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Starting with J.Hubbards famous contribution to Phys. Rev. 
Lett in 1959 111 functional integral techniques have developed 
themselves to a powerful tool for handling many particle~sys­
tems in condensed matter physics. Especially dealing with the 
Hubbard model and its generalisations great progress has been 
reached during the last 20 years 121 culminating in the so­
called "unified picture of magnetism" 131 • Nevertheless, some 
points are not completely clarified, since for different 
functional integral techniques arising from the possibility 
of rewriting the Hubbard interaction by means of the fermion 
annihilation and creation operator commutation rules result 
different answers to the same physical questions. C.A.Macedo 
et al. 141 have particularly solved some of the problems by 
starting from a generalised quadratic form in terms of spin 
and charge densities. Although the transformation introduced 
in ref. 141 includes almost all biquadratic forms of the inte­
raction used in the literature until now it is not the most 
general form, since it is restricted to the spinalgebra only. 
The most general form has to be constructed from combinations 
of nonvanishing single particle fermion operators. There are 
only six such operators: 

c;ct; c;c+; c;c+; c;ct; c;c;; etc+. (1) 

This set together with the unity operator has the structure 
of two isomorphic SU(2) algebras. The spins are as usual 

S X = ½( C; C + + C; Ct) , Sy 

with 

= ~i(c;c+ - c;ct), Sz 

S S = -2i S; i[S, S] = -S and cycl. xy Z X y Z 

furthermore the quasispins are 

Rx = ½( C; C; + C +Ct) , R y = ~ i ( C; C; - C +Ct) , 

1 R = -(n + n - 1) 
z 2 t + 

with 

RR 
X y 

- l R ; - 2 .z i[R, R] = -R and cycl. 
X y Z · 
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1( - n ) 
= 2 nt + (2) 

(3) 

(4) 

(5) 
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Spins and quasispins are connected by a canonical transforma­
tion151 and commute one with the other, because of 

R.S. = S.R. = 0 for i, j = x, y, z. 
1 J 1 J 

(6) 

Whereas a lot of authors employed the spin algebra to rewrite 
ntn+ only few authors 15 •61 treat quasispin algebra descrip-

. t1ons but not in context with functional integration procedure. 
There is no a priori reason preferring one algebra. The most 
general ansatz for a quadratic form both in spin and quasi-
spin is: 

ntn+ = c0 + 
6 
L 

i,j=l 
>-ij~ Sj (7) 

here S~ ••• S6 stands for R1 ••• R3 • By means of eqs.(3), (5), and 
'(6) and using Si = S~ = Si = S2 /3 further Ri = R~ = R2z = R2 /3 
it can be shown that without lost of generality eq.(7) redu-
ces to 

ntn' = a + a S + a S + a S + A S2 + 
T O XX YY ZZ (8) 

+ b x1\ + 1y Ry + bz R z + B R 2 • 

Comparing the RHS of eq.(8) with the LHS it can be immediate­
ly seen that eq.(8) holds for the coefficients ai, bi, A and 
B determined as follows: 

a = a =a; b = b = O; b = 1 
X y Z X y Z (9) 

2 A = -4a0 ; B = -48c) +3. 

So, at least, the most general expression contains one free 
parameter only. With a =·-4a .+ 1/3 it is designed as: 

1 3 1 1 n n = - - - a+ R + (a - -)S 2 +(a+ -)R2 
t+ 4 4 z 3 3 (10) 

From this expression with a= 0 one finds 

1 ls 2 l 2 n n = - + R - - + -R t+ 4 z 3 3 
(11) 

which would lead via the Hubbard-Stratonovic technique to two 
vector fields. One couples to the spin vector Sand the other 
~o the quasispin vector R producing a six component order pa­
rameter. To our knowledge such a scheme has not been reported 
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for the Hubbard model yet, but with R2 /3 = R z and keeping in 
mind 1/4 + Rz + R~ = (nt + n+)2/4 one obtains the form 

1 < ) 2 1 5 2 ntn+ = 4 nt + n+ - 3 . (12) 

It results in a four component order parameter due to one sca­
lar field coupling to the charge density and a vector field 
coupled to the spin. This scheme was extensively studied among 
others by Moriya and Hasegawa 171 with the result of a.quite 
unified picture of magnetism iDcluding both the localised and 
the itinerant limits. UsingS 2/3= Sz Hamann 181 has obtained 
the two-field-scheme 

1 1 
ntn+ = 4 (nt + n+)2 - 4 (nt n )2 + (13) 

studied well by a lot of authors, e.g. 191 • For a= -1/3 fol­
lows immediately from eq.(10) 

ntn+ = ½ (nt + n+) - ½ S2
• (14) 

From this Heisenberg like form studied by Moriya and Takaha­
shi1101 one can get an Ising like expression by substituting 
the spin vector by its z-component only. The resulting expres­
sion was first introduced by Wang, Evenson, and Schrieffer1111 : 

1 1 
ntn+ = 2 (nt + n+) - 2 (nt - n+)2 (15) 

and produces a one field scheme. The choice a= -1/6 finally 
gives the representation used by Gomes and Leder 1121 , so that 
all schemes developed so far are contained in the generalised 
representation (10). At this point we mention that with a= 
= 1/3 the interaction is represented in terms of quasispins 
alone 

2 2 
ntn + = R z + 3 R . (16) 

Again R2 may be substituted by 3R! resulting in 

n n = R + 2R 2 
t + ·~ z. (17) 

The identities (16) and (17) may be usefull dealing with su­
perconducting or charge ordered phases of models with Hub­
.bard's interaction. From representation (17) it becomes clear 
that a contributiorl to the free energy arises only if R f 0, 
i.e. if nt + ni f 1 what characterizes the "charged modezl". 
The latter case may be of interest if one tries to explain 
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high Tc superconductivity within models containing Hubbard 
like interactions, which may be attractive as in the 
BCS theory or repulsive as in the theory of magne­
tism. Both cases are included since the above dis­
cussion is valid for arbitrary prefactors of n n. 
We mention that Hubbard introduced a representafion 
with a local anisotropy, i.e. substituted Sz in eq.(13) 
by (eS) withe being an arbitrary unit vector, and restored 
rotational symmetry by a final integration over all directions. 
This idea may be generalised by using (eR) instead of R in z 
eq.(17). From eq.(10) one has to calculate the thermodynamical 
potential in a more or less comprehensive approximation. The 
appropriate value of n has to be determined by minimizing 
with respect to a. If one starts from an a priori value the 
approximations used in the literature are known to destroy 
operator identities in an uncontrolled manner. Furthermore 
regarding thermodynamics it seems hard to justify, that pha­
ses produced by quasispin operators should be avoided. This is 
automatically done if one restricts the considerations to a 
pure spin representation. A more detailed discussion of eq.(10) 
is in.preparation. 
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illYMaHH P., Xauttep 3. 
Pa3nI1'!Hb)e npeo6pa3oBaHHH, npHBOgH~He 
xa66apgoBCKOe B3aHMogeuCTBHe B KBagpaTHtIHYW 
¢oPMY • 

E 17 -89-99 

06Cy)KgawTCH pa3nH'!HbJe TpaHCqJOpMall;HH B3aHMogettCTBHH 
Xa66apga K BHAY KBagpaTH'!HbIX qiopM npHrogHbIX MH TeXHHKH 
KOHTHHyanbHOro HHTerpHpOBaHHH. IlpegnaraeTCH HOBoe. Bbipa)!(e -
HHe KBagpaTHtIHOH qJOPMbl CHMMeTpHtIHoe no CITHHOBbIM H KBa3H­
CnHHOBbIM onepaTopaM, cogep)!(amee ogHH cBo6ogHbIH napaMeTp. 

Pa6oTa BbmOnHeHa B Jla6opaTOPHH TeopeTH'!eCKOH qJH3HKH 
OID:IH. 
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Various transformations of the Hubbard interaction to 
quadratic forms used for functional integral techniques 
are discussed. A generalised quadratic form in terms of 
both spins and quasispins is given which contains one 
free parameter. 

The investigation has been performed at the Laboratory 
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