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1. Introduction 
An electron in an ionic crystal generates in its neighborhood 
a domain of a local deformation of a medium, thus creating a 
quasiparticle, a polaron. Among the whole number of polaron 
models a simple but rather nontrivial model described by the 
Frohlich Hamiltonian is well known. May be, it is the unique 
model of a particle Interacting with a quantized field which 
allows both the expansion in a standard series of perturbation 
theory and the strong coupling expansion in inverse powers of 
the coupling constant. It is why the Frohlich polaron model 
has been used readily by theorists exercising in the develop
ment of various schemes of approximate c~lculations. On the 
other hand, the interest in this model is stimulateQ by the 
physical reasons. Up to now the theory of the Frohlich polaron 
can be considered as a wel_l d~veloped field of solid state 
physics. The investigations have been done extensively for 
various quantities characterizing a one-polar.on system: self
-energy and effective mass, mobility, optical absorption coef
ficient and so on. The list of papers on the subject is huge 
and we refer the reader to recent review articles l,2). 

However, much less attention has been paid to studying 
many-polaron systems which are rather important. In particular, 
the problem of a two-polaron bound state CbipolaronJ attracted 
attention recently, which was caused by attempts of explaining 
the high-temperature superconductivity. According to the 
proposed bipolaronic mechanism of superconductivity, the 
bipolarons of a high enough density undergo the Bose-Einstein 
condensation, which results in a superconductivity state 3J. 

To study the polaron properties, and especially its bound 
states, one needs a good scheme of approximate calculations 
which would allow one to compute the polaron characteristics 
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with a high accuracy. While investigating the Frohlich polaron 
the path integral method has been widely used. In terms of 
path integrals a representation can be obtained for the 
partition function lint , which contains all the effects of 
electron-phonon interaction. For an optical Frohlich polaron 
at rest in an N-dimensional space, lint can be written in the 
form 

z. = s~·e5 
t.nt const , 

(3 ,.~ (3 ds ds 
1 ·2 a JJ 1 2 G 5 = - '"}'Jdsx Cs) + m lx< s ) -x< s ) I 12 co o 1 2 X< o> =X< {3> 

_ chC(3/2-Iscs 1 p 
6t.j - shC(3/2J 

(1.1) 

Here a is the coupling constant of electron-phonon 
interaction, (3=w/k8 , 8 is the temperature of the system, and 
w is the LO-phonon frequency. The normalization constant in 
the path integral Cl.l) is determined by the condition 
li.nt(a=O) = 1 . In the limit of zero temperatures ((3 ~ oo) we 
have Zi.nt ~ exp[-(3£CaJl, where £(a) is the energy of the 
polaron ground-state. For calculating it, a number of methods 
have been developed among which a very popular is the Feynman 
variational method 4J that gives an upper bound ErCa) on £Ca) 
valid throughout the whole range of variation of the coupling 
constant ~0 . The method is based on the Jensen inequality 

. and the known quadratic approximate action 

(3 (3 
Sr =- ~Jdsx2 CsJ-~fJds1 ds2e-Wisl -s21 [xCs1)-xCs2Jl 2 , Cl. 2) 

0 0 

where C and W are variational parameters. An essential deve
lopment of the Feynman method has been proposed by Saitoh 5J: 

he has changed the function C expC-Wis -s IJ in the approxi-
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mating action C 1. 2) to an arbitrary function pC ls1-s.a P over 
whi~h variation is carried out. Thus, the Saitoh method gives 
the best upper bound that can be obtained with the quadratic 
action. To illustrate this, one may compare the Saitoh 

. results with those obtained in the scope of the straight-
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-forward generalization of the Feynman method when 
n· 

p(js -s P = l: ct.. expC -wt..Js -s p 
l 2 i=l . l 2 

The calculations have been performed at n=2 in ref. 6 and at 
n=3 in ref. 7. 

Both the Feynman and Saitoh Call the more so) methods 
failed to provide an anal)~ic approximate expression for the 

, polaron energy: However, it is possible to construct the 
weak- and the strong coupling expansions of the form: 

ECa) = Y' E an 
. n!1 n ' 

Cl. 3a) 

£(a) = r. A a2-n 
. . ~·1 n A2k+1 = 0 CL 3bl 

The numerical values of the first few expansion coefficients 
in C1.3) for the Feynman and Saitoh approximations will be 
reported later. Now we stress that estimates obtained by 
Feynman and Saitoh methods are rather close to each other and 
work well enough in the whole-range of the values of the 
coupling constant a . For example, the value of the leading 
term of strong coupling expansion C1.3b) Cwhich is the same . \ 

for both the approximations) differs from the exact value 
only by 2.2% . The weak coupling expansions exactly 
reproduces the first coefficient £1, but the next coefficient 
£2 noticeably differs from the exact one Cmore than by 20%). 
As is well known, physically significant . values of a . Csay 
from 3 to 10) correspond to the intermediate coupling regime. 
To reproduce the polaron characteristics in that regime with 
more adequacy, _one should_ construct a scheme of subsequent 
approximations which will work in the whole range of the 
coupling constant values and will allow one to calculate 
corrections to the leading term~ 

In our pap~r 8J w~ have considered weak coupling 
expansions for a multidimensional polaronand have' suggested 
a conn~ction between the Saitoh estimates and expansions in 
inverse powers·of the number N of the space dimensions. We 
adduced arguments in favor of that the Saitoh result coincides 
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with the leading term of the 1/N-expansicn. . At present our 
conjecture is confirmed. In 1987 we repor,ted the first results 
on the 1/N-expansions for the Frohlich polaron 9 ) . Here we 
construct a regular self-consistent scheme which allows us to 
obtain the 1/N-expansion from the path integrals and to 
calculate corrections to the leading term. Besides we answer 
the question why the Feynman and Saitoh variational methods 
work rather well, the latter turn~'out to be asymptotically 
exact in the limit of large N. 

The paper is organized as follows. In Sec.2 we derive 
the general formulae for the 1/N-expansion. Then we 
investigate the leading term in Sec.3 and the first 
correction to it in Sec.4. In Sec.5 the results obtained are 
used for the approximate ·calculation of the_ coefficients of 
weak- and strong coupling expansions. Appendices contain 
details of calculations. 

2. General approach to the 1/N-expansion 
Proceeding from eq. C1.1) for Ztnt with the redefined 
coupling constant 

ex = 2-.'2 N 3
/

2 a, C2.J) 
we obtain the following expansion for the polaron energy: 

E: N> Cex) = N c; (a) + ~:: (a) + <OCl/N) , c2·. 2) 
0 , I 

where index N denotes the number ~f the space dimensions. This 
redefinition is not an . innovation: we used a similar 
transformation in ref. 10 while constructing the 1/N-expansion 
for an anharmonic oscillator, which allowed us to reproduce 
both the perturbation theory and the strong coupling limit. 

Next, we make use of the Feynman representation 11
J for 

·a continual 6-function: 
(3 

J [ lxCs )-xes ) 121 = Jn7JC~) J [al exp {iJ'rds ds pCs ,s ) 
I · 2 21f J' 1 · 2 1 2 

0 

[aCs ,s )-lxCs )-xes Jl 2l}, 
1 2 1 ' 2 

C2.3) 

. where J"is a functional, and unlike the standard formulae, 
the path integration here is performed over functions of two 
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variables pCs ,s) and acs ,s_). If we apply relations C2.3) 
' 1 2 1 .:. -

to C1.1), the integral over the vector function xCs) will 
turn into an N-th power of a similar integral over one of 
its components xC s). As a result, we get the representation 

(3 .f3 
Z = JDaJC~) e5 ' 5'= ifrds ds pa + aN3

/
2 JJds ds G /~ + tnt 211 • J' 1 2 1 2 1 2 

. 0 0 

(3 (3 

NLn{ f~t xp(- ~rdsXZCsJ - tJJds ds pCs ,s )[xCs )-xes Jl 2)}. cons cJ' 1 2 1 2 1 2 

XC ol =XC (3> 0 0 · 
(2.4) 

where G is defined by eq. C1.1J. Changing the variables ·of 
12 

path integration 
ca. pJ => Cy, ,zJ , 

a=NL.+ t.YNL.y, p = -t P - tz/CYN LJ , (2. 5) 

where functions L.Cs ,s ) and PCs ,s ) are defined by the 
1 2 1 2 

equations for a stationary point 6S'/6a = 6S'/6p = 0, we 
arrive at the system of equations: 

PCs ,s) = / a G •. L:Cs ,s ) = <lxCs )-xes JJ 2> 
I 2 2~ 2(S S ) 1 2 1 2 1 2 

1 , 2 

(2.6) 

Here use was made of the notation for the averaging of a 
functional .over. a one-dimensional Gaussian action: 

(3 (3 ' ' . . . ,. 

<J>=S :Dx t][xlexp{-2
1 .rdsX'CsJ-Jrds ds PCs ,s )[xC~-J..:xcs Jl 2} cons . J' · J' 1 2 1 2 1 2 • 

xc o> =xc (3> 0 0 · • 
(2.7) 

with such a normalization that averaging of a constant does 
not change its value Cfor instance, <1> = D. Inserting C2. 5) 
into C2.4) and using notation C2.7), we arrive at the . ... ,-

representation . 
J)z 

Zint = expCNS0J J1Jy JC2iTJ exp S . (2. 8) 

The factorized term that gi_ves a contribution leading in 1/N, 
does not depend on the integration variables yCs

1 
,s

2
) and 

zCs
1 
.s): 
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~ ~ 
s

0 
= frds ds ~ + a JJ ds ds G /~ + Ll'i 1 • J' I 2 1 2 1 2 

0 0 

(2.9) 

. ~ ~ 
1 =J JJx t exp {::- ~Jds 0Cs) - JJds ds PCs ,s )[xCs )-xes Jl 2} 

cons · c:.· 1 2 1 2 1 2. • 

X< o > = X< {3> . _ 0 0 . · , 

The normalization constant for I is determined from the 
·condition l IP=O = 1. 
~es ,s ) are solutions 

l 2 

Recall that functions PCs ,s ) and 
,..., . l 2. 

to eq. C2. 6). 
All the corrections to the leading term 

1/N-expansion enter into the action ~ : 

(3 ~ 

~ = i frds ds zv J' 1 2 . 
- ~ JJds

1
dsz yzAlvJ G12/~ + 

0 

where 

0 

+ N Ln < 
~- . 

exp {,- ~ JJds
1
dsz z B1 z[x)/~} > 

0 

2 + y 
A l vl = . y Cl+Y)2 

Y = C1 + i ~) 1 /z 

B lxl = lxCs )-xes JJ 2 - < lxCs )-xes JJ 2 > 
1 2. 1 2 1 2. 

of the 

C2. 10) 

C2. 1D 

Subscripts in the functional B lxl denote the dependence on 
' . . 12. 

arguments s
1 

and s
2

• Since Alyl = 3/4 + <DCl/-INJ and <B12 >=0 
by definition C2. 11), then the first nonvanishing term of the 
1/N:-expansion of ~ will be of an order of <DC~). Neglecting 
higher-order terms, from eq. C2. 10) we obtain the representa
tion in which the Gaussian quadrature over the function 
yes ,s J can be calculated. As a result, we have 

I 2 . . , 

~ 
Zint = expCNS0Jf(JJz/Yrr)exp s1 . s1 =- Jfds

1
dszz2Cs1 ,sz) + 

0 
~ 

+ ~ JJJJds ds ds ds [zl lzl c~ +~ -~ -~~ )2; 
0 1 2. 3 4 12 34 2.3 14 13 24 

(2. 12) 

0 
where 

~i] = ~Csi,sj), [zl ·. = zCs s .)· ~ ~5/4 G 1/2 
LJ t' J ~LJ ij . (2. 13) 
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~ormula C2.12) is derived straightforwardly; note only 
that there use has been made of the relationship: 

<B B > = <[xCs:)-xCs Jl 2 [xCs )-xes Jl 2> - C2.14) 
l 2.. 34 l 2. 3 4 

- <[xCs )-xes JJ 2> <[xes )-xes JJ 2> = lt~ +-~ - ~ - ~ · )2, 
l 2. 3 4 c::· 2.3 l 4 l 3 . 2.4 

which follows from the definition C2.7). The obtained formulae 
C2.9) and C2.12) allow. us to compute the first two terms of, 
the 1/N- expansion e2.2) for the ground-state energy of the 
Frohlich polaron. 

3. The leading term of 1/N-expansion 

From eq.C2.6) it follows that the functions Pes ,s) and 
1 2. . 

~es ,s ) depend on the difference of their arguments: 
l 2. . 

P =PC Is-s IJ, ~ = ~e Is-s IJ . 
1 2. ' 1 2. 

The Gaussian ~ath ~ntegral in eq.C2.9) is computed by the 
following method 1 •5). The integration variable xes) ·and 
function P are expanded in Fo~rier series in the interval 
[0,(3]: 

PC Is -s P = E Pn expl i2rrnes -s )/(3], 
, z .n . . 1 z * Pn = P-n= Pn 

xCsJ = E xn expei2rrns/(3) , 
n 

* -xn - x_n e3.D 

and then the path integration r~duces to . the conventional 
multiple integration over independent. variables Re xn C~O) 

and Im xn Cn>OJ. Introducing the notation 

~ = (33Cpo-pn)/CrrnJ2 

we then obtain from e2.9J 

I = n _L_ 
·n>O 

s0 = - E Lne1+~) + 3 E ~/e1+~) . 
· n>O n>O . 

. Equations C2.6) _acquire the form 

~C~) =..JLE 1-cosC2rrnU~), 
rr2 n>O n2 C 1 + ';;' ) ""'n 
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,.r;)2 (3 . 
~ _ ~ Jd~ 1-cosC2rr~/{3) chC~/2-p 
~ - 2rr2n2 

0 
~/2(~) sh ~/2 (3. 4) 

Equations C3.3,4) are similar to the equations derived by 
Saitoh 5J, and may be used for estimating the free energy of 

... a polaron at finite temperatures. In the limit of zero 
temperatures they may be simplified if we change summation 
over n to integration over X = 2rrn/(3 , for instance, ..; . 

n2(3 . 
· ln I = -I: lnC1+~) = -I: ln [1+ ...L:..- Jd~ PC~) C1-cos ~) l ::> 

n>O n>O rr2n2
0 · -----rT 

00 00 

::> - ~ Jdx ln [ 1 + ....!._ fda PC a) C 1 - cos xa ) l . 
0 ')(' 0 

Remembering that s0 ~ -{3~0 Ca) when p => oo, we obtain instead 
of C2.9) and C3.3) the following expression 

00 00 

~0caJ = - Jd~ PC~) ~C~) - 2a J ....9L.. e -~ + 
0 0 YrrU 

00 . 00 . 

+ 2; Jdx ln[l + ....!._ JdaPCa) C1-cos xa)l . C3.5) 
0 ')(' 0 

Then from the equation for the stationary point 6~ /6P = 
. 0 

6~0 /6~ = 0 we get, instead of C2.6), the following relations 

PC~) = a ~ - 3/2 (~) e -~., 

00 . 1 - COS X~ 
~(~) = ~ fdx (3. 6) 00 

0 'X' + 4 Ida PCa) Cl-cos xa) 
0 

Using them, from C3.5) we get the equations 

(3 
~ Ca) = -a J d~ e-~(3-2~), 

0 0 ~ 1 

(3 d~ ·e-~ . d~ (a) /da = -a J YrrU 
0 0 

C3.7a) 

8 

t 

, .. 

00 

~(~) = ~ Jdx ~ - cos x~ ' ·C3. 7b) 
0 'X' + 4a Ida e -a ~ - 3

/
2 Ca) C1-cos xa) 

0 
whose solution provides the leading term ~ Ca) of the 

0 

1/N-expansion .. It is clear that eq. C3.7) may·be solved: only 
numerically, and therefore we will consider the limits ·of 
weak and ·strong· coupling. · Calculations are described in 
Appendix A, and we here present only the results. In the case 
of weak coupling we have: 

~ Ca) = ran r. . 
o rt2; n , r1 = -2-rrr • 

r2 = -rr + 8/3 • r3 = rrr c- ~ + ~ -18-.'J): (3.8) 

In the strong coupling regime we obtain the expansion: 

~ Ca) = -4a2 - ·cl·n2 + 1/4) + OC1/a2
) • C3.9) 

0 

4. The first correction 
Now let us turn to the expression 

z1 = fCDz/Yrr) exp s1 • C4.1J 

where s1 is defined by eq. C2.12). The first correction to 
the leading term may be found as follows: 

~~ Ca) ~lim C- b lnZ1J. C4.2) 
. (3=»J .. . 

The ~cheme of calcul.ations . is. obvious in . the weak 
coupling regime. While expanding the integrated expression in 
eq. C4.D in powers of the second. term of the action C2.l2), 
the path integral is . .calculated easily. Then one should . use 
the expansion of ~(~) in powers of a Csee Appendix A). The 
result in the first two orders-is as follows: 

~1 Ca) = -C3"frr/2)a- C88/5-21rr/4)a2 ·+ 0Ca3
) • (4. 3). 

The calculations are more complicated in the strong 
coupling regime, and here we limit .ourselves to the first 
correction to the leading term of the order of a2 • It follows 
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from the formula CA.6,8) of Appendix A that at large q the 
function ~ has the form: 

~C5 ,5) = [1 - expC-16a2 15- 5 1Jl/16a2
, C4.4J 

1 2 1 2 

Substituting C4.4J into C2.12J and performing 
scaling 5i~ 5i/16a2

, z ~ 16a2 z, we get the action s1 
simplified form 

b _.; 
~1 = -rrds ds z2 Cs ,s ) + JJ' 1 2 1 2 

0 b 

the 
in a 

+ ~ rss·rds ds ds ds Z(S ,S )Z(5 ,S )(e +e -e -e J2, ~uu J J' 1 2 3 4 1 2 3 4 23 14 13 24 

0 

eij = expC-Iscs1p , b = 16.a2
(3. (4. 5) 

The calculations, described in Appendix 8, give. the 
result: 

s (a) = - a2 C19-4-f!U) + <0(a0
). 

1 
(4. 6) 

5. The 1/N-expansion as a source of approximations 
Expansion C2.2J gives the origin to various approximations. 
Since the series in powers of 1/N is trun~at.ed, the . polaron 
energy £(a) cannot be determined exactly. So certain approxi
matior:s.can be made, differing from each other. in terms of 

·higher order in 1/N. We will' proceed as follows. The expression 

r< ml C ) _ m. r< Nl (aN fCN/2)fCm./2-1/2)J (5 1) 
r:. a - N r:. ~ l'Cm./2JI'Cw2-l/2J · 

becomes an ident.ity if we put ·· m.=N Cthe index denotes the 
number of space dimensions). We shall first expand.the r.h.s. 
of eq.C5.D in a series in powers of 1/N, and then we shall 
set m.=N, thus obtaining an approximate expression for the 
energy of an N-dimensional polaron. The argument of the 
function f!Nl in C5.1) is chosen so that already in the 
leading approximation in 1/N, the first coefficient of the 
weak coupling expansion will be . reproduced exactly. This 

· coefficient has the form 

£1 = -rrr rcm./2-1/2J 
2 l'Cm./2). 

10 

(5.2) 

l 
' r}r 

,( 
' 

l 
!)I 
1 

Using C2.2J we get from C5.1): 

E! ml Ccu = m. so(a) . + ~ £;1 (a) + !DC vlf.J . C5.3) 

Here we should take into account also the modification of 
eq. C2.D owing to tl'!e scaling _of the argument of tl'!efunction 
E! Nl (a): 

_ a N fCN/2) fCm./2-1/2) _ 
a - 2..,.z ~/2 iii l'C'N/2 l/2) l'Cm./CJ -

= a
0
Cl- 3/4N- 7/32lf. + ... ), (5. 4) 

where 
_ rcm./2-1/2J · 

ao - a 4m. l'Cm./2) (5.5) 

Inserting '(5. 4)' ·into C5. 3) we finally get 

f!N
1 Ca) = N s Ca) + [s Ca)- ~a s'Ca )] + IDCl/NJ, C5.6) 

0 0 1 0 ~ 0 0 0 

where we take m. = N . 
Using the formulae C3.8,9J and C4.3,6) we may write the 

first coefficients of the weak coupling expansion: 

E _ Yri fCN/2-1/2) 
1 - - 2l'CN/2J (5.7) 

_ ( rcN/2-1/2J) 2 
£2 - - 4N l'CN/2) [NCrr-8/3) + C108/5 - 27rr/4) + <OCl/NJl, 

( fCN/2-1/2JJ 3 · - · .n 
E3 = - 4N l'CN/2) [N Yri C5rr/3 - 5.44/15 + 18~. + IDCwJJ . 

The coefficient £1 is determined exactly as we should like it 
to be. In.· t~e. s~rong coup~ing limit for.·, the first 
coefficients of the expansion C1.3bJ we get: 

(['CN/2-1J2J.J 2 
A0 = - l4N l'Cw2J [ 4N + C 13-4-f!UJ + <DC l/NJ l 

A2 = - N c tn2 + l/4J + ocrPJ · c5. 8J 

.It follows fromeqs. C5.7,8J that in the. leading approxi
mation the polaron energy depends on N so that the scaling law 
C5 .. 1) is valid at arbitrary m. and N. In the Feynman approxima
tion that fact has been noticed at first by Devreese et 
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Table 1 
First coefficients of the weak- and strong 

coupling expansions for the polaron ground-state energy 

Fe~ 1/N-elcpansfon: 
me hod . leading term + correction Exact result 

N = 3 Cbulk po~aronJ 

-r1 1 1 ..1 1 

-r2 -h= ~~= -~&= lnCl+~) - ~ = 
1.2346 10-2 1.2598 10-2 1. 608373 10-2 1. 59196 10-2 

-£3 8C7Y7-18J/38= ~~~= n4n 
634366 10-3 .6465 10-3 ? .806070048 10-3 

-Ao :fn- = .06103 1 253~~ = . 109206 .108513 Trr 

-A2 . 3ln2+f = 3ln2+f 
2.829 ? 2.836 

N = 2 (surface polaron) 

-r1 n/2 = 1.5708 n/2 n/2 n/2 

-r2 
1[2 

nc~kJ = ~122 19n) -2!6 = 3 rn-T -
.045693 .046626 .065978 .063973966 

-£3 n3C7'f'7-18J _ 
2904 - ~~-~~) = 

. 555485 10-2 . 563784 10-2 ? .0074 

---------------------------------------
-A n = 39?7 n nC21-4Ylln = '099 '0'7 0 8' . "'' 8' 64 . .. . .... 

-A2 2tn2 + .5 = 2tn2 + .5 
1.886294 ? ? 

12 
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J. It is clear now that this is not accidental · but is 
connected with the ex<1;ct. expression for the coefficient £

1 Numerical results obtained with the help of eqs. C5.7,8) 
are presented in Table 1. A few comments are needed.· In the 
first column there are presented results obtained by .the · · 
Feynman method. Note that coefficients of the weak- and strong 
couplin2 expansions for the Feynman polaron were found in our 
paper 1 ) up to the £12 and A10. The coefficient £2 for the 
bulk polaron coincides in the leading order C2-nd column) with 
the Saitoh result which reproduces, in its turn, the value 
obtained many years ago~by Haga 15J who has used completely 
different approach. In the same approximation the coef~icient 
A0 for the bulk polaron coincides with the well-known result 
by Feynman C and Saito h) . · 

In the last column there·are presented few known exact 
results. For the bulk polaron the exact analytical expression 
for £2 has been obtained by Roseler 16 ) , and the value of £3 
has been computed. in our paper 17J Csee also ref. 14). Coef
ficients A0 and A2 were calculated by Miyake 18). Fo17 the 
surface polaron coefficients £2 and A0 were calculated in 
refs. 19, 20 and £3 - in ref. 21. 

Comparing the approximate results with the exact ones we 
notice that the correction of order OC~) substantially 
improves the approximations. Indeed, for the bulk.polaron the 
values of the coefficients £2 and A0 , given in the. 3-rd 
column, differ from the exact ones only by 1% and 0.6% 
respectively. Naturally, the more is the value of N, the 
better are our approximations. Note also that the first 
correction leads to lower estimates, whereas the leading term 
of the 1/N-expansion provides an upper bound. 

6. Conclusion 
A couple of conclu~ion remarks are· to the point. We 
established the connection of the 1/N-expansion with the 
variational methods for the particular model of the optical 
Frohlich polaron. It can also be shown that an analogous 
connection between these methods exists in quantum mechanics 
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when the ground-state energy is computed for a·particle in a 
potential field 22J. Besides, it is nat~ral to expect that 
there is a certain relation between the 1/N-expansion and the 
diagrammatic technique which allows us to cons~ruct standard 
perturbation theory. That technique for a ·polaron was 
developed in our paper 17J. It can be shown that the leading 
term of the l/N-expansion is associated with a planar 
approximation when electron propagators are expanded in 
powers of products of momenta ordifferent phonons. 

Note also that the l/N-expansion is applicable for 
· estimating the ener~y of a bound state of two or more 
polarons; Earlier 2 ) we evaluated the .ground state energy of 
a bipolaron and its effective mass within the Feynman method. 
In the same manner we estimated the energy of a bound state 
of n polar~ns in a recent paper 24J. Application of the 
1/N-expansion can essentially improve those estimates. This 
makes possible a more detailed investigation of the polaron 
contribution to a mechanism of HTSC. 
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Appendix A 

At small values of a the function ~(~) is of the form: 

~CO = L.oC~) + a ~l CO + az. EcC~) + ... CA.D 

and the integral equation C3.7b) is rewritten as follows: 

ro k -s 
~(~)=~ C-a)kJ D [dsme m ~ - 3 /2 Csm))/k+lc~,s1 , •• ,sk). CA.2J 

k-0 0 m-1 · 

We introduce the notation: 

. 2zk-l ro dx k . 
/kCS

1 
, ••• ,sk) = -rr-- J ~ n Cl-cos xsk) , 

0 ~- m=l 

·./ 
14 

CA. 3) 

from ~~hich it follm-1s that 

r1csJ = s, 

f (s ,s J ~ 2 L-s3 s3 + Ls +s J3 + 1 1s -s 131 2 1 2 3' . 1 a c- 1 . 2. 2" 1 · . .2 ' 

f.(s .s s J = 2 rs5 
t s5 + s5 - 1cs +s J5 - 11s -s 15 -3 1 2.' 3.. I5 j ~ 3 2 1 2 . 2 1 2 

- l(S tS J5- 1 1s -s 15- l(S +S J5- 11s -·s 15+ lc S +S +S J5+ 2 I 3 2 I 3 2 3 2 2 3 2 - 4' 1 2 3 . 
+ ~IS1 +s,-s3 1 5+ kls

1
-S

2
+S

3
15+ il-s1 +S2 +s~l 5 1. etc. 

Substi tutinq LA. U into CA. 2J. we find ~k(~) and 
coupling expansion of the coefficient c: Ca) which is 

• 0 

by eq. C3. laJ: 

00 

c:oL aJ = }: an f_· 
n?:l n 

E
1 

= -2 Jds e--s fi 1 /""CsJ = ·-2fii 

0 

CA.4) 

the weak 
defined 

00 2 · -s 
E~ ~ ·- ~ Jf rT ldsme m l-1

3 /'Cs )J f?(s ,s ) = -rr + 8/3 , ..... .... 0 m=l ' m ..... 1 2 

00 3 -5 
!' srr Ld m ,-3/2, IJ [1 f ( -.) .... 3 = JJ rT sme · , 1 .- ,s , 3 3 s ,s ,s -m=l m 1 2 3 

.Q CA. 5) 

~ f.:,Cs .s)f?(s ,s_.l/t 1cs Jl = ,tji C- ~ + ~ -18Y3 J. 
q. lo-t 1 #!'.. L4 1 ..,!$ 1 ...) l;J 

Let us cons1der nov1 the strong coupling regime. The solution 
of the inteqral equation (3.?bJ is suggested to be of t.he 
form: 

2..:LO = LH~·)+'!'Ca'OexpC·-ra'()]/a2 •• CA. 6) 

<rU.'J = •:P 0 L1+1> 1 C~J/a
2 tel)tL'a' .. JJ, '!'CO= '!'0Ll+<O(l/a2 JJ. 

Substituting CA. 6) int.o eq. C3. 7aJ 
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for c: Ca), 
0 

v;e get. the 



coefficients of the strong coupling expansion: 

"' 
Ao = -l/~o · "' .s

0
Ca) = A0a2 + A2 + 0< 1/a) CA. 7) 

(X) (X) 

A
2 

= YiQ{~Jd~ e-~C3-2()~ 1 CcJ 
0 

3Jdc LCl+e-r~ w
0

/<P0r 1 /z_ 1n. 

0 
Substitution of eq. CA.6) into eq. C3.7b) gives us: 

<P
0 

= r-1 = -w0 = l/16_..~. 
'1?1(() = C~ + 4 Ln2 - 1)/16 

Then it follows from eqs. CA.7,8) that 
"' Ao = -.4 . A2 = - Ln2 -l/4 

CA. 8J 

CA. 9J 

Appendix B 
To compute the path integral C4.1) with the action C4.5J, we 
use the method of Sec. 3. Shifting the arguments in C4.5) si* 
si+b/2 , we represent functions ei.j and zCsi,sj) as Fourier 
series in the interval [-b/2, b/21 : 

zCs. ,s.) = f. zCn,mJ expl i2rrCnst.+rns1.)/bl, 
1 J run. . 

ei i = E an expl i2rrnCsi-sJ)/bl, · 
. n 

a = Cb/2rr2 ) ln2 + Cb/2rr) 2 ]-1 
n 

CB.D 

CB. 2J 

The expression for an is given here in the limit b * ro. With 
eq.CB.2) taken into account, the combination of functions eij 

in eq. (4.5) can be written in the form: 

Ce +e -e -e J2 = r Q_~~.,, expli2rrCrns +ns +ks +Ls ), 
23 1 4 1 3 24 llliikL IIULKL 1 2 . 3 4 

where a lot of components of ~L occurs to be equal to 
zero. Here we present only the obtained expression for the 
action ~1 : 

"' s
1 

=f. zCn,mJzC-n,-mJ + C3b/16) 1: anam,...nlzCO,mJzC-m,O) + 
. mn mn 

16 

+ zCO,m)zCO.-mJ + ztm,OJzC-:n,IJJ + zCm,OJztO.~mJJ + 

+ C3b/8) >: ancrm lztn.mJ::::C-m. -rr) + .z(rr,mJz(-n,-mJJ -
mn 

- C3b/4) l: crncrm [ zC n, m)z( -m-n, OJ + zC n, mJzC 0. -n-mJ 1. 
mn . 

CB. 3J 

The path integral C4. 1) is replaced by a multifold int~qral 

over independent quanti ties zC n, m) = xC n.. mJ H vt n. mJ. A 
functions zCst.s

1
J are real. the followinq relations take 

place: 

xcn.m) = xc-n,-mJ. vcri,mJ = - vC-n,-mJ. . - CB. 4J 

It follows from CB.4) that independent are the quantities 
xCO,O), xCO,m) and yCO,mJ at m>O, xCn,Q) and vCn,OJ at n>O. 
xCn,mJ and yCn,mJ at n>O. m;! q. It is easy to re·.vrite the 
quadratic form CB.3J only as a function of Independent 
variables, upon ~Jhich integrations can be performed: 

Z = exp{-}: LnCl- ~her a·)->: l.nC1-2A) - 2
1>: l.n(l·- f~~J 1 . 4- m n m· m m:' 4- .n. 

ffi( (I t.• 0 '0 n) o 

- 1 I. nl 1- 3 b )' ~ - 9 b2 
}' 0"4 

/( 1- 3 b ~ J D 2 2 rrt> •
0 

m 4 rtl.' '
0 

m 4 m • 
(B. 5) 

where 

3 ·~ m-l 3 . 3 
Am= 8" bJ

0
anam+n + fu·~\J:0 crncrm.-nC 1 +;{banam_nJ/Cl- ;fbcrnam,...n1· 

CB. 6J 

Note now that in the limit of zero temperatures b * ro 
summation is replaced by integration, with regard to eq. 
CB. 2): 

(X) 

E ream) * (b/Grr) J dm Fl2/b(m2 +U). 
17l.>o 0 

It is easy to get, for instance, 
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ClJ 

1: LnCl- ~amanJ = 

ws 8 

(b/C!nJ 2 JJdm.dn Lnl1- 3/bCm2 +UCn2 +Ul => 
0 

ClJ 

=>- C3b/4n2 ) lJ dm/Cm2 +1Jl 2 =- 3b/16 . 
0 

Similar calculations give us 
ClJ ~ 

}JnC1-2Am) => Cb)2nJfdmLn£1-3/2Cm2 +4Jl=bC-tiU/4- U. 
17l.>o 0 

(8.7) 

C8. 8) 

Other two terms in eq. C8.5J for z1 are of an order of ~Cb0 ) 
at large b and do not contribute to the polaron energy. It 
follows from eqs. CB.7,8J that 

z1 ~ exp l-bC4Yfa- 19)/161.· C8.9) 

Taking into account the notation .C4.5) and the 
definition C4.2J, we arrive at the final result C4.6). 
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