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In recent years, a great progress has been achleved in the study 

of one-dlmenslonal nonllnear systems. exactly lntegrable by the 

lnverse problem technlque. However, conslderlng real physlcal 

sltuatlons, there appear equatlons not exactly lntegrable. If thelr 

dlfference from the exactly lntegrable equatlons 1s small, they can 

be analyzed uslng perturbatlon methods. In partlcular, the problems 

of the evolutlon of a sollton under small perturbatlons are of 

Interest. In the analysls of such problems approxlmate methods are 

used whlch are based both on the lnverse problem technlquel) and 

dlrect perturbatlon  method^^'^'. The detal led study of the lnf luence 

of small perturbatlons on a slne-Gordon (SC) klnk was carrled out 

uslng dlrect methods In a number of works beglnnlng from ').In '' 
there has been studled the scatterlng of a klnk at the lnterface of 

two SC systems wlth a small dlstlnctlon In dlsperslons for small 

vlbratlons. The klnk 1s perturbed from the lnterface and produces 

small amplltude waves. The ratlo of the energy of the reflected waves 

to the lncldent klnk energy was calculated. In thls paper we 

generallze these results as follows. 1. The dlfference of the two SG 

systems 1s taken lnto account both In the characterlstlc veloclty .c, 

as In '' and charactsrlstlc frequency, fl. At some condltlons thls 

leads to a free passage of solltons from one medlum to the other. 

2.We conslder not only klnks but also antlklnks and breathers that 

are the exact SC solltons together wlth klnks. 

Thus, we conslder the followlng model system: 

where e[x) 1s the Heavlslde step function. The polnt x=O dlvldes two 

SC reglons. The flrst reglon (x<O) is characterlzed by the parameters 

c =c and n =n. and In the second one we have ca = c2(l +c) and 
& 5 =~a(l+611wlth lcl. lbl<< 1. One can easlly obtaln :he transmlsslon 

and reflectlon coefflclents for harmonlc waves wlth frequency w whlch 

are the solutlons of the llnearlzed equatlon (1 )  (sln@=@l. E.g.. the 

coefflclent of the reflectlon of the wave 1s ~=1(1-f )/(l+f 1 l 2  wlth 

f=(cl/c2) I (w2-n: )/(w2-0: ) Sollton solutlons of the nonperturbed 

Eq. ( 1 )  are glven by the formulae 

em(x. t)=4tan-'[i~(x-vt)/dl. I(+) - klnk. ( - 1  - antlklnkl, (2) - 



Ob(x, t ) = 4 t a n ~ ' { ( l - v 2 ) 1 ~ 2 c o s [ ( t - v ~ ~ C 2 ~ ~ v l / v ~ ~ ~ h l ~ d ~ 1 ~ 1 - ~ 2 ~ 1 ~ 2 ~ x - v t ~ l  ) ,  

[breather]. (3) 

Here r=(l-~~c'~)-''/~, v is the velocity, d=c/f2 and vs(O.1) is the 

internal breather frequency. The solitons (2) and (31, beginning to 

travel at t=-m in the positive directlon, reach x=O at the time t=O. 

Consider first the scattering of a kink (or antikiqkl at the 

interface x=O. We assume a solution to Eq.(l) of the form 

@(x. t)=4'(x, t)+*(x. tl. (4) 

By substituting this into Eq. (1) and linearlzlng In 9, we find the 

following equation in the lowest order of the small quantities: 

Here, the transformation has been used 

r=f2r(t-vxc-'), <=R~(x-vt)/c. ( 6 )  

Eq.(5) differs from the analogous equation in ') only by the 

multiplier in the right-hand side (we note also that ft=c=l and 

6=0 in ' ' 1 .  Thus. we can completely follow ') and not give here the 

detailed calculations. The new feature appearing here is that the 

soliton travelling with velocity v passes the interface without any 

change (in our approximation): 

(v /c12 = lic/6 . (7) 

This is possible if, for kink, c and 6 have the same, and for 

antikink, different signs. Eq. (5) is to be solved using the initial 

condition that at t=-m we have only a soliton at x=-m. After 

obtaining '$ the result (4) can be represented as follows: 

4ix, t1=4'(<t~(r)+<a/2)+0' (x, t l+o(a2). a=+6-cr2, ( 8 )  

A(r ) = ~ c ~ r + c v ~ ~ l n c o s h ~ v ~ c ~ ~  I+ln21/4v. 

The argument of the first (soliton) term In Eq. ( 8 )  as t--m wlll be 

(r/d)lx-t(viac2/2vr2)). This means that the sollton after passlng the 

lnterface acquires an additional veloclty 

different for kinks and antlklnks. The second (so-called contlnuuml 

term O' at T ~ O  decreases rapldly If IT (  Increases. For 7<O. 0' 

contains terms decreasing wlth 7 and waves movlng to the left and 

rlght directlons. Taklng the wave O' movlng to the left, we determlne 

the reflectlon constant R: 

R=E1/Es. El=(A/ZjidX[O;: + c2@;: + f220:l, (10) 

where E is the energy of the wave and E =8Af2c7 is the lncldent 

soliton energy ( A  is a constant different for various concrete 

physical models). The result is as follows: 

n(i6-c12 (~/v)'/~exp(-nc/v)/8. z"~, v-o 
( c2/16, v-c. (11) 

Now, consider the scattering of breathers The complex 

expression (3) makes the analysis more difficult than for kinks. So, 

we will consider here orlly the low-energy (small-amplit,~de) breathers 

with ~=(l-v~)l/~<<l. Such breathers play a significant role in the 

thermodynamic and dynamic properties in a number of systems described 

by the SG model 6 - 9 1 .  Using Eq. (4) with ab instead of and 

substltuting it into Eq. (11, we obtain the following equation in the 
lowest order of the small quantities: 

*rr- *<< + '4 = -4Q(<+vr/c)[6+c(v/c12~'XX (12) 

where X=ocos(r/~)/cosha<. If c and 6 are of different signs and 

16/c/<1 the breaLher with the velocity v 0' 

!v /c la=-6/c. (13) 

freely passes the Interface. Eq.(12) is solved using the Fourier 

transform and the inltlal conditio~~s at t=-m. Due to the paper 

being short. we omlt the terms vanishing as t-m: 

m 
9 =-D(v/cl Jdk w-'cos(k<-wkr) f (k). (14) 

-m 

Here ~=o+c(v/c)', w =(k +I and f (k)=g_(k)-g+(k), where 

gi(k I={ (r-liwk)coshln( k+cw /vSc/v~)/2ul 1 - '  The main contribution to 

'4 for small u is 

(T.<I= -4~cos(ra~~l(c/vl~o/cosh~. (15) 

This means In our approximatlon that 9 gives only the change In the 

breather amplltude: 

The term q2 describes the transmitted (q r )  and reflected (9,) waves. 

For the wave moving to the left the condltion kc-vf/c must be 

satlsfied. Substitutlng Q Into Eq.(lO) instead of 4;, we flnd the 

energy of the reflected wave. E : 



The maln contrlbutlon to El for small u Is glven by k close to -vf/c. 

Then, the lntegral In (17) can easlly be estimated. We dlvlde El by 

the breather energy Eb=16Mcfu to obtaln the reflection constant,R: 

.I WD2e-~/2(v/C)~W2r-S/2 (moderate v and v-0). (18) 

R .I 4~ (a+= ) 2e-1/2f -'I2 (v-c 1. (19) 

Here ~=(48-1)~(3/2)/1642 and Clx) 1s the R l e m a ~  function. The 

calculations were carrled out In the lowest order of u. The natural 

requlrement R<l wlll be accom~llshed If v<D'. 

Thus, the ratlo of the energy of the reflected waves to the 

lncldent small-amplitude breather energy has been obtalned. For small 

lnltlal velocltles we flnd R - vl'" and for v-c, R-0 as 

I l-(v/~)~]~/'. Such a behavlour dlf fers conslderably from the above 

results for klnks and antlklnks. 
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( D ~ ~ W H H H  B.K., k c b l  B. E17-89-740 
0 paccenmH COIIHTOHOB Ha r p m q e  pasnena 
AByX CHCTeM C H ~ I Y C - ~ O ~ J & O H ~  

Hsyuae~cn paccenmie COIIHTOHOB N O ~ ~ J W  CHHYC-I 'O~~OH~ Ha 
rpamiqe pasaena asyx cpen, HesHaumenmo oTnHvatoDpixcR K ~ K  

B X ~ P ~ K T ~ P H C T H Y ~ C K O ~ ~  YaCTOTe , TaK H B IlpenUIb~Ofi CKOPOCTH 
PaCIIpOCTpaHeHHR: C M H T O H O B ,  P ~ C C M O T P ~ H ~ I  KHHKH, aHTHKHHKH, 

a TaKEe HHSKOSHepI'eTHYCCKHe 6pkisepbl. B pat4KiilX TeOPHH BOS- 

~ylqeHSdi ~ W e H b l  YCnOBHR ~ ~ C I ~ ~ ~ I I R T C T B ~ H H O I ' O  IlpOXOX$(eHHR: CO- 

nmoHoB HS oaktoi4 c p e w  B apyrym. COJIHTOH~I npki pacceRHm 
HSJIYY~IOT npoxomwe H oTpaxceHHble BOJIWI . n o n y ~ e ~ b l  K O ~ @ @ ~ U H -  
eHTbl OTpaItCeHHR. paCCeRHHhIX BOnH, kCCJ'Ien0B;uIO HSNeHeHHe 
CKOPOCTH H @OPM COIIHTOHOB. 

Fedyanin V.K., Lisy V. E 17-89-740 
On t h e  Sca t t e r ing  of So l i tone  
a t  t h e  I n t e r f a c e  of Two Sine-Gordon Syeterns 

The e c a t t e r i n g  of e o l i t o n e  a t  t h e  i n t e r f a c e  of two 
eine-Gordon (SG) eyeteme i s  etudied. The eyeterns d i f f e r  
s l i g h t l y  both i n  c h a r a c t e r i s t i c  frequencies and upper ve- 
l o c i t i e e  of t h e  s o l i t o n e .  Kinke, an t ik inks  and l o r e n e r g y  
b rea the re  a r e  taken i n t o  account. Ueing d i r e c t  perturba- 
t i o n  methods, condi t ione  of t h e  f r e e  paeeage of t h e  s o l i -  
tons through the  i n t e r f a c e  a r e  found. The eo l i tone  a t  t h e  
e c a t t e r i n g  produce r e f l e c t e d  and t ransmit ted  wavee. The 
r e f l e c t i o n  cons tan t s  of t h e  s c a t t e r e d  waves have been ob- 
ta ined,  and changes of t h e  s o l i t o n  v e l o c i t y  and form a r e  
etudied.  

The i n v e s t i g a t i o n  has been performed a t  t h e  Laboratory 
of Theore t ica l  Phyeics, J INR,  
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