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In many physical problems we are dealing with. the standard 

'equation 

where 

vector 

9 9 

tA 111 = n. · liJ ·• 
1 

9 

n. is an i-th eigenvalue of a matrix ~. 111 
1 . 

corresponding to ni.and·fA is given by 

denotes an 
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c
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0 .......... ,· ..... · 0 eN bN aN 

(1) 

eigen-

(2) 

where ai at i= 1,2, ... ,N, b
1 

at i= 2,3, ... ,N, ·. c 1 at. i= 3,4, ... , 

N are real numbers and c
1

, c
2

, b~ mean complex numbers; stars in~ 

dicate the complex.conjugation. 

In particular, if the periodic boundary conditions are used, 

then the equation for the stati?nary normal modes of the ideal, 

quasiperlodic.or diso~der'chai~ of atoms takes the form ·given by 

Eqs. ( 1,2 ) with ·/A being the dynamic matrix. 

Our task is to present the algorithm , ·for calculating the 
. . 

eigenvalues of /A , the matrix elements of which defines (2). · 

We shall applied the Dean's method of computing eigenvalues 

[1). 

Let v( B ) denote the number of real negative eigenvalues of ma

trix~. Then, according to Ref. [1], v(IA~xD), i.e:, the number of 

Qi fulfilling·the'condition Qi S X is given by 

v { /A X 

N 

} = ['v (.yi )·, 

i=1 

(3) 

where ( y i ) is· the sequence of ,real_ numbers and D denotes the 

unit matrix. .r-w'Jzi!:Wuew .,;...., ___ ,...I J J 



We have derived (y i) ap~lxlng the partition procedure [ 1] to 

particular forms of ( lA - x D). Bela~ we gi~e (yl ), and auXilia-ry- · 

sequences («i)' (t3i), (ll'i)' (Ei)' (Pi), (Ti), (L'.i)' (;\i)' (Ti)' 

(~i) for specified cases. Notice that the greek capital letters 

4enote th~ complex numbers. 

Case I 

If (2) defines the matrix elements of lA, ·then (y.) and the 
. l. 

elements of auxiliary sequences are as ~allows: 

/ 

1=1 

y
1
=a

1
-x and «

1
=a

2
-x, p

1
=b2, 7 1=c3 , E1=c1, P1=b1, T1=o, 

t.1=c2, ·;\1=aN-1-x, T1=bN' ~~=aN-x; 

i=2 
2 2 

Yi =«1-p1/y1 and «2=a3~x-"'1/y1, P2=b3-Pilr 1/y1' "'2=c4, 

E2=T1-t31E1/y 1' . p 2=t.l-t31 p 1/y 1' T2=-'i1'1E1/y1, t.2=-7 1 P 1/y 1 • 

• • 
;\2=;\1-E1E1/y1, T2=T1-E1P1/y1,· ~=~1-P1P1/y1; 

j=3, ... ,N-5 
2 ' . 

y .=«. 1. - P. 1/y. 1 and J J- J- J- !Xj 

t3j =.bj+1- t3J-1"'j-1 / yj-1' 

pj = t.j-1 - t3j-1P,j-l' / yj-1' 

t.j=-'i1'.1P.1/y.1, Aj 
. ' J- J- ~--

. Tj = Tj-1 - ~j-1pj-1 / yj-1' 

i=N-4 

2 ~ 
aj+1-x-"'j-1/yj-1' "'J = cj+2' 

E.= T. 1.- pj 1E. 1 / y. 1' J J- . - J- J-

Tj'= -'il'j-1Ej-1 / yj-1' 
• 

Aj-1 - Ej-1Ej-1 / Yj~1' 
• 

~J.= ~j-1 ~ PJ~1pj-1 / yj-1; 

2 
yi=«i-1-t3i-1/yi-1 and 

2 
«i=ai+1 - x - "'r-1 / Yi-1' 71 = ci+2' 

Pr = bi+1 - t3i-1"'1-1 / Y1-1' Ei = Ti-1 - t3i-1Ei-1 / yi-1' 

pi = t.i-1 - t3i-1pi-1 / yi-1' Tl = cl+3 - "'r~1Ei-l / Yi-1' 
• 

t.i = - "'1-lpi-1 / yi-1' Ai = Ai-l - Ei-1Ei-l / yi-1' 
• 

Ti =Ti-l - Ei-lpi-1 / yi-1' ~i = ~i-1 - pi-1pi-l / yi-1; 

i=N-3 
2 

yi = !Xi-1 - t31-1 / yi-1 and 
2 

a:i = ai+l - x - "'i-1 / Yi-1'. 

2 

l 
! 

. ~ 

t3i = bi+1~- Pr-1"'i-1 / Yi-1' ri =Ti-l- t3i-1Ei-1·/ yi-i' 

Ei _= t.l-1 - pi-1Pi-1 / yi-1' pi = O, Tl =bi+2-'il'i-1Ei-1/yi-1' 
• 

t.i = ci+3 - "'i-1Pi-1 / Yi-1' Al = Al-1 - El-1El-1 / yi-1' 
• 

Ti = Ti-1 - Ei-lpi-1 / yi-1'· ~i = ~1-1 - Pi-1Pi-1 / Yr-1; 

i=N-2 • 2 ' 
Yi = «i-1 - t31-1 / Yi-1 and «i = Ar-1 - rl-1ri-1 / Yt-1' 

B. = T. 1 - ·t3. 1r. 1 / Yr 1' l. ).- ).- ).- -

Ei =pi = Ti = t.i = Ai = O, 

ri = t.i_; - ~i-1Ei-1 / Yi-1' 

·ri = Ti-1 - ri-1Ei~1 / yi-1' . ' . 
~i = ~i-1 ~ El-1Ei-1 / yi-1; 

i=N-1 • • 
yi = «i-1 - 8 i-18 i-1 / yi-1 and «i = ~i-1 ~ rl-1ri-1 / yi-1' 

Ti·=·T. 1- Bi 1r .. 1/ y. 1' Bi=rl=E.=P. =T. =t.i =;\r·=~. =0; 
).- - ).- ).- l. l. l. l. 

i=N 
• 

Y1 = «i-1 - Ti-1Tl-1 / Yr-1· 
'\' 

In particular, rr·c
1
=0 at 1 ·sis N then 

y1 = al - x, 
2 yi = a

1
- x- bi/yi_1 at l=Z, ... ,N-1, 

• 
YN = «N - x - 8 N8 N/yN-1 • 

where 

8 1'= b1, 8 i = -bi 81-1 /'yi-1 at i =·2,.~ ..• N-i, 

N-2 

« = a - ~ 
N N- L_ 

• 8 i 8 i/yl 
l 8N' = bN + 8N-l and 

1=1 

Case II 

Let c
1

, b
1

, c
2 

be real numbers. Then:· 

,3 



1=1 

Y 1 =a,1-x and -.~1 =a2 -~. ./31 =b2' l' 1 =c3, c1 =c1, Pl =b1, . T 1 = o, 
t . 

o1=c2 , A1=aN_1-x, ~ 1 =bN, ~ 1 =aN-x; 

1=2 

Y2 = ~1 - /3i 1 Yl and ~2 = a3 - x- l'ily1, 132 = b3-131711 Y1' 
_!._.·-

72 = c4, c2 = Tl-f3lcllyl, p2 ,= 0 l-f3lpllyl' ., T2 = -l'lCllyl' 
. 2 

02=-l'1P11y1, A2= A1-cllyl, ~2 = ~1 
~ 

' • 2 . 

-clpllyl' ~2 = ~l--p1lyl; 

J=3, .. .',N..:.s 
2 . 2 

y. = ~. 1 - /3. 1 I y. 1 and~.~ a. 1-x-7J ll_y. 1' l'J=cj 2' J J- J- J- J .J+ - ; J- + 

/3. =.b. 1 - /3. 1l'. 1 I y. 1' c. = T. 1 - /3. 1c. 1 I y. 1' J J+ J- J- J- J J- J- J- J- . 

p. = 0 • 1 - /3. 1p. 1 / y. 1' 1:. = - 7 . 1'C. 1 I y. 1' J J- J- J- J- J J~ J- J-

0 .=-7 . 1p. 1/y. 1' J .. , J- J- J-
2 

A.=A. 1-c. 11 Yj 1' ~j=~. 1-c. 1P· 1/y. 1' J J- J- - J- J- J~ J-
2 

~j=~j-1-pj-1/yj-1; 

i=N-4 
2 2 

yi = ~i-1 - /3i-l 1 yi-1 and ~i = ai+1-x-l'i-1/yi-l' 7 i=ci+2' 

13 i = bi+1 - 13 t-1ji-11 ~'Yi!1i ci = Ti-l - @i-lcl~l 1 Yi-1' 

pi = 0i-l - 13i-lpi-l / yi-1' Ti = ci+3 - 7i-lcl-l I yl-1' 
2 0 i=-l'i-lpi-1/yi-1' Ai=Ai-l-ci-11Yi-l' ~i=~l-i-~i-lpi-11yl-l' 

2 
~i = ~1-1 - pi-1 / yi-1; 

1=N-3 
2 

yi = ~i-1 - /3i-l / yi~1 and 
2 

~i = ai+l - X - 7i-l I yi-1' 

/3i = bi+l - /3i-ll'i-l I yi-1' l'i =Ti-l - /3i-lci-l 1 yi-1' 

ci = 0i-l - 13 i-1Pi-l 1 Yi-1' Pi =O, Ti =bl+2-71-lci-11Yl-l' 

o = c - 7 p I y 2 
i i+3 i-1 i-1 i-1' Ai =Ai-l - el-l I yi-1' 

~~ = ~1-1 - ci-lpi-1 1 Yi-1' 
2 

~~ = ~1-1 - pl-11Yl-1; 

· i=N-2 
2 

yi = ~i-1 - 13i-l ! yi-1 and 2 
~1 =Ai-l - x - 71-1 I yl-1' 

·'·4 

·~ 

·~ 

/31 = Ti-l - 13 1-i71~1 1 Yl-1' 71 = 0i-l - /31-lci-1 1 Yl-1' 
2 

ci=p1=•1=oi=Ai~0 • ~~=~i-l-~l-lcl-11Yi-1' ~~=~l-1-cl-11Yl-1; 
:.' 

i=N-1 
2 2 

Yi = ~1-1 - 131-1 1 Yl-1 · and ~~ = ~i-1 - 7 i-1 1 Yl-1' 

~-· = ~- 1-/3. ll'. ·lly. 1' /31= 7 ·= c.= p.= Tl= 0 1= Al= ~~= O; 1 1- . 1- 1- 1- 1 1 1 

i=N 
2 

yi=~i-1-~i-1/yi-1' 

In particular case, if ci=O at 1 ~ i ~ N, then: 

yl = al - x, 

Y1 = ai- x ~ bi/y1_1 at i=2, ... ,N-l, 

YN = ~N - X - /3N/3N/yN-l 
• 

where · 

/31 = bl, /31 = -bi /3i-l I yl-1 at 1 = 2, ... , N-1, 

N-2 

. \ 2 
/3N = bN + /3N-l and ~N = aN - L 1311Y1· 

i=l 

Case III 

Let c
1

=c
2

=b
1
=o. In this case the free or flxed.ends boundary 

conditions are imposed on the system and: . 

Yl = a1-x; /31 = b2; 

2 
Y2 ~ a2 -x - /3llyl' /32 = b3 - 131c3lyl; 

2 2 
yj = aj -x -.cj I yj_2 - /3j-l I Yj-l' 

/3j = bj+l- /3j..:.lcj+llyj-l at. j=3, ..• ,N. 

. . ~ 

Finally; let us ~otlce that the eigenvalue ni of.A in I - III 

cases can be calculate numerically from (3) on tpe basis of the 

above given (y.) using a slmpl;blsectlon method [1] . 
. 1 

·" 5· 
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