at. Y?, and 

• 

~0 

! 

., 
'I 
f 

t 1. X.,. • 1 

K'P'c~".x';~=("' 1ila.J2.(kC.x")kCx'))-2.(Ji dx ]-2 
0 

lio.rr 1 
· · x • 2mCE -V) 3 

. pl 

exp {~[ [kmCE - V)dx - ET ]} C5. 3b) 

lpl 

At. Lhat. point. one can again invoke a sug~est.ion or previous Section.~ 

and choose as. a "ralse.vacuum" st.at.e a ground.st.aLe or alert. well. 

Thus, using a harmonic approximaLion in K 1 P1(x",x' ;D 
0 

VC X) "" ~V"C 0) x
2 = ~(,)2x2 

and placing orig~nally the particle in a state 
0

(x} 

>P (x) = (rr2h);exp(-!.(m(,))x2) 
o m(,) · 2[h . 

one finds 

C5. 4a) 

(5. 4b) 

'l'Cx",D = Jdx'KCx",x';D>P
0
Cx') 

i WT [ 
e 2 >P

0
Cx") 1 - 2 4 I • 

~2 ]p 
1 +. ?: E=O 

(5. 5) 
where integral in t.he above equation is, as usual~y. t.aken wit.hin 

saddle point. ~pproximation 2
•

13
•

16.Amplitude of probability of finding . . . . 

a particle in an original st.at.e >1'
0 

art.er t.ime t. 

[ 

' ~2 

1 2 4 I 
-~2 

4 I 

A1 = jJdx>P
0

Cx)>PCx,t.) I = ];=0 C5. 6) 

in t.he limit. or small bC« !),'vanishes exponentially,A-. e-• 
I _ 1 

for large enough p 

p .. p [ ?2 J-1 . - 2 I . -

- 1 + ?: . - C5.7) -· 
[
1 -2\1' IE=Ol] , =-e I . 
2 ' 

large On the ot.her hand, 
Zn ' 

T .. p w' 
p means (see Eq.C5.3a))f 

(5.9) 

E\ lv A /\ ·. L 
~~ f\2~\7. 
s(; A1 91 A2 X 4. Mult.i-Ct.hree)-well pot.ent.ial. 

11 



so LhaL, Lime T Lhe parLicle needs Lo escape rrom Lhe lerL well 
0 . 

2rr _ 2rr e 2J-· . [aw CE)J I · _, 
T - - p = - 2h = 4h -arz- exp[2W CE=O) J 

o w w . i E=E =hw/2 :r 
0 

(5.9) 
Lhe same wiLh a good accuracy

1
as Lhe inverse widLh or a ralse 

I -i 

vacuum sLaLe (~ o) round in previous SecLion, Eqs. (4. 6) and 

(4.11). The limiLaLions or Lhe above approach are obvious. In 

propagaLor KCx",x';T), Eq.C5.1), we have omitted t.he cont.ribut.ion 

is 

.J 
associated wiLh propagation t.hrough.Lhe classically allowed region 

x y (see Fig.~ and Eq.C5.2)). IL Lakes aL leasL Lime interval L 2 2 . . 

Y2 dx P -~ 
- ' l-WJ 2 t. .= 2T CE ) = 2J ;·" ~ 2 - L , (5.10) 

r o x !2cE -V) m 
2 m 

and t.he approach is expected t.o be valid only i£ Lhe rollowing 

condiLion 

T « L = 2T CE ) 
o r 0 (5.11) 

is saLisried Csee also Re£.~). 

At. last. we shall discuss another Lime-dependenL phenomenon: we 

estimate Lime Lhe parLicle needs ror jumping rrom.one well Lo Lhe 

other one in the symmetric double-well polentlal case. The 

Lwo-lowest level approximaLion, ~+CE+)' ~_CE_), produces an obvious· 
' i 20 

resul L ' . 

By assumption ~ C'l1 ) is a wave 'runct.ion l'ocalized in t.he lert. 
· L · R 

CrighL) well and 
' 1 -

~L(R) = i7a <~+'+, ~->. c5. 12) 

The amplitude or probability or transition rrom the lert to t.he 
right. well.is 

(~ leiHVh 1~ ) = ieiEol/hsin (t.E t/h) C5.13) 
R L 0 

so that. t.he particle initially localized in the lerL well may be 

round in Lhe righL well arter time L
0 

Cc.r. Eq.C3.7d)) 
t _ ...!'!_ = 2 2rr v <£ =hW/21 • (

5 14
) 

0 t.E ;;;-e :r 0 • • 
. 0 

In our method where approximations have quite di.rrerent sense than 

Lwo-lowest level cut-orr, the Green's £unction GCx",x' IE) -involving 

.12 

trajectories sLart.ing in 't.he.lert well Cx') arid-ending in the right 

well ex:') might easily be_ round, at. least. in t.he lowesL Cf'irst) 

order in b: • 
GCx",x' IE) ~ 

where n Cn ) 
• 2 

L~=p G'n/Cy1 , x' IE) ]b1CE) L~=o G'n2
1
(x",x2 IE)] 

denotes the number or closed loops wit.hin 

·(5.15) 

the· lert. 

Cright) well. As t.he wells are symmetric, one obtains in ·this case:. 

GCx",x' IE) = iG' 01 Cy",x' IE) 

where 

co 
b/E) 2: 

n =O • 

00 

' ' expC-i[2Cn +n )-1JW CE)} • L t z t. 
n =o 

2 

y" = x" - t. 

(0) [sy· ]· G Cy",x' IE) == exp i "~Cx)dx 

Thererore, propagaLor KCx",x';D. Eq.C5.1), calculated 

approximation (5.16) is determined as rollows: 
. en > -

KCx",x' ;D = K
0 

oCx"-t.,x' ;Db/E)Cn
0 

+ 1) • 

where E is defined by equation 

y• 
dx 

T = f ~ 
x·"f =cE 

m 

1
' ·· dx 

.:..v)+ (2no- 2>1i>--;.,..,~,...-E---V-) 
m 

(5. 16) 

C!';'5.16~) 

in 

(5.17) 

(5.18) 

As the t.ransit.ion amplitude; A, or t.he parLicle f'rom Lhe.lert well: 

[rr 2 h)~ [ 1 mw 2) ~o(x)::~L(x)= iiiW exp -2hx · C5. Hi) 

to the right. well .• ~RCx) = 

by propagator (5.1i), thus 

~ Cx 
L 

- t,.) arter lime T, is determined 

\-~, 

A IJ~RCxJ'I<x,'Ddxl = IJdx~RCx)Jdx'KCx,x' ;D_~LCx') J. 
- . iWT/2 

1Jdx~R(x)(n0 + l)biCE=O)e 'Kx -t.) I 

l
en+ 1)b CE=O)eiWT/ 2 1, 

0 I · 
(5. 20) 
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Thererore, Lhe probabiliLy p or LransiLion 
· tr 

the right well 

p = A2 = ICn +l)b CE=O) 12 -1 
lr o I 

ror 

n 
0 

b-1. 
I 

This means LhaL arLer Lime L 
0 

exp[WICE=O).] L · - n 2 ~ = 2 ·2 rr 
0 0 w w 

rrom Lhe ler.L well Lo 

C5. 2D 

(5.22) 

(5. 23) 
a parLicle is expecLed Lo appear in Lhe righL well. This 

.J 
esLimaLion, C5.23), is in a good accuracy wiLh resulL or above 

ciLed Lwo lowesL-level" approximaLion (5.14). 

6 .. Conclusion 

In lhis paper various aspects of complex time and real trajec

tories melhod have been discussed. Il was shown earlier lhal lhis 

approximation might. be ':lserul in direrenl probl'\>ms, reproducing 

WKB-lype resulls and as, lrajeclory of' conslanl energy plays 

distinguished role bolh local and global properties of' single 

parLicle poLenlial VCx) are laken inlo account., as one expecls in a 

semiclassical approxi-malion. However, lhe validily or lhis melhod 

seemed lo be questionable because of' some unclear poinls, among 

whose, lhe problem or realily energy eigenvalues was lhe mosl 

impressive. Il was shown here lhal rollowing a proper way.of' 

summation over closed orbils, one can nol only remove lhese 

dirf'icullies bul also exlend lhe region or applicability or· lhe 

melhod. Namely, in lhe symmetric double-well polenlial case one 

oblains lhe equalion which yields real energy eigenvalues E , as il 
. n. 

should be, and conlrary lo WKB-lype approximation, lhere is no any 

limilalion lo t.he low-lying levels. In lhe case of' asymmetr.ic 

.double-we!·!' polenlial lhe equalion f'or energy eigenvalues st.ill 

produces sequence. or real number.s and in lhe 1 i mil of' large asym

melr,y a quasicontinuous spectrum is found. Therefore, the. smoothing 

pr-ocedure can actually be used lo eslimale a widlh of' a f'alse 

14 

ground slale. The resulls f'or symmetric and asymmeLric polenlials 
. : . . u 

are in agreement. wilh malhemalically well-juslif'ied predlcllons • 

We also have shown lhat..'exlenslon of' a lime parameter onlo lhe 

complex plane is usef'ul in eslimallon of' GCx";x' IE) and does not. 

prevent. us Lo discuss (real) time~dependent phenomena. Two of this 

t..ype problems have been considered.· The· direct. eslimalion of' lire-

lime in a melaslable s~ale and lime of' jumping belween wells ror 

parlicle in asymmetric and symmetric polenlials, respectively, 

t..urned out. lo be in good agreemenL wilh indirect. eslimalions. In 

a nalural way, lhe criterion. of' almost. impossible phenomenon which 

lakes place wit.h exponentially small probability, p ( e-
1
,has 

appeared. 
We want. lo emphasize lhal lhe melhod of' complex lime and real 

lrajecLories seems lobe consislenl, semiclassical, approximation 

which might. be used in .sludies of' barrier penelralion-like pheno

mena. Some of' ils predictions should however, slill be invesligat.ed. 

FirsL of' all it. oughL LO be verif'ied out. of' Lhe range of' 

applicabiliLy of' standard WKB approximation, so .lhe energy 

eigenvalue speclrum near local maxima of' polenlial VCx) should be 

sludied Csee also Ref'. 21
). One can expect. lhat. rurlher st.udles 

would improve consilency belween direct., Eq.c5:9), and indirect., 

Eq.C4.6) Csee also Eqs.C5.23) and· C5.14)) predict.ibns for lime

dependent. phenomena. Anot..her lime dependent. phenomenon, t-unneling 

effect.; is beyond lhe scope of lhis paper and will be discussed 

elsewhere but. as lhe result. is in lhat.. case rat..her unexpected and 

chrfers f'rom lhe well-known result.s.'We feel lhat. t..he range of lhe 

applicabllily above considered melhod is yet. far from being 

well-established. 
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Appendix 

On ~he example or ~he double-well Csee Fig.3) po~en~ial we show 

how ~he Green's func~ion GCE) migh~ be calcula~ed. As ~he summa~ion 

over all closed orbi~s should be done in. GCE), one can wri~e 1~ down 
in ~his case o&.5,U.~5 

GCE) = G CE) + G CE) + G CE), 
i X 2 

where 

G CE) = T CE) E expfiW CE)J, Cp = 1,2,!) 1-l 1-l pa.th . 
pa.ths _,J· 

A. 
dx • 

T.CE) = 2J . Ci = 1,2) 
' 8 ;,-~ -~~(E - VCx)) 

. 
m 

• dx i 

TCE) = C-D2f X 
..f2 -At -(VCx) - E) m 

Then, one rinds 

G CE) 
i 

T CE)a2e-i.ft/2(e-i.ft/2+ 0 ) 
i i A 

t 
2 -i.fi/2 -i.fT/2 

{1 + a
1
e (e + OA ){ •.. } ••• } 

T CE) 
~ 

i 

a 2 (1 + ei.ft/ 2 0 ) 
i A .. 

1 + a 2 (1 + ei.ft/ 20 ) 
i A 

~ 

CA.1) 

CA. 2) 

CA. 3a) 

CA. 3b) 

CA. 4) 

where o •• con~ribu~ion from all ~rajec~ories s~ar~ing and ending .. 
a~ A._ and passing region righ~ of A~, migh~ be calcula~ed 
according t.o 

a)1 - 3')· rules 

OA = OA = e-i.ft/2b2(e-i.ft/2 + 0 , ){e-i.ft/2 + e-i.ft/2b2 
X • B I .. t 

-i.fT/2 • ~ 
(e + 0

8 
){ ... } ... } = 

1. 

-'i.fT/2 
b 2 (1 + ei.ft/ 20' ) 

I· B 
- e .. 

1 + b 2 (1 + ei.ft/ 20' ) 
I B 

or, t.o .. 
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CA. 5a) 

. 

I. 

b) 1 - 3") rules 

0 
B 

i 

0 
A 

1 

0" 
A 

i 

b2(!, ,ft/2 + 0" )'1 + !,b2 ,ft/2(!, •rl/2+0" )' } } 
I 2e B ' 2 Ie 2e: • ·: B ,. • • • ;.· · 

-ifT/2 

- e 

t i 

!,b2(1 
4 I . 

+ 2e~'ft/ 20" ) 
B 

2--
1 + !.b2 (1 

4 I 

1 

+ 2e-i.ft/ 20" ) 
B • 

CA. 5b) 

is cont.ribu~ion from all orbit.s st.art.ing and ending at. B._ and 

passing ~he region righ~ or s
1 

·csee Fig·. 3). Formula for 0' 
B 

1 

and O" 
B .. 

a) 

b) 

o· 
B 

i 

0" 
B 

t 

e -in/2 a 2 e -ifT/2 (e -ifT/2 + e -in/2 a 2 e -itt/2 
2 2 

(e -i.ft/2 + .•. ) ... ) = _ e -i.ft/2 

2 
a· 

2 
---2- • 

z -i.n/2 
a e 

2 

-irT/2 
- e 

-ifT/2 2 -i.R/2 
(1 + e a e 

2 
a 

2 

2 
1 + a 

2 

2 

1 + a 
,2 

(1 + .•. ) .•• ) 

CA. 6a) 

CA. 6b) 

are round t.o be t.he same. Inser~ing resul~s CA.6) and CA.5) int.o 

CA.4) and repeat.ing ~he procedure for G
2
CE) and G

1
CE), we finally 

ob~ain 

G'CE) 

G"CE) 

T CE) • 
2 

a • 
(1 + a~) + T CE) b 2 

+ T CE) 
2 X I 2 

(1 + a 2
)(1 + a 2

-) + b
2 

~ 2 . l: 

2 
a 

2 

2 2 . 1 2 2 

(1 + a
2

). . ~ 

CA. 7a) 

{ 

T~CE). a
1 

((1 + a
2
)- 4 bi (1 - a 2 )] 

- 2 212 2. 2 
(1 + a )(1 + a ) + - b (1 - a )(1 - a ) 

t 2 4 I i 2 

T CE) ~ b
2 

(1 
I I 

- a
2
)(1 

i 
- a2) 

2 
+ 2 1 2 - a

2
)(1 - a2) (1 + a

2
)(1 + a2) + 4 bi (1 t 2 t 

CA. 7b) 
T CE) a

2 
[ (1 + 

2 2 
a 2

) - !.. b
2 

(1 - a
2
)] } 

t 4 I i . 
+ 

(1 + a 2 )(1 + a
2

) 
t 2 

+ !.. b 2 (1 - a
2
)(1 - a

2
) 4. I 1 2 
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