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1. Critical exponents are among the most characteristit.:~ 

parameters of phase transitions and critical 

phenomenar 1 1.Calculation of critical exponents has been gerformed 

by various methods for a wide variety of models.[ .... ,3 •41 The 

obtained results. based on the renormaliza tion group 

approach~ 1 •5•61 provide us with a set of successful quantitative 

predictions. The critical exponents exhibit a tmiversal and 

model-independent behaviot~. What is essential is the dimension of 

space D and the munber of physical degrees of freedom. For some 

particular values of these parameters the results are known 

exactly. This is true e.g. !or the D "2 Ising model. l1 1However, 

usually, the exact solution is absent. The most accurate estimates 

of the exponents have been obtained up to now in tlle field 

theoretical formulation of the renormallzation group. involving 

the g(<.pa) 4 field theory, where q_Ja is an n-component isovector 

scalar field. [ 7 1 

2. We now present the results of these caleulations for the 

f':ritical exponent v as a f1..mctlon of two variables: the number of 

c:omponents n and space dimension D. They are summarized in Table 1 

Some comments are in order: 

1) When n = "2 v = I /2 for any D as a result o! perturbation 

theory, as far as all the corrections are proportional to (n+2) 

and hence vanish when n = -2. 

2) Wben D = 4 v" 1/2 for any n as far as D = 4 is the critical 

dimension where the critical charge vanishes and so do the 

perturbative corrections. 
3) For n = o one has the Flory conjecture(Sl 

VF " 3/(D+2) • (1) 

which i.s not proved yet, but seems rather probablel9 l and is tn a 

good agreement with numerical data (see a discussion below). 

4) The n "'" 1 Gase corresponds to the Isil).g model, which is exactly 

solved for D = 2 with the result v1= 1 [1 1 
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5) ForDo 2 the Nlenhuls conjecture 1101glves the result 
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D + 2 

"No l/(4-2t) (2) where t is (~urmected with n by the equation 
n " -2 cos(2nlt) (3) A solution of eq. (3) ls ( In I( 2 ) 

n -2 -1 0 2 
t 6/5 4/3 3/2 2 (4) 

The Nienhuis formula is in agreement with the Flory result and the Ising model forDo 2 and no 0,1. 
6) The absence of a phase transition for the Ising model when D = 1 corresponds to v = oo [ 7 l 

The numerical values 1n Table 1 are given according to: 
a) perturbation theory in the coupling constant for a fixed dimension[2 l; 
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b) E- expansion method, where e = 4- D C3 •71 ; 

c) high temperature expansion[ 4J. 

d) experiment[ 11 l. 
In the first two cases a special te~hnique for sl.muning 

asymptotical series was applied. It is based on the Borel 

summR.tion metll0rl ph18 80mP. improvements d11e to the asymptotic 

estimates for high order perturbativf:! (".oeffic1.ents and analyti(~al 

prop:.u·ties (for details see ref. [2,3,71). 

It should be noted, that the errors presented in the table 

for numerical results are not properly proved matllematically and 

shm,J.ld not be taken too seriously. Because of the asymptotical 

character of the or.iginal series the method of summation itself 

contains some arbitrariness thus making the estimation of the 

errors not cle:::tr enoue;h. 

3. The existence of some analytical results, though may be 

not proved yet, suggests an attempL Lu find a general analytical 

expression which covers all Table 1 for v as a function of n and D 

and fits all the exact values. Furthermore the analytical form of 

vF and vN, eqs.(1 I and (2), suggests lt to be a linear fractional 

function of t and D : 

v(t,D) 
AtD + BD + Gt + E 

PtD + SD + Qt + M 

where A, B, etc. are some numbers. If we now impose the 

constraints 
v(1 ,D) = v(t,41 = 1/2 , v(4/3,DI = vF , v(t,2) = vN , v(312, 11 = oo 

we get 

(D-2 I (3t-4 I + 2 
v(t,D) (51 

2 (D-2) (3t-4) + 2 - (t-1 I (4-D) 

To find the values of v for n>2 ·, we have to modify eq. (3) 

somehow. our hypothesis is that to get one to one correspondence 

between t and n for ln1>2 we have to reflect the cosine function 

with respect to x-axis as shown in Fig.1. Then eq.(3) is modified 

in a cumbersome way 
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n" -2 (-)[X-11 cos(1rX)- 4 [X-11, 
whlle the solution for integer n looks like 

X 2/t (6) 

X 

X :..;: 

6- n 

4 
5-n+ln/41 

3 

for n even 
(71 

for n odd . 

With account taken of eqs. (5) and (7) the exponent v can be 
~alculated for arbitrary n and D. The results are surrunarized in 
Table 2. 

Table 2 
Critical exponent v according to eqs.(5) and (7) 

\\ D 
n \ 1 2 

-2 1/2 1/2 

-1 213 5/8 

0 1 3/4 

1 X 1 

2 X X 

3 X X 

<· t 1 

3 

1/2 

417 

3/5 

5/8 

2/3 

7/10 

~t-< 

4 

1/2 

1/2 

1/2 

1/2 

112 

1/2 

1 

1/2 

(7-D)/(10-D) 

3/(D+21 

(D+2)/4(D-1) 

(D-1 )/3(D-2) 

(5D-8)/2 (7D-16) 

The comparison or the Tables 1 and 2 is shown 1n Figs.2-4. 
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Solid lines correspond lo eq. (5), the error bars are taken from 

Table 1 
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Solid lines correspond lo eq.C5), lhe error bars are taken from 

Table 1 

flnt" L'an observ8 a remarkably good agreement of data having in mind 

the note con<'tn .. ning the errors of numerical calculations made 

above. An important particular case is n = oo (t = 0, according to 
eq. ( 6) ) , which ,,.orresponds to the spherical model. The latter is 

exactly sulved with the result[ 121 : v = 1 forD= 3 and v 1/2 

for D " 4 in agreement with eq. (5). Anyhow, even if eq. (5) is not 

the true exac.t solution (if the latter exists), it can serve as a 
very acc.urate approximation and probably can be derived in a 
rigorous way, tml ike the one presented here. 

The author is grateful to V.Zagrebnov, V.Priezzhev, D.Shirkov 
and A.Vladimiruv for useful discussions. 
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