


+ a
 

'cd 
+

x
 

cd 
h

 

2
4
 

w
 

I3
 

W
 I1 

3: 

"
2

 
E

 
5

.
d

5
P

 
G

3
4

J
 

rd 
c

5
 

s
a

c
 

C
d

 E 
rd 

O
U

O
 

.d
 
.d

 a 
a
 

$
C

.
d

P
 

C
h

'
 0
'
 

d
 

n
 5

 
s .5 
w

rn
 



here two twrms describe the process of one-particle annihila- 
tion with the creaticn of two particles and one hole, and the 
process of one-hole annihilation with the creation of two 
holes and one particle; 

(22) = (PP/PP) + (hhl hh) i- 4(ph\hp), (1.6) 

where the last term, e.g. describes the annihilation of a 
state "particle + hole" and creation of an analogous state 
witk other momenta; 

The quantity Ho in eq. (1.3) is a constant. 
1. We shall consider the following states: 

a) a (supposed) ground stateno, the state, which in 
the limit of weak interaction ( U  + 0) tends to the Fermi-vacu- 
urn loF>, as defined by the condition 

b) particle-hole scattering state Qph, which tends to 
the state bT,bz\O > as U + 0. We shall calculate the energies 
of states flo and n p h ,  using the simplest perturbation theory 
formula/1/ 
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Let us denote the energy of the state Qo byEo and the exci- 
tation energy of the state Rph by Aph . We shall take E: - 
- Hz (k) rather than E: T (k) . We have 

Here Z2 and 2 3  are the second and third terms of eq. (1.8). 
1.1. Equation (1.4) and the condition T(p) > T (h), I pl > 

> kF > 1 h 1 imply the quantity H2(p) - H2 (h) to be positive, 

if \pi> kF> Ihl, and to be zero, if \pl =k = 1 h / ( interac- 
tion is supposed to be weak). Thus the perturbation correc- 
tions X 2  and Z3 may be significant only in a certain vicinity 
of the Fermi surface. We have shown (Sec. 2) that 

But the third order contribution x3 (p) + Z3 (h) does not dis- 
appear on the Fermy surface. By virtue of the spherical sym- 
metry, this contribution is constant on this surface. 

1.2. If this constant is positive, there exists a gap bet- 
ween the excited-state energy spectrum, and the ground-state 
energy; our gap is an effect of the third-order perturbation 
theory. 

1.3. If this constant is negative, the states Qph with 
I p 1 = k = 1 h 1 have lower energies thall our (supposed) ground 
state. It seems to be of a considerable interest to construct 
an actual ground state in this case (Appendix A). 

1.4. In a media with a crystal structure the quantity 
Z3(p) + Z3(h) (item 1.1) is not a constant on the Fermi sur- 
face. This quantity may, e.g. change its sign on this surface. 
In this case one has to use the method of the Appendix A to 
construct the ground state and the gap will not exist. 
If, however, the lowest order correction is positive 
on the Fermi surface, the gap does exist. 

11. THE PERTURBATION THEORY CALCULATIONS 

We shall start with the calculation of our ground state 
energy. Equations (1.3) and (1.8) give 

Here H2 is the part of Hamiltonian (1.3) in brackets. The func- 
tion (p'p"h'h"1 0 ) - (40) is antisymmetric in (p'p") and 
(h'h") ; thus 
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- 
to the quantity X3(p). Another contribution to these quanti- 
ties comes from the formula: 

One can prove, analogously, 

(see eq. (1.6)). If there is a particle-of momentum p ,  one 
has to eliminate values p'= and p"= p from the sum in 
eq. (2.2). Th~s, eq. (2.2) gives the contribution 

to the quantity X2 (F). Analogously, eq. (2.3) gives the cont- 
ribution Z1X3(p) = 

- - 
6, X,(P) + gz f 3(~) = 

{ 
- -1 

= < O F !  bp -(Is) (H2 - H, (p)) (31) + 
- -1 - -1 

+ (13)(H2 - H2 (P)) (22) (HZ - H2 (P)) (31)\ 1 O F ,  
\ C 

t Here (31) - ~ ( P P ~ / P )  , see eq. (1.5), H~(P) see eq. (1.4). 
As a result, we have: 

These formulae and analogous formulae for the hole energies 
2 

show the quantity 'X2(p) + P,(h) = ifl [ E i  X2(p) + Z i  
2 

to disappear, and the quantity X3(p)+ X3(h)=, 2 [ K i  X3(p) + 
1 = 1  

' I + 6i X3 (h)l not to dissappear on the Fermi surface I p j = k F =  ( h ;. 
We shall decipher our diagrams in Appendix B*. 
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:': The consideration above is oversimplified beginning from eq. (1.6) i which is to be substituted -by egs. (82)-(Bb). As a matter of fact, 
the quantity (2.8) cancels at I p /  = 1 h I = k~ the part, of the quanti- I ty a12 (h') which one can get by cutting off the lines h  on the dia- 
grams (3.3).  The remainin pazt of the quantity 6 1x3 ( h / )  and analoggus 
part of the quantity 9 $3 ( i) determine the non-zero value of x 9 ( P ) + 
+ 2 (h') (at Iji] = I h  I = k F )  . 



APPENDIX A 

Here we consider the problem of the ground-state when 
Aph < 0 at I pj = kF = I  hl (item 1.3). The state Rph with an 
excitation energy Aph and the analogously defined state 
Plhl p2h2 with an excitation energy APlhl+ APZh2 at 

have energies lower than does the "ground state1'Ro. Let us 
denote by G some region in the momentum space which is divi- . 

ded by the Fermi sphere \ k J = k F  into two equal parts. Let us 

denote by a(G) a state which in the limit U + 0 tends to the 
state ( n b* b*) 1 oF>; here momenta p ,h cover all the region 

D.h G Q P h ..-- - - 
G (the volume V is finite, so is the number of states M(G)). 
We write down the energy E(C) of the state Q(G) in the form 

E(G) = Ho + H~ (G) + 2 (G) +. 2, (G) + ... . 
where 

and 

6, I:, (G) = P S2 P3 (P. G) + Z 6, P3(h9 G). 
PC G h €  G 

Here Ezo and EQo are sums (2.2), (2.3), E2,(G) and E3,(G) are 

analogous sums, where the summation momenta do not belong to 
region G, quantities S2X2(p. G) , . . . B2Z3(h, G) are defined as 
sums (2.7), (2.8), where the summation momenta do not belong 
to the region G. Having constructed the energy E(G), we can 
now minimise it via variation of the region G. Let the re- 

gion C - G give a minimal value to the energy E (G).The region 
seems to ke something like k 

<: ; p 1 po , h o ;  k1 I kF . Thus 
for our case ( ! l p h  ' 0 at - hj - kF! to the real ground 
state there corresponds not the totally filled Fermi sphere, 
but a certain filled sphere Iki <hoe- k F  and a filled spheri- 
cal layer kF c 1 kj c pg with an empty gap hg.:jkl.:k~ bet- 
ween them. The width of the gap depends on U and tends to zero 
if U -  0 .  There is no gap in the excitation energy spectrum in 
the consirlesed case. Unpleasant feature of states !2 0, Rph , - a -  

is the fact that the norms of all these states tend to ~nfini- 
ty as V +  rn (if l p h c  0) .  The proof of this fact will be pub- 
lished separately. 

APPENDIX B 

Here we shall decipher the diagrams of Sec. 2. We shall 
start by drawing mentally a vertical line between every two 
subsequent vertices on all the diagrams. 

L,et us first consider the diagram of eq. (2.2). It contains 
the vertex function (40) - (p'pHh"h'i 0) = 

=[U(P'+ h') - U(p"+hP) -U(p'+ h") + l~(p"+h")]~ P)#+h I # +  h ,  /(2V) = 

see eqs. ( 1.1 ) , (1.2) ; here A(a, b) denotes the operator of 
antisymmetrization over arguments a and b .  To the vertical li- 
ne on the diagram (2.2) there corresponds the denominator 
H2(p0)+ H2(p") - H2(h") - H2(h'). There diagrams of eq.(2.3) 
contain three new vertices: 



Vertical lines, e.g., on the first diagram (2.3) give the de- 
nominator 

The diagrams of eqs. (2.71, (2.8) contain new vertices 

Vertical lines, e.g., on the second diagram of eq. (2.8) give 
the denominator 

(see the second term of eq. (2.6)). Here, the summation runs 
over pz h 2  p l h l p .  Let us note also that the vertical lines of 
the fourth diagram of eq. (2.5) give the denominator 

Here, the summation runs over h p h l p l h Z  . In the diagram of 
eq.(2.4) the summation runs over h l h 2 p ;  one can get this dia- 
gram from that of eq. (2.2) by fixing P'= and p"= of 
momenta P' , p" . These values of summation momenta are forbid- 
den in the presence of a particle with momentum ; . 
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Note added in proof 

Our problem is closely related to that of BCS Hamiltonian. 
Our method of consideration is valid also for the Hamiltonian 

A H =  X a * a *  + X R  b * b  + (---- X a * a  b D +c.c.) 
k k k  9 9  9 -- k k-q q q 

\/V kq 

of the microscopic conductivity theory. A gap here is an ef- 
fect of the fourth order ( h 4 )  perturbation'theory. 

Received by Publishing Department 
on October 18, 1989. 

B a c t a ~ e n ~ o  n.r. E17-89-722 
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