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1. I n t r o d u o t i o n  

The k i n o t i o  equa t ion  d e s o r i b i n g  t h e  r s sponse  of t h e  e l e o t r o n  
l i q u i d  i n  m e t a l s  i s  solved f o r  r e s t r i o t e d  geomet r ies  on ly  i n  t h e  
r e l a x a t i o n  t h e  approximation,  o f .  e. g. /1*293/. The r e a s o n  f o r  t h i s  
f a o t  i s  t h e  p o s s i b i l i t y  t o  s o l v e  boundary problems f o r  d i f f e r e n t i a l  
equa t ions .  On t h e  o t h e r  hand, suoh problems a r e  muoh more d i f f i o u l t  
f o r  i n t e g r o d i f f e r e n t i a l  e q u a t i o n s ,  p a r t i o u l a r l y  a t  g e n e r a l  o r  oompli- 
oated i n t e g r a l  k e r n e l s .  For some e f f e o t e ,  we e x a o t l y  know whioh r e l a -  
x a t i o n  time should be used. For example, f o r  oyolo t ron  r r sonsnoe ,  
h i ~ h l y  anomalous s k i n  e f f e o t  and t h e  f i l m s  t h i n  i n  t h e  s o a l e  of a  
mean-free p a t h ,  one should use t h e  r e l a x a t i o n  time determined by t h e  
s o a t t e r i n g  p r o b a b i l i t y  d e n s i t y  averaged over  t h e  Fermi s u r f a o e ,  of.  
/ 2 p 3 /  . I n  t h e  o p p o s i t e  l i m i t ,  1. e . ,  normal s k i n  e f f e o t  o r  t h i o k  
f i l m n ,  t h e  t r a n s p o r t  r e l a x a t i o n  time i s  proper  / 2 p 3 /  . Unfor tuna te ly ,  
t h e r e  a r e  almost  no answers oonoerning proper  r e l a x a t i o n  t imes  i n  t h e  
i n t e r m e d i a t e  limits o r  i n  h i ~ h e r - o r d e r  approximations t o  t h e  main 
ex t r smal  e f f e o t .  

~ s  i t  w i l l  be shown, i t  i s  p o s s i b l e  t o  s o l v e ,  a s y m p t o t i o a l l y  f o r  
t h i n  s l a b s ,  some boundary problems a l s o  f o r  i n t e g r o d i f f e r e n t i a l  
equat ion8 a t  t h e i r  g e n e r a l  k s r n e l s  . Let us  fo rmula te  the  r e s t r i o t i o n s  
imposed on our  model. 

C a l o u l a t i o n s  w i l l  be  performed f o r  t h e  two- o r  t h r e e d i m e n s i o n a l  
s l a b s  of  t h e  i s o t r o p i o  meta l  a t  t h e  t empera tures  s o  low t h a t  on ly  t h e  
i m p u r i t y  s o a t t e r i n g  i s  t h e  a o t i v e  meohanism. The t w o d i m e n s i o n a l  
s l a b  should n o t  be t r e a t e d  as p u r e l y  mathematioal o o n s t r u o t i o n  beoause 
of monoatomio m e t a l  l a y e r s  d s p o s i t s d  on he semioonduotor o r  i n s u l a t o r  
sur faoes .  The m o h a  boundary oondi t ions  j4' a t  t h e  border  w i l l  be 
aseumed i n  t h e  p u r e l y  d i f f u s i v e  limit. Note t h a t  i t  i s  p h y s i o a l l y  
o l e a r  t h a t  tho speoula r  boundary oondi t ions  l e a d  t o  t h e  s o l u t i o n  
o h a r a o t e r i e t i o  of bulk samples whereas i t  i s  r a t h e r  d i f f i o u l t  t o  s o l v e  
t h e  problem f o r  p a r t i a l l y  d i f f u s e  boundary oondit iona.  Unfor tuna te ly ,  
t h e  same d i f f i o u l t i e s  appear  a l s o  a t  t h e  boundary o o n d i t i o n s  /!3/ 

deduoed from t h e  f i r s t  p r i n o i p l e s .  
we s h a l l  s t u d y  t h e  r ssponse  t o  a homogeneous r l e o  r i o  f i e l d  p a r a l -  

1.1 t o  t h e  border  of t h e  eample. I n  o o n t r a s t  w i t h  ref.f4'  , i t  w i l l  b r  
n o t  assumed t h a t  we d e a l  with a  d.0. f i e l d .  Por m a.0. f i e l d ,  one 
needs t o  i n t r o d u o s  an e f f e o t i v e  q u a s i p a r t i o l e  i n t e r a o t i o n  o u t  of t h e  
f u l o t i o n  d e s o r i b i n g  t h e  i m p u r i t y  s o a t t o r i n g  p r o b a b i l i t y  and t o  



d i s t i n g u i s h  t h e  d e v i a t i o n  from t h e  equi l ib r ium and from the  l o c a l  
equi l ib r ium /2'3'6/ . As t h e  s e r a i  v e l o c i t y  i s  much sma l l e r  than  t he  
v e l o c l t y  of l i g h t ,  t h e  r e s t r i c t i o n  t 2  t h e  homogeneous f i e l d  i s  not  
s e r i o u s  a t  normal s k i n  e f f e c t  f o r  d=3 and i s  not  s e r i ous  a t  a l l  f o r  
d  =2. 

Let us  o u t l i n e  t h e  overview of our paper. k'he next  s e c t i o n  i s  
devoted t o  t h e  formula t ion  of t h e  k i n e t i c  equa t i on  i n  t h e  in tegro-  

d i f f e r e n t i a l  form. We do i t  a l s o  i n  t h e  a.c. c a se  G)# 0 because a l l  
remaining t ransformat ions  of t h i s  paper  a r e  t hen  of t h e  same complicacy '' 
a s  i n  t h e  s t a t i c  case.  The r eade r  wi th  i n t e r e s t s  r e s t r i c t e d  t o  d.c .  
f i e l d s  could simply put  0= 0 everywhere. It i s  shown i n  t h e  t h i  ,d 
s e c t i o n  t h a t  t h e  k i n e t i c  equa t i on  a t  d i f f u s e  boundary cond i t i ons  i s  
equiva len t  t 3  t h e  g iven  system of nonhomogeneous i n t e g r a l  equa t ions .  

Moreover, t h e  cu r r en t  response  of t h e  system i s  expressed by one of 
i 

t h e  f u n c t i o n s  be ing  t h e  s o l u t i o n s  of our system of i n t e g r a l  equa- 
t i o n s .  This  system i s  solved a sympto t i c a l l y  i n  t h e  f o u r t h  s e c t i o n  I 

I 

f o r  s l a b s  t h i n  i n  t h e  s c a l e  of t h e  mean f r e e  path.  The oppos i te  li- 
m i t  i s  s t ud i ed  i n  t h e  f i f t h  s ec t i on .  Unfortunately,  we a r e  a b l e  t h e r e  

I 

t o  do something only a t  a lmost  isotropic s c a t t e r i n g  on impurit;es. I 

The conc lus ion  of our paper i s  devoted t o  t h e  ex t ens ion  of t h e  deve- 
loped methods. 

2.  The ki.nrtSc eqGaticn 1 
The p r o b a b i l i t y  d e n s i t y  d e s c r i b i n g  t h e  impur i t y  s c a t t e r i n g  of  t h e  1 

a ng l e  @ dependent only on ~6 w i l l  be expressed as 1 
I 

4 
where n i s  t h e  u n i t  vec to r  d i r e c t e d  a long  t h e  e l e c t r o n  momentum. 
The b r acke t s  <. . .); denote t h e  average over s p h e r i c a l  ang l e s  ( d= 3 ) 

o r  ang l e s  (dz2) connected w i th  t h e  v e c t ~ r  . 
Let us  w r i t e  t h e  k i n e t i c  equa t ion ,  at onoe f o r  t h e  f u n c t i o n  (V - 

and , r e s p e c t i v e l y  determined v i a  t h e  t ime Fou r i e r  transform's 
of t h e  d e v i a t i o n s  of e l e c t r o n  d i s t r i b u t i o n  func t i ons  from t h e  l o c a l  
equi l ib r ium,  $ f , and t h e  equ i l i b r i um Jp  , cf .  /2,3/ - and /6/. 
Let us i n t roduce  t h e  d imens ionless  f unc t i ons  Y and Y as 
fol lows:  [:,!\ = ~ u z E _ ( - ~ [ . ~ E )  

Here e i s  t h e  e l e c t r o n  charge,  4 t h e  Fermi v e l o c i t y  and 
t h e  Fou r i e r  t ransform of t h e  e l e c t r i c  f i e l d .  The s p a t i a l  coord ina te  
Z i s  perpendicu la r  t o  t h e  border  of t h e  sample . %e f u n c t i o n  y 
i s  connected wi th  t h e  f u n c t i o n  y, via the 

4 +a 
where A (an') i s  t h e  dimensionless  s p i n  symmetric p a r t  of t h e  

forward s c a t t e r i n g  ampli tude of  q u a s i p a r t i c l e s ,  of. 16/ at dm3 and 
17/ f o r  t h e  base  of an  analogous cons t ruc t i on  a t  d=2. It i s  conve- 

6 -D+ 

n i en t  t o  exp re s s  t h e  func t i ons  F(zt?) and A (nn') v i a  t h e i r  
Fou r i e r  (d=2) and Legendre (d=3) ampli tudes.  We have 

where PL denotes  t h e  1-th Legendre polynomial. 

At d=3, t h e  ampli tudes A t  can be expressed v i a  t h e  spin-sym- 
h 

met r i c  Landau p a r m e t e r s  r- e as fol lows:  

It i s  easy  t o  s e e  t h a t  a t  d'2 a n  analogoua r e l a t i o n  ha s  t h e  form 

The s t a b i l i t y  oondi t ions  of t h e  F e m i  l i q u i d  impose t h e  fo l lowing  
r e s t r i c t i o n s  on 



a t  d=3, of. e.g. 'I6/, and, a s  i t  i s  easy t o  s e e  

a t  d-2. The i n e q u d i t i e s  

r e spec t ive ly  a t  d=3 and 2, a r e  t he  necessary condi t ions  of the  posi-  
t i v i t y  of t h e  func t ion  (I). One can v e r i f y  t h a t  t h e  t r anspor t  mean 

f r e e  path tr i s  expressed v i a  (=YE a s  f o l l o w s ~  

Hence, and from i n e q u a l i t i e s  (5) we have 

(7) 

For t h e  t r anspor t  i n  t he  homogeneous e l e c t r i c  f i e l d ,  t he  e l ec t ron  

dens i ty  remains homogeneous and, hence, the  amplitude A: i s  cancel- 
l e d  i n  expression (3). Choosing the azimuthal a x i s  i n  t h e  2 d i r e c -  

t i o n  a t  d=3, one can w r i t e  t h e  standard t r anspor t  equation i n  t he  

f  o m  

where 

with t h e  coordinate Z taken i n  the  u n i t s  of t h e  mean f r e e  path,  

[ c u ~  , cf. e.g. , 13/ and . The e f f e c t s  of quas ipa r t i c l e  
i n t e r a c t i o n  a r e  important only a t  ~ # 0  bacause i n  t h e  d.c. case 
mutual quas ipa r t i c l e  s c a t t e r i n g  does not lead  t o  r e d i s t r i b u t i o n  of 
t h e  momentum. It i s  easy to  see t h a t  an analogous equation a t  d=2 
can a l so  be w r i t t e n  i n  t h e  form (8),(9)  a t  q=x/2 and t h e  angle@ 

varying i n  t h e  i n t  e r v a l  (~ ,$?w)  ; a t  dm3, 0 6 6 d JT . %e 
response of t h e  system to  t he  ex t e rna l  f i e l d  i s  expressed v i a  t he  

conduct iv i ty  depending on the  frequency and the  coordinate 
perpendicular  t o  t h e  border of t he  slab.  %plaiting the  f l r s t  of t h e  
formulae (2) we ob ta in  f o r  t h i s  quan t i t y  

where a t  d=2 one should take  = / ; = ppd/d,d-4i;d 
gives  t h e  d e n s i t y  of c a r r i e r s  and on* i s  t h e i r  e f f e c t i v e  mass. 

3. Transformations of t he  k i n e t i c  equation 

It i s  not  d i f f i c u l t  t o  v e r i f y  t h a t  t he  s o l u t i o n  of equation (8) 

can be taken i n  the form \~(n',  z)  = &nO/.A;nrp u(mel Z )  
a t  d=3 and, a t  d=2, i n  the  same form but a t  qJ =lf~/2 and 
Subs t i t u t i ng  such in to  eq. (8) and exp lo i t i ng  t h e  add i t i on  

theorem f o r  sphe r i ca l  funct ions  a t  d=3 and the  d e f i n i t i o n  of t he  
Tchebyshev polynomial of t h e  second kind a t  d=2 we obta in  

where c = W Q  , c'= W Q '  , a -  / I+~GJz . ~t a-3 
, where the  prime denotes t he  de r iva t ive ,  

a d t h e a v e r a g e  (..-), h a s t h e  
C on t h e  i n t e r v a l  (-1,l). A t  d=2, 

. . 

where UL(c ) i s  t h e  Tchebyskev poly- 
nomial of t he  second kind with t h e  index 1, c.f. eg. /a/ 
and t h e  average remains i n  i t s  previous form. * Frn~= %L 

~ e w i l l l o o k f o r t h e f u n c t i c n  u ( C , Z )  i n t h e  form 

It i s  worth mentioning t h a t  t h e  denominator a - FO4/d can a l s o  
be w r i t t e n  i n  t he  f  orm ellt, + L a %/me a t  d-2 and 
3, where /mG denotes t h e  % r y s t a l w  mass of t he  e l e c t r o n  and 
i s  i t s  f u l l  e f f e c t i v e  mass containing a l s o  the  con t r ibu t ion  of t h e  



i n t e r e l e c t r o n  i n t e r a c t i o n .  S u b s t i t u t i n g  t h e  f u n c t i o n  (12) i n t o  
eq. (11) one f i n d s  

tl = A  
where t h e  l a s t  e q u a l i t y  s e rve s  as a d e f i n i t i o n  of t h e  func t i ons  B (z) 

r, 

It i s  ea sy  t o  see  t h a t  t h e  specu l a r  r e f l e c t i o n  at t h e  border  
of t h e  s l a b ,  Z= t 6 , i s  f u l f i l l e d  at A ( C I Z  )=  0 . I n  such  

a  case ,  G,Cz) =. eQn z//w~*(Q - F*,/d) , i s  z - 
independent  and co inc ide s  w i th  t h e  conduc t i v i t y  of t h e  bulk sample a t  

d=2 and 3* I'his f a c t  i s  independent of t h e  r a t i o  2&/e and ha s  a  
v e r y  simp1.e phys i ca l  meaning because t h e  mi r ro r  i s  not  an obs t ao l e  
f o r  t h e  component of motion p a r a l l e l  t o  it. 

Let  u s  Fmpose t h e  boundary cond i t i ons  correspondlng t o  d i f f u s e  
scattering on t he  f u n c t i o n  A(cr  2) . We have: U/&,C)=O 
at C < O  and U [ - 6 1 c l = 0  at C z O  . Taking i n t o  account  
formula (12) one can v e r i f y  t h a t  t h e  s u i t a b l e  f unc t i on  A, s a t i s f y i n g  
eq. (13) has  t h e  form 

S u b s t i t u t i n g  t h e  f u n c t i o n  (14) i n t o  t h e  d e f i n i t i o n s  of t h e  f u n c t i o n s  

B,( Z )  9 cf .  t h e  l a s t  formula (131, one f i n d s  

n t k  
(15) 

w n  

Here, at d=3 we have 

A t  d=2 one o b t a i n s  

Now, l e t  u s  express  t h e  conduc t i v i t y  Ga(t) i n  terms of  t h e  

func t i ons  Bk (21 . S u b s t i t u t i n g  t he  f u n c t i o n  3 i n e ~ n  VU/CIDB/Z)  
i n t o  express ion  (10) and t hen  e x p l o i t i n g  eqs. (151, at kn1, R,(c) = 
d, a f t e r  r a t h e r  s imple t r an s fo rma t ions  one f i n d s  

It i s  easy  t o  s e e  t h a t  Bn l z ]  a r e  odd f u n c t i o n s  at n-2k and even 

f u n c t i o n s  at n  = 2k+l. %e reason  f o r  t h i s  f a o t  i s  ve ry  s imple 
because of i nva r i ance  o f  equa t ion  (8) under simultaneous Z -ref lec-  
t i o n  i n  t h e  momentum and con f igu ra t i on  spaoe. 

The next  t r an s fo rma t ion  of t h e  system (15) f a c i l i t a t e s  i t s  solu-  
t i o n ,  at l e a s t  at  2 b 4 1 ,  1.e. at mean f r e e  pa th  muah b igger  t han  t h e  
width of  t h e  s lab .  Note t h a t  b, oonaequently, i s  t aken  in t h e  u n i t s  
1, analogoualy t o  Z . Let us  i n t roduce  t h e  new funb t i ons  D (z) 
determined as fo l lows:  

k 

'2 
~n terms o f  t h e s e  func t i ons  G, ( Z  = e VLZ D, I z ) / ~  + 



Exploi t ing  the  formula 

obtained v i a  t h e  d i r e c t  i n t eg ra t ion ,  one can r ewr i t e  t h e  system of 
equations (15) i n  t he  form 

4. !he asymptotic so lu t ion  f o r  t h i n  s l a b s  

Let us so lve  t he  system of i n t e g r a l  equations (21) a t  $=2&.g i  
i n  t h i s  case t h e  i n t e g r a l  term i s  small and the  system can be solved 
asymptot ica l ly  exac t ly  by i t e r a t i o n .  We proceed with t h e  oase d=3. 
Let us f i nd  the  asymptotics of t h e  fol lowing i n t e g r a l :  

(22) Mel l in1s  r ep re sen ta t i on  of  t h e  i nve r se  exponent wi th  t he  
ant ic lockwise  contour L around t h e  po in t s  0,1,2,3,... of the 
complex plane was exploited.  Taking i n t o  account t h a t  the  subinteg- 
r a l  func t ion  i n  t he  last i n t e g r a l  (22) has  t he  f i r s t  order poles  a t  
a l l  na tu ra l  numbers k inc luding  zero  i f  k # / n + d  and the  se- 
cond order  pole  at k = n+?, one f i n d s  

where C i s  t h e  Euler  constant  and the  prime above the sum denotes 

t h a t  t he  term with k = n+f should be t he re  omitted. P a r t i c u l a r l y ,  

a t  n = -1 
o a  

k=4 
Exploi t ing  t h e  well-known p rope r t i e s  of t he  Legendre polynomials 
and formula (23), one obta ins  

We have a l s o  

a t  n=  -1,0,1, . . , I n  the transformation of the prel iminary in t eg ra l  
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Let u s  make analogous e s t i m a t i o n s  a t  dS2. E x p l o i t i n g  M e l l i n ' s  
r e p r e s e n t a t i o n  of  t h e  i n v e r s e  exponent and t h e  d e f i n i t i o n  of  E u l e r ' s  

- func t ion  one g e t s  

where t h e  con tour  L c o i n c i d e s  w i t h  t h a t  i n  t h e  i n t e g r a l  (22). Now 
we have second o r d e r  p o l e s  a t ' J=2k+n+ / I ,  k = 0,1,2,  ... 
and t h e  f i r s t  o r d e r  p o l e s  a t  I= (),I,. .. n and 3 = 2k +n+2. It 
l e a d s  t o  a more complicated f u n c t i o n a l  form of t h e s e  i n t e g r a l s ,  t h e  
analogue of t h e  expansion (23) h a s  now t h e  form 1[61+ CJ (6)&,& 
w i t h  t h e  [(g )I 9/61 - f u n c t i o n s  e m a n d a b l e  i n t o  t h e  power s e r i e s  
at b=O. Due t o  complicacy of t h e  fu1.L expansion formulae f o r  7,(6/ 
n = -1,0,1, ..., we will.  w r i t e  them only w i t h  t h e  accuracy  s u f f i c i e n t  
f o r  us. 'Ne have 

Taking i n t o  account  t h a t  Tchebyshev polynomials  of t h e  second 
k i n d ,  U,(C) , determined as ~ % / & + 4 ) ~ 3  /N'Lq expressed i n  
t e rms  of  t h e  polynomials  of t h e  v a r i a b l e  C ,  
a s  

one can o b t a i n  exploiting eqs. (28) 

Let  u s  s o l v e  t h e  system of e q u a t i o n s  (21) at d=3 and 2 i f  

2 6  S_<< 4. s i n c e  i n  t h e  c a s e s  d=2  01- 3 ,  Dzn[J =O(@and 

W,, ,2Yn((~I) ~ O ( 4 1  ; hence, t h e  t e v  D,,Cz) i s  in f luenced  by 
t h e  f u n o t i o n s  D,, only  w i t h  t h e  acouracy . Moreover, 

t h e  c h a r a c t e r  of t h e  k e r n e l s  W4,Zm+F and t h e  f u n o t i o n s  (z) 
a l l o w s  one t o  conclpde that b m  +l(')= Q2m 44 (21 + o[~'&;) 

at dm2 and 3. This  i s  t h e  r e a s o n  why two f i r s t  terms of t h e  expansion 

over  t h e  small v a r i a b l e  & + d ~  a r e  f r e e  from i n f l u e n c e  of t h e  
parameters  FoL , 1 = 1 ,2 ,3 , . . .  . To c a l c u l a t e  t h e  c o r r e c t i o n s  

0 (3" k 2 g )  and 0(42& &) t o  t h e  "dimensionless  conduo- 
t i v i t y "  Q ( z )  i t  i s  s u f f i c i e n t  t o  s u b s t i t u t e  DZm+4 (z)  i n  t h e  

form Q 2 v a + 4 f ~ )  i n t o  t h e  i n t e g r a l  term of e q u a t i o n s  (21) 
n e g l e c t i n g  t h e  q u a n t i t i e s  D2,[z) . By means of formulae (25), 
(26) and (29) ,  a f t e r  e lementary i n t e g r a t i o n  and d i s r e g a r d i n g  t h e  
0(f, terms,  we have 



where . C a l c u l a t i n g  a l s o  t h e  remaining e l e -  

mentary i n t e g r a l s ,  one €1 :ds at 6=3 

The f u n c t i o n  ($(=) i s  determined as fo l lows:  

at $[;) 3 )c AX . Changing t h e  i n t e g r a t i o n  v a r i a b l e  x  = b t ,  
d i s r e g a r d i n g  t h e  te rms  01CJ2) and express jng  t h e  r e s u l t  v i a  t h e  

v a r i a b l e  GI = z/.$ one f i n d s  

o( s,'l 
I n  an analogous way, we o b t a i n  f o r  d=2 

n = o  
where 

The express ion  i n  t h e  b r a c k e t s  of t h e  l a s t  term of t h e  s o l u t i o n  

(34) can be expressed as (Fo(i) - Fa(-i))/2/ , cf .  formula 
( I ) ,  1.e. v i a  t h e  d i f f e r e n c e  of forward and backward s c a t t e r i n g  

p r o b a b i l i t y .  The r e s u l t  f o r  d=3 i s  not  so  e a s i l y  i n t e r p r e t a b l e  bu t  

i t  i s  easy t o  s e e  t h a t  ~(2r1+0!! J ~ / ( ~ ~ + L ) ( R ~ ~ I U ~ ~ ) ! ! I ~ =  0(1) 
and, hence, t h e  s e r i e s  appear ing  i n  formula (30) i s  convergent 

I - -1 
provided t h a t  t h e  s e r i e s  f o r  F(n n ) i s  convergent too. 

Let u s  c a l c u l a t e  t h e  average v a l u e s  of G3(z) over  Z I n  t h e  

i n t e r v a l  (-b,b) because i t  i s  a d i r e c t l y  measurable quant i ty .  It i s  
t o  see t h a t  t h e  averaged q u a n t i t y  + ( z )  h a s  t h e  form 

lba logous  procedures at d=2 g i v e  

Note t h a t  t h e  t e r n  O( $'&L$)) at U--0 and 612 and 3  s lways 

has  t h e  same s i g n  as t h e  term . These terms d i s -  

appear  i n  t h e  r e l a x a t i o n  time approximation. The s i g n  of t h e s e  terms 

i s  i n t u i t i v e l y  c l e a r  at d72 and t h e  s t a t i c  l i m i t ;  p r e v a i l i n g  f o r -  

ward s c a t t e r i n g  l e a d s  t o  growing c o n d u c t i v i t y ,  p r e v a i l i n g  backward 

s c a t t e r i n g  l e a d s  t o  d imin ish ing  conduc t iv i ty .  For  d=3,  d i s r e e a r d i n g  

t h e  terms O(~Z&?J) we come t o  t h e  r e s u l t  14/. The l a c k  of in-  

f l u e n c e  of t h e  parameters  FQL on t h e  term ~ l $ f $ ~ $ l )  i n  (36) ,  
(37) i s  q u i t e  c l e a r  because t h e  main n o n a n a l y i t i c t y  i s  weakened 

under t h e  i n t e g r a l .  On t h e  o t h e r  hand, an analogous e f f e c t  f o r  t h e  

O( ) term of eqs.  (36) and (37) cannot  be exp la ined  so simply. % 
5 .  About t h e  asympto t ic  s o l u t i o n  f o r  t h i c k  s l a b s  

Let  us  now d i s c u s s  our  problem a t  b>> 1; i n  t h i s  l i m i t  t h e  

c o n d u c t i v i t y  ~ O ( Z ) s h o u 1 2  be c l o s e  t o  t h e  c o n d u c t i v i t y  of t h e  

bu lk  sample, G ~ , ~  - - e2n-z; / ( a -  F,,/~)w* 
u n l e s s  M i r \  (6+dz) ,.$ 4 . Now, because t h e  r o l e  of t h e  singu- 

l a r  term-of t h e  k e r n e l s  (16),(17) i s  weakened, i t  i s  imposs ib le  

t o  o b t a i n  an a n a l y t i c  approximate s o l u t i o n  f o r  4, (2) even at 



. It i s  easy t o  f i n d  t h e  behaviour  of t h e  f u n c t i o n s  

and k e r n e l s  Wkn (b) at b  >> 3. I f  d=2, t h e n  Vk 18) N - O ( ~ - ~ / A ' ' ~ )  a t  d-3 we have V k [ 6 ) -  W k , ( 6 )  = 
" / A ~ )  ; t h e  c o n c r e t e  forms of t h e  asympto t ic  expans ions  

a r e  easy t o  ob ta in .  The same behaviour  should have t h e  f u n c t i o n s  

Bk[z)  at M1.h (6 A d 2  ) 7> 1 . on t h e  o t h e r  hand, at small 
d 

v a l u e s  ,6+d 2 , 4, lzl ,> 1 , t h e  f u n c t i o n s  Dk(z)  st i l l  

should have t h e  asympto t ics  similar t o  t h o s e  expressed v i a  eqs. (30)  
and (341, t a k i n g  i n t o  account  t h e  r e l a t i o n  between t h e  f u n c t i o n s  

&kcz) and D k l z )  (19). It should be expansized t h a t  s t i l l  
t h e  near-border r e g i o n  of t h e  v a r i a b l e  )/ , i .e .  &+&y 4 1 , 

1 ~ )  >> 4 and small v a l u e s  of t h e  modulus 11-yl  w i l l  p lay  t h e  

most impor tan t  r o l e  i n  t h e  i n t e g r a t i o n  i n  eqs. (15). This  i s  t h e  

reason  why i t  i s  i n p o s s i b l e  t o  w r i t e  t h e  asympto t ic  formula f o r  

Q4 (2) v a l i d  i n  t h e  whole domain of t h e  v a r i a b l e  z and, hence,  

a l s o  t h e  e x p r e s s i o n  f o r  t h e  averaged c o n d u c t i v i t y .  
I n  t h e  l i m i t  b  >> 1, i t  i s  p o s s i b l e  t o  s i .mplify t h e  problem by 

r e p l a c i n g '  i t  by t h e  problem f o r  t h e  half-space (d=3) o r  t h e  h a l f -  

p lane  (d=2) n e g l e c t i n g  e x p o n e n t i a l l y  small mutual  i q f l u e n c e  of  t h e  

f u n c t i o n s  ar [z) at d + Z  $ 4 and 4 -2 4 4 . The equa t ions  f o r  

t h e  s i m p l i f i e d  problem by means of eqs. (151, can  be w r i t t e n  i n  t h e  

form 

00 

where now t h e  meta l  i s  conta ined  i n  t h e  half-space o r  half-plane 

z, y 3 0 . Note t h a t  t h e  border  Z = - 6  i n  t h e  p rev ious  nota-  

t i o n ,  cor responds  t o  Z = 0 now. Taking i n t o  account  formula (18) 

one can w r i t e  t h a t  

It i s  worth remarking t h a t  t h i s  formula does n o t  c o n t a i n  a ~ y  exponen- 

t i a l l y  smal l  terms. The second term i n  t h e  square  b r a c k e t s ,  diminish-  

i n g  t h e  average  c o n d u c t i v i t y  at C h ) r O ,  can  be t r e a t e d  a s  a r e s u l t  of 
e d d i t i o n a f  r e s i s t a n c e  o l  t h e  border ,  a lmost  independent  of t h e  w i d t h  

of t h e  s l a b  a t  t h i c k  s l a b s  and, hence,  g i v i n g  t h e  c o n t r i b u t i o n  

o(&-~) t o  t h e  average  c o n d u c t i v i t y .  
Equa t ions  of t h e  type  (38) a r e  u s u a l l y  s 'olved, if they a r e  s o l -  

ved,  on ly  at one nonvanishing parameter  Fan , by t h e  Wiener- 

Hopf method, cf .  e.g. /'/ . If LYL N && t h e n  t h e  F o u r i e r  

t rans forms  o f  t h e  i n t e g r a l  k e r n e l s  w i l l  have t h e  form at a = 1, i . e . ,  

G'= 0 

These f u n c t i o n s ,  independent ly  of  t h e i r  r e l a t i v e l y  s imple form, do no t  

a l low one t o  p e r f o m  t h e  i n t e g r a l  c h a r a c t e r i s t i c  f o r  t h e  Wiener - Hopf 

technique  and, hence, t o  o b t a i n  Ga(z) at b  $1 and Fdn-k. 
Note t h a t  at d=3, t h i s  problem i s  v e r y  f a m i l i a r  though more complicated 
t h a n  Mi lne ' s  problem, cf .  e.g. /9/ 

If we t r e a t  t h e  i n t e g r a l  term i n  eq. (8)  as p e r t u r b a t i o n ,  which 

corresponds t o  almost  i s o t r o p i c  s c a t t e r i n g ,  t h e n  one can  w r i t e  

Even t h i s  fo rmula  and, moreover, even at Irm nr 0 , does no t  a l l o w  
f o r  a d d i t i o n a l  s i m p l i f i c a t i o n  at &, (2) >> F s i n c e  t h e n  b+dZ 4 1 
i s  a l s o  p o s s i b l e .  Le t  us  o b t a i n  t h e  average v a l u e  o f  t h e  f u n c t i o n  

q z l ,  %,Q,c- at 6, g i v e n  by formula (41). ,After l o n g  but  
r a t h e r  s imple c a l c u l a t i o n s ,  d i s r e g a r d i n g  t h e  terms o ( ~ ' % )  and 

e x p l c i t i n g  formulae  (16) and (17)  one f i n d s  

f o r  d  = 3  and 



f o r  612. It i s  not d i f f i c u l t  t o  s ee  t h a t  i n  the  next orde? of the  

per turbat ion  theory with respect  t o  rah t he re  appear t r i p l e  
i n t e g r a l s ,  e tc .  but, according t o  formula (39), 8,,(W. w i l l  not conta in  

the  terms 0 ( ~ - ~ )  a t  k > i. 
Double i n t e g r a l s  (42) a t  d=3 have the  form Q a +  A,., &2 

with  CL, and r a t i o n a l  numbers. A l l  these  i n t e g r a l s  can be 

obtained by t h e  formula 

m m-k k k = A  

z(-i) ( ~ ) k - l ~ ( f ) ( ~ + a - t - i ) - i -  

which can be obtained i n  an elementary way. The right-hand s ide  of 
equa l i ty  (44) i s  not manifes t ly  symmetric under t r a n s i t i o n  of n 
and m ;  i t  l eads  t o  some i d e n t i t y  f o r  t he  sums of binomial coefficients. 

It i s  worth mentioning that because of d e f i n i t e  p a r i t y  of every Le- 

gendre polynomial, formula (44) is  useful  f o r  us only a t  (-j)')=(-i)m 
As Tchebyshev polynomials of the  second kind s a t i s f y  analogous 
property, a  two-dimensional analogue of formula (44) i s  s u f f i c i e n t  
only a t  (-i)l=[-L)M . I n  such a case, a f t e r  long but elementary 
t r ans f  ormations one gets  

k+)/rpdm;t-k+4)r/k;$] - 
k = 1 This formula i s  not  manifes t ly  symmetric under t r anspos i t i on  of 

n and m. It i s  easy t o  see  t h a t  a t  (-l)n=(-l)lrr t he  expression i n  
the  square brackets of formula (45) i s  a r a t i o n a l  number. Taking 

i n t o  account t h a t  f?,(c)= 1 , n,[c)-= dc , d=2,3 v i a  e q u a l i t i e s  
(44),(45) one f inds  

a t  d=3 and 



where Gal& i s  t h e  conduct iv i ty  of t h e  bulk sample. Note t h a t  

t h e  c o e f f i c i e n t s  a t  ~ ~ , / ~ a . %  i n  fo rnu la  (47) w i l l  be r a t i o n a l  

numbers. The c o e f f i c i e n t s  a t  - 1=,,/$a2 a r e  r e l a t i v e l y  small a t  
d=2,3 and n=1,2. A t  d=3 we have 0.1338 and 0.0113 f o r  n = l  and 2, 

respect ive ly .  A t  d=2 analogously we have 0.0637 and 0.0485. A t  

Fan = 0 formula (46) coincides ' ~ i t h  t h a t  of r e f .  
141 and /1/. 

I 7. Conclusions 

As one can v e r i f y ,  t he  pe r tu rba t ion  procedure appl ied  d i r e c t l y  
t o  t h e  ke rne l  Fa i n  equat ion  (8) l eads  f o r  d i f f u s e  borders t o  
s e r ious  mathematical d i f f i c u l t i e s ,  at l e a s t  f o r  t h i n  s labs .  Namely, 

even i n  t h e  f i r s t  order pe r tu rba t ion  term the re  appear s ingu la r  
double i n t e g r a l s .  The na tu ra l  way of t h e i r  r e g u l a r i z a t i o n  by t h e i r  

symmetrization with respect  t o  v a r i a b l e s  x,y, cf .  eqs. (46) and (471, 
l eads  unfor tunate ly  t o  f a l s e  r e s u l t s  f o r  t h i n  s labs .  Hence, t he  

system of t he  i n t e g r a l  equations (15) shows i t s  usefu lness  even 
i n  simplest  ca l cu l a t i ons  beyond the  r e l a x a t i o n  time approximation. 

It i s  worth emphasizing the  analogue between the  e l e c t r i c a l  

t r anspor t  i n  i s o t r o p i c  meta ls  and the  one-velocity approach t o  t h e  
neutron t r a n s p o r t  i n  i s o t r o p i c  media, cf .  e.g. /I0' . 1n t h i s  l a s t  
case, t he  theory i s  r i c h e r  because of p o s s i b i l i t i e s  of absorpt ion  
a s  well  a s  t he  production of neutrons. Moreover, the form of the 
source term, corresponding t o  the  f r e e  term of eq. (81, should be 
r e s t r i c t e d  f o r  neutrons t o  non-negative func t ions  and, on t h e  o ther  

4 +*/ 
hand, i n  t h i s  case  A (n rl, )= 0 . boundary condi t ions  corres-  

pond t o  t h e  wa l l s  absorbing neutrons. It seems t h a t  the  technique 
deveioped he re  can a l s o  be modified f o r  neutrons provided t h a t  t h e i r  
sources w i l l  be s p a t i a l l y  homogeneous i n  the  volume of t he  slab.  

The c o l l i s i o n  t e r n  c h a r a c t e r i s t i c  of t h e  k i n e t i c  equation (8) 

can conta in  a l s o  t h e  e f f e c t  of i n t e r e l e c t r o n  sca t t e r lng .  It i s  connec- 
t ed  with t he  i d e a  t o  represent  two-body c o l l i s i o n  i n t e g r a l  f o r  de- 
generate Ferrni l i q u i d  i n  t he  reduced form appearing i n  eq. ( B ) . ~ h i s  
i dea  has been introuced by Abrikosov and Khalatnikov ''''and has  

beer. developed i n  the  p a p ~ r s  by &ooker and Sykes /I2/ and wb'lfle/13! 
I n  t h i s  case  t h e  c o l l i s i o n  i n t e g r a l  becomes a l s o  temperature- 

dependent, i n  t h e  manner c h a r a c t e r i s t i c  of degenerate zermi system, 
a+& ( ~ / € f = ) = ,  k~ = 1 . Accord~ng t o  t h e  a n a l y s i s  by Kagan and 

Zhernov /14/, the  s c a t t e r l n g  of e l ec t rons  wi th  t h e  o s ~ l l l a t i ~ n s  of 
impur i t i e s  l eads  t o  the  enhancement of t he  r e s i d u a l  r e s i s t i v i t y  

by the  term O(~IL).biechanisms l i k e  t h a t  a r e  n o t  taken i n t o  account i n  
our c o l l i s i o n  i n t e g r a l .  This  i s  t h e  reason why one can inc lude  t h e  

i r . t e r e l ec t r an  c o l l i s i o n  i n t o  our scheme but  only at T=O a d  i n  t h e  
e l a s t i c  l i m i t .  
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Even amplltudes of t he  d e n s i t y  of s c a t t e r i n g  probabLli ty (I) 
disappear i n G d ( z )  till the  terms ~ f ~ ~ k ~ )  because of z -in- 
vers ion  invar iance  of equation (8). It i s  poss ib l e  t o  break t h i s  

SYnm+-rY by Solving the  boundary problem with one d i f f u s e  and one 
specular  border. It i s  not only mathematical cons t ruc t ion  because of 
a p o s s i b i l i t y  of  prepara t ion  of  samples. It seems t h a t  even i n  t h i s  

Case two b igges t  t e r n s  of Cd(7) , O(gR.9) and Of%) , remain 
unaffected f o r  t h i n  s l a b s  by t h e  ampll tudes FOL . The so lu t ion  of 
t h i s  problem w i l l  be obtained i n  t he  nea r  future.  
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