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1. INTRODUCTION 

The idea of finite-size scaling (FSS) as formulated by Fisher(!) 

in 1971 and further dev~loped by a::number of authors concerns 

classical systems undergoing a phase transition ~ 2 ). It is well 

known from the theory of critical phenomena of bulk systems( 3) 

that for Tc > 0 quantum. fluctuations are negligible ne~ the. ciri ti

cal point. However,· quantum .system~ may have ·critical points at 

temperature T=O •. Thi~ would change i the usual (classical) FSS in the 

low-temperature region. 

In principle, _there are four lezigth scales if quantum effects. 

are taken into consideration: the finite geometrY characteristic 

size L, the correlation length ~; which diverges at the critical 

point,' the microscopic range of the interactions .a • imd the 

thermal De Broglie wavelength .lo which diverges a~ T=~ dete~mi

ning the 11weight 11 of the quantum fluctuations in the process of 

phase transformation. Thus the- various thermodynamic quantities 

must depend on the dimensionless ratios lj/a, L/a and ))/a. 

According·to the . .FSS hypothesis' the microscopic length a must 
. . ' 

drop out from ttie expression!'! for the thermodynamic quanti t'ies 

close to the critical point T=Tc of. the bulk ~ystem. For example, 

for some physical quantity A (the· finite-size susceptibility, the 

corre~ation.length, etc.), FSS hypothesis states that 

A L c i: ).= A 00 c t > r c L ~~ .L/)DJ' (1) 

where t = (T-Tc)/Tc is the reduced temperature. · 

It ·is the purpose of the present article to verifY the hypothe-

sis (1). 
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2 • THE l10DEL 

We use the statistical distribution exp(-H('/')) with the :following 

quantum Landau-Ginzburg-\>/11 son :funct-ional ( 3-5): 

Bt · · . ·· \(. ( ~ t . 2. d-3 H ( \1' );: jdl; Jd x[ t (?:& 4'("lt.~) Yi ( Vlf{lC.~) j + ~ri ty{x;r;) + 14~ <y()(;z; il. (2) 

o. 

Here . ·;..; ~ = 1/T •. 

The parameters t and g are dimensionless, ~he microscopic dist~ce 

a appears as· an explicit dimensional 'factor, .whil'e the dimension 
(~-d)/2, 

o:f I.JI(x,-c;) is L . • 

In a fully finite (block) geometry and under periodic boundary 

conditions we expand the.n-component order parameter l/'(x,-r;) in 

l 
;I, 
',, 

1 

Splitting as usual the zero-momentum components 'f~ => .q~.,(.·( ~.:o) 

and tracing out all non-zero q <6•7 >, we obtain the effective 

distribution 

e.')(f C- \-11!\fl¥)) = z..' e'~'rC- H C'V.t('V)J 
. {ljl(').) 1 . . 

which is the basis for calculating the finite-size 

(6) 

' '•. - ) 

e:ffects in the 

low-temperature (quantum) region: In this case an ex~ra "dimension" 

(being periodic with a finite-size ~D~ L~l) appears in comparison 

with the pure classi.cal case. 

3. FINITE-SIZE SCALING AND QUANTUM FLUCTUATIONS. 

Fourrier modes For d > du (du is the upper critical dimensionality), the loop 

,{T" z· i \(.. }( + i.w;; 
y;(x,l;)=yw e.,-- lf-l(~,w). 

_!S,W 

(3) 

In eq. (3) each co.nponent of k runs over. discrete values specified ..., 

and it is cut-of:f at a-1 • The Matsubara frequencies of the 

fluctuation field \}'(~,w):; I.P(q,) are we.= 2-rreTjt..,2:rrejAr>,(e=O,:t4,~-.), 
where for the thermal De Broglie wavelength ;_.e have A.n = -lf/T in 

units c.onsistent with (1). The substitution o:f eq.(3) in eq.(2) 

yields 

<) 2 ) c\-3 <) .· . . (5) 
\-!('!')=I L( we. +U.:z.+ icc .. lV)(~j,) ~ 9 a.d c... ~C'l-~)!J'p(~:z.)~{'/-l)'Vr(~ • .,.tt-.. "1•). 

. · J . 4!LA9 J,f 
q=(lf.,w) . . q,.,'f,.,'t-·3 . 

. 
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corrections can be.ignored altogether and the e:ffective distribution 
' . 

takes the form 

. [ ~ J (. 2 !l-3 J 
Q.)C.p ~-\..l, ttci" ~2 -1- ~! 0. 4'4) . 

(7) 

From eq. (7) for the susceptibility ~t Ld (.41~> •, we obtain 

X= ~z ~ (C L/o. )cl/2 ( J.o ;~ )lz ( o.; 5 )2.) =· o.z r1·F { >< i!), <a> 

where x = Ao /L 
(dH)/2. 

and 2:::i: (L/o..) /a''.z. In eq. ,s) the microscopic 

distance a appears •explici tly for d '> 3 manifesting the break_down 

of the scaling form (1). 

For d~ du' it is important to take into account the loop correc~ 

tiona. Let us consider the universal scaling variable 

. ,..- (ch-1)/Z ~ 
~~- t ( L./ 0.) I~ Vz. 

(9) 
~ 
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where 

::f :: ill. + i,L . (lOa) 

and 

~::: ~ 14 :t- ~L (lOb) 

are the shifted dimensionless temperature and the coupling. constant 
. 2-

to one-loop order, respectively. The_ ~ insertion counterterm renor-

malizes t to 
.,...,,} 

t{2. ;: t ~ 't'z. 1 

(11) 

where to_ one~loop- order in" the minimal subtraction scheme, 

7 .1 (V\t-2) t _.t_ z: ':1'1 ::_ + b -~ s:rrze. 
(12) 

Now the counterterm of the massless theory includes integration over 

the l'latsubara frequency _ W 

f70 . -

U(~,.n-) = "-" ~clw f i"- · i _ 
211 -~ . (v.2.+wl)[(v.+~)\(w+Jt)j 

(cf. the clas~ical case (6 )). • . 

{l~a) 

· The above functi~n ·has a pole at d:o3, while for d='3 - E w~ have 

U(? . ..n..)=- r(~)P(2L!)- + O(f.) ~ _-1_ ' ~=3-d.(..: 1_. 
' 3-d ~~e. 

(13b} 

_In eq. {13a) lf-1 d-f dt ('j . 
~a .: 2. 11' '2 r qfz.) is the area of the d-dimensional 

· i:mi t SJlhe:re. 

The second term tL in eq.(lO)- has the form (cf. (6 )) 

/ 
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· I 1 1 ,.,.._?, d-l T "") '"f :z. 
1.. --z. _ ~ q 0. --;r- L L 

2 
Wz_ + -~;a,-

-c;L 0. - G c t r; wt .!$ ~ ... t · ' = 

~ ("j) ( ~ 1 ~; _,_ rJu f A [ (:!( j ".] A'M-1} e..:.( t (-l;,)f'q,.;.)" , 
[) 

~:~p-

(14); 

~ lt\'\2. 
where· A(~)=~ ·e- and the prime in the d-fold sum denotes 

""=--"' - ' 
that the term with a zero summation index has been omitted. The integ-

ral in the r. h. s. of e q. {14) has an ultraviolet divergence for d::> 1. 

Adding and subtracting the small-u asymptotic behaviour of A[Crttu]Ah> 
and after analytical continuation in d, we obtain the same pole as in 

eq. (11) but with an opposite sign. 

The pole of tL cancels the pole o!; tR and for eq. (lOa) we obtain 

-t = "" • ~~· a te..t. "';
2 ~Y Jf~ ts jJ., t AL('ti «]At.> (

15
> 

~ . . 0 

- t :- C~LYC~tj e.-C-c(k:Y/41J";r.)u 
+ 0 ( 8L) 

with 

{o. s-
.~= L~3-2 ::: !~ . -f- 0 ( [; )' (16) 

Similar calculations to one...;loop order for the renormalised coupling 

eo-natant g {eq. (lOb)) lead to· 
I ~ 

~ := ~ { ~ -r "~: ~ (" + ~ 1.) - ~~ 8 . !~ ( ~) 1 d u. lt .. . (17) 
o. 

·{ A[('f)'uJ A'(>i) -1 - {-:!('J' ("l::f}e- (t(.ii/<nr~u ~ 0(9' )} 
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In order to test the .l!'SS hypotb.esis (1) in 'the· vicinity be~ ow .. du' 

let us consider the scaling variable z at the fixed point (f.p.). 

Here it is important to note that in the low-temperature region the 

upper critical dimensi<_mali ty varies continuously from du=4 (classical 

case) to du=3 {quantum cas~)( 3 ).-~h~s in conjecture with the fact that 

·'t and g have been calculated near d=3 allows us to use· the quantum 

fixed po~nt value %~.: G E /(I\.+ 8) .J, where £ = 3-d. After some 

algebra we have' up to 0( ~~) 

. (d+4)/z . . 
. : - "'·( L) ,... -4/2 ( _ . ~\J.p. ;:: -t o: ~ .f. r· -

::(c{f'k{ ~- * ~ + 
• . . &>0 tl 

(h-4) £\ien"t+ 2C\'\+r ~)<.rd\.I..[A(l<,_u)Acu)-1-
4c"'-~-s) d c (h+g' ~ 

· (0.+1)/z. _ ( ';1(4rr'l.) u. E. 
_: .i (:n:\ J e.. . + ..,.... 

l<. 1.1. . ~ 

~ ~ (~f~-1-1)12.]-e- (~/I(Tr2)t< 

or inashort form 
) 

+ 

&>0 . .. .. 

'~-'J fdu u. [A (xLk)A~k)-1 ~ 
0 

0{~·2.) J 

~ (.f·r· :: 2: (_x,;J). 

(18) 

. (19) 

To obtain the above expression, we used_th~ quahtum critical· exponent 

· i I'H·2 )) ::: 
2 

+ £ and the fact that the terms proportional to 
.. 4(~+f) . . 

en(l/~cancel up to order E J. exactly. For conve.nience, in eq. (18) a 

( 
~ ~ . 

new characteristic variable y::d 1;;,) = ( ~ ) " is in traduced •. The result 

(19) verifies the FS~ hypothesis(1). 

6 

4. CONCLUDING REMARKS 

An eventual·applic~tion of the FSS ideas to low-temperature 

(quantum) systems has been proposed by Cardy( 2) ( see the introduction 

of Ch. l therein). Certain progress along this line has been achieved 

on the basis of a lattice quantum model for structural phase 
• (8) . . 

transitions • In ref. (9) the.finite-size effects in quantum Heisen-

berg aritiferromagnets (the nonlinear 6 ~model) in two and three 

dimensions have been analysed. 

In the present st~dy the finit'e-size scaling hypothesis in the 

presence of quantum fluctuations is verified by means of the E 
analysis. We used the f. -expansion approach of Brezin and 'zinn

Justin(G) and Rudnick et al.t?) for studing the ·quantum FSS in the 

framework of a field theoretical model' commonly used in the theory of 

structural phase transitions~ 

The crucial point in our calculations is the cancellation of the 

pole in the one-loop counterterm (see eq.(l2)) with the pole of the 

finite-size correction (see eq.~l4)). This is in close analogy to the 

pure classical case<6>. Let us note however that in the low-tempera

ture region this cancellation takes place f~r d=3- ~ (see eqs. (15) 

and (1.7)). Hertz(3) was the first to note that in the low-temperature 

region quantum fluctuations reduce continuously the upper critical· 

dimensionality from du to du-z (z is the dynamical exponent': for 

~odel .{2) z is equal to 1 and du=4). From the latter. it. follows that 

for T ~o+ one may verify the. FSS using the quantum ·_(T=O) fixed point .. 

·values for the coupling constants given by the dimensional crossover 

rule. This-is done in the calculation of the universal ·scaling quanti

ty z at the fixed point (see eq.(l8)) and,. hence, the validity of 

relation (18) is restricted to d4 3. 

7 



The appearance of an additional (in comparison with the pure 
• • • I 

classical case) variable X :oAo /L in eq. (·1) is a consequence of 

the fact that except as a hypercube of linear size L, the system 

under consideration may be regarded as hyperparallelepiped· of linear 

size L in d directions and of linear size ·;tt> = -:f;;T in one directio~ 

with periodic boundary conditions. This anisotropy is in the origin 

of the complication of the FSS relation (1). 
.. ..J ~ 
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Kopyt.IeBa E .P., ToHt.IeB H·.c. 
.K TeopHH KoHet.IHopa3MepHoro nogo6HH 
n~H Han'Ht.IHH KBaHTOBbiX <lmYKTYa~HI'i . 

fHnOTe3a KOHet.IHOPa3MepHoro llOA06 
neTc-o+_/Tc- KPHTHt.IecKaH TeMrrepaT 
JIOJKeHHH. iAHaJIH3. llPOBegeH B PclMKax K 
~6ypra..:.JlaHgay;_BHJibCOHa,rro~YnHpHOH B 
$a30BbiX rrepeXOAOB. '. ~ . 

Pa6oTa BbmonHeHa B Jla6opaTopHH T 
OIDH:I. 
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·On the.Firiite-Size Scaling in the P 
of Quantum Fluctuations 

:·\' 

, Finite-size scaling hypothesis 1 

quarit~m £1 uctuations .. in the limit T 
critical temperature) is verified b 

·expansion. The analysis is 'performe 
work of a model commonlY used in th 
ral phase transitions. .· 

.' . The investigation has 'been perfo 
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