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1. INTRODUCTION 

Cooperat ive e f f e c t s  of  a  system of  atoms i n t e r a c t i n g  wi th  

common coheren t  f i e l d s  and wi th  t h e  vacuum of r a d i a t i o n  i s  a sub- 

j e c t  of con t inu ing  i n t e r e s t  i n  t h e  l a s t  y e a r s  s i n c e  Dicke f i r s t  

in t roduced  t h e  c o l l e c t i v e  s u p e r r a d i a n c e [ l )  . The process  of  su- 

per rad iance  and super f luorescence  has  rece ived  much t h e o r e t i c a l  

and experimental  a t t e n t i o n  [2-6 and r e f s .  t h e r e i n  J ; however, 

t h e  super rad iance  i n  t h e  frame of  t h e  Dicke model h ~ 8  been expe- 

r i m e n t a l l y  observed i n  t h e  microwave range  w i t h  u s i n g  t h e  Ryd- 

berg  atoms[7]and i n  t h e  radiowave range w i t h  u s i n g  t h e  system 

of  n u c l e a r  magnetic moments 18 1 . 
I n  t h e  l a s t  y e a r s ,  an e x t e n t i o n  of t h e  Dicke model i s  widely 

used t o  s t u d y  c o l l e c t i v e  resonance f luorescence[9- l l ]  . C o l l e c t i v e  

Raman s c a t t e r i n g  [12,13] and c o l l e c t i v e  double o p t i c a l  resonance 

b4,15J . I n  t h e  works [14,15] t h e  i n f l u e n c e  of t h e  black-body r a d i -  

a t i o n  has  been neglected.  The e f f e c t s  o f  thermal  f i e l d s  a r e  n e g l i -  

g i b l e  f o r  o p t i c a l  t r a n s i t i o n s  even a t  normal temperature.  How- 

ever ,  when atoms a r e  t h e  Rydberg atoms and t h e i r  t r a n s i t i o n s  a r e  

t h e  microwave t r a n s i t i o n s  (where t h e  Dicke model i s  j u s t i f i e d )  

t h e  e f f e c t s  o f  t h e  thermal  f i e l d  become impor tan t  a t  v e r y  low 

temperature (T r 4 ' ~ ) .  I n  t h i s  work we cons ider  t h e  i n f l u e n c e  

of  t h e  thermal  f i e l d  on t h e  s p e c t r a l  and s t a t i s t i c a l  p r o p e r t i e s  

of  t h e  f l u o r e s c e n c e  f i e l d  from c o l l e c t i v e  double resonant  proces- 

ses .  

11. BASIC MASTER EQUATION 

The N t h r e e - l e v e l  atoms (Fig.1) .  concent ra ted  i n  a  reg ion  

smal l  compared t o  t h e  wavelength of  a l l  t h e  r e l e v a n t  r a d i a t i o n  



modes, i n t e r s c t  wi th  two resonant  c l a s s i c a l  d r i v i n g  f i e l d s  and 

wi th  a  thermal  r e s e r v o i r .  I n  t h e  boson r e p r e s e n t a t i o n  of atoms [l4J 

when each atomic l e v e l  i s  compared wi th  a  boson v a r i a b l e ,  t h e  

master  equa t ion  f o r  t h e  reduced atomic d e n s i t y  o p e r e t o r  f i n  

t h e  frame of r o t s t , i n g  wsve and Markovim approximation t a k e s  t h e  

fo l lowing  form ( i n  i n t e r a c t i o n  ~ i c t u r e ) [ l 6 J  : 

where 
fi ( ~ c s d J 1 ~  + d l ' * d J  + U . C . )  1 (2) 

Uco, = A 3  

where and &' a r e  r a d i a t i v e  spontaneous t r a n s i t i o n  r a t e s  
32 

f o r  t r a n s i t i o n s  I L > 4 1 4 ,  and 132  + la > , r e s p e c t i v e l y ;  
*. 

A = (f14 + nA ' "' and t g r l =  n / where A, and if a r e  
A 

t h e  Rabi f r e q u e n c i e s  f o r  t h e  upper and lower atomic t r a n s i t i o n s  

r e s p e c t i v e l y ;  q j  3 <.+cj ( J , J' = 1-31 where C; and q.+ 
s a t i s f y  t h e  boson commutation r e l a t i o n  

[ C,. , cj+ -J = q,. 
and can be t r e a t e d  a s  a n n i h i l a t i o n  and c r e a t i o n  o p e r a t o r s  f o r  

t h e  atoms populated on t h e  l e v e l  l i > ; 
- - - 4 
.n = rnfd.~) = [ e ~ p ~ w 4 / ~ r ) - d J  1 

- - - 9 

5 = - ~4~~ = [ e r p ( d J r / x ~ ) - 4 J  

a r e  t h e  mean photon numbers i n  t h e  broad-band thermal  f i e l d  

provided by t h e  r e s e r v o i r  a t  t h e  atomic f r e q u e n c i e s  "Jf and 
r e s p e c t i v e l y .  

A f t e r  performing t h e  canonica l  ( d r e s s i n g )  t rans format ion  

t h e  L i o u v i l l e  o p e r a t o r  L appear ing  i n  equa t ion  ( 1 )  s p l i t s  i n t o  

t h e  s lowly vary ing  p a r t  and terms o s c i l l a t i n g  a t  f requency 

R n  ( n = 1-4). I n  t h e  case  of i n t e n s e  e x t e r n a l  f i e l d s  so  

t h a t  

t h e  s e c u l a r  approximation i s  jus t i f i ed[9 ,14]  and master  equa t ion  

( 1 )  reduces  t o  

- 51 

-' X, (R,, R,, P + Rjr .?- q2 ?$ - Rj2 1 9) 9 Y ' c  )' 

V 

where f = U g U +  , U i s  t h e  u n i t a r y  o p e r a t o r  r e p r e s e n t i n g  t h e  

canonica l  t rans format ion  ( 4 )  - ,+ = 5 5 ,  ms2d r l r ,  + f ) + 4 1. u JZ ~ , h % ( ~ i i + $ ) , ( 7 )  

I ( 8  



R.. = 4,*QJ. ( i , j = 1-3) a r e  t h e  c o l l e c t i v e  
'J 

o p e r a t o r s  of t h e  d ressed  atoms. Since t h e  t r a n s f o r m a t i o n  (4)  i s  

canonica l  t h e  o p e r a t o r s  4, and Q: a a t i s f y  t h e  boson commu- 

t a t i o n  r e l a t i o n  

[ Q ; ,  uj* J = fii 
so  t h a t  

The exact  s t a t i o n a r y  s o l u t i o n  of equa t ion  ( 6 )  t a k e s  t h e  form 

where 

The s t a t e  I P, M > j 

(with a n  e igenva lue  

)C = R,, i  a,, i Rj) 
The s t a t i o n a r y  

.s an e i g e n s t a t e  of  t h e  o p e r a t o r s  Rs P,, 
RSj 

P ), Rf4 (wi th  an e igenva lue  M and 

(wi th  an eigenvalue N ). 

d e n s i t y  mat r ix  (11) of t h e  atomic system i s  - - 
dependent on t h e  mean photon numbers n4 and of  t h e  thermal  

f i e l d .  Consequently, a l l  t h e  s t a t i o n a r y  e x p e c t a t i o n  va lues  of  t h e  

atomic observab les  a r e  dependent on t h e  thermal  r e s e r v o i r .  Only 

i n  t h e  s p e c i a l  case of 8 -2 =&~ / . *2  t h e  d e n s i t y  m a t r i x  (1 1) 
32 

i s  independent of t h e  thermal  f i e l d .  By u s i n g  t h e  d e n s i t y  mat r ix  

(11) one can c a l c u l a t e  a l l  t h e  s t a t i o n a r y  e x p e c t a t i o n  va lues  of  

t h e  atomic observables .  Some of  t h e  r e s u l t s  t h a t  w i l l  be needed f o r  

our fu re ther  s o n s i d e r a t i o n  a r e  given i n  Appendix. 

111. STEADY-STATE FLUORESCENCE SPECTRUM 

I n  t h i s  s e c t i o n  we i n v e s t i g a t e  t h e  s p e c t r a l  p r o p e r t i e s  of  

t h e  f luorescence  f i e l d .  We assume t h a t  I wzj - / >> 

then ,  t h e  s t e a d y - s t a t e  s p e c t r a  of f luorescence  f i e l d s  correspond- 

i n g  t o  t h e  lower jL>* I f >  and upper /J>* ].( > atomic t r a n s i t i o n s  

a r e  c l e a r l y  separa ted  and can be c a l c u l a t e d  a s  t h e  Four ie r  t r a n s -  

forms of t h e  atomic c o r r e l a t i o n  f u n c t i o n s  

< J3ztr>J > = 4.m < .T ( t i  2 ) {3w > , 
"3 t*%. 32 

where (....> denotes  an expec ta t ion  va lue  over  t h e  s t e a d y - s t a t e  
s 

(11). F i r s t ,  l e t  u s  cons ider  t h e  f luorescence  spectrum accord ing  

t o  t h e  lower atomic t r a n s i t i o n  I -3 1 4 . .  

BY us ing  t h e  master  equa t ion  (6)  one can d e r i v e  t h e  equa t ion  

f o r  a  mean v a l u e  of t h e  atomic o p e r a t o r  q 

I n  p a r t i c u l a r ,  t h e  equa t ion  of motion f o r  < R . , ( t )  J > can be 

d e r i v e d  from eq.(16) i n  f o l l o w i n g  form: 

kt (17)  





unsoluble.  Only i n  the  s p e c i a l  case  d;te u.fZd = . f f r ' r r t ~  t h e  

parameters  A, = 5 and t h e  terms wi th  t h e  produc ts  of  o p e r a t o r s  

van ish ;  t h e n ,  a l l  equa t ions  (17)-(20)  reduce t o  t h e  exac t  s o l v a b l e  

l i n e a r  d i f f e r e n t i a l  equat ions.  

For t h e  common c a s e ,  according t o  t h e  works [10,12,141 we 

u s e  t h e  d e c o r r e l a t i o n  scheme 

< { t ,  R > = 2 < ~ 3  ( 5 ;  n,> . 
J 

By u s i n g  the d e n s i t y  mat r ix  (11)  one can show t h a t  i n  t h e  case  

of l a r g e  N the  decor re l f l t ion  (34)  y i e l d s  a  s m a l l  e r r o r  (wi th  

an order  of N-*  ) i r l  t h e  c a l c u l a t i o n  of  t h e  s t e a d y - s t a t e  f l u o -  

r e s c e n t  spectrum. Applying the d e c o r r e l a t i o n  scheme (311, eqs . ( l7 ) -  

(20)  have a  simple exponent iu l  s o l u t i o n .  Using t h e  quantum reg- 

r e s s i o n  theorem[17] one o b t a i n s  t h e  atomic c o r r e l a t i o n  f u n c t i o n  

(14)  i n  t h e  fo l lowing  form: 
- 5 '  

4 3 4 r t > J a  = t w'd < e 

where 

fo = + Xc ( N -  4 R 3  J (36)  

14 ( N -  2 < R 3  ) r, = 5 .t J 
(37 

The e r p r e s s i o a s  f o r  ) and 4 111 3 can be found i n  

Appendix. It i s  easy t o  s e e  t h a t  t h e  s t e a d y - s t a t e  s p e c t r m  of t h e  

f luorescence  f i e l d ,  which i s  p r o p o r t i o n a l  t o  t h e  F o u r i e r  t r a n s -  

form of t h e  crtomic c o r r e l a t i o n  f u n c t i o n  (35) .  con te in  f i v e  com- 

ponents  a t  f r e q u e n c i e s  WJ4 (So ) , ua 2 fi C 52F,, ) and 

L r ) ~ 4  
2 tn S , l ) .  A l l  t h e  spectum components have t h e  Lorent- 

z ian  shape. The c s n t r a l  component has t h e  l i n e w i d t h  5 
and i n t e n s i t y  I - i 6 5 %  < u3'> ; t h e  i n t e r m e d i a t e  oide- 

0 4 Z 

bands 34  have l i n e w i d t h s  5 and i n t e n s i t i e s  

, i ~ , ' ~ ' d  <(R R > ; t h e  extreme sidebands 32 have 
=-if 2 1.2 2 4  5 

t h e  linewidths 5 and i n t e n s i t i e s  + 1 C ~ S  5 < 4 . 
8 

A s  f o r  t h e  c a s e  when t h e  thermal  field i s  a b s e n t ,  t h e  f luorescen-  

c e  spectrum i a  symmetric. 

From eqs. (36)-(38)  one s e e s  t h a t  t h e  l i n e w i d t h s  of  t h e  

spectrum components c o n t a i n  t h e  s ingle-atom terms ( L', , 5 
and < ) and t h e  c o l l e c t i v e  terms (which a r e  p r o p o r t i o n a l  t o  

gc ). For t h e  c a s e  of 5, s i l r t d  : 5% w s * d  t h e  c o l l e c t i v e  

terms van ish  and t h e  l i n e w i d t h s  of  t h e  spectrum components a r e  

t h e  same a s  f o r  t h e  s ingle-atom case.  I n  t h i s  c a s e ,  a s  has been 

noted above, t h e  l i n e w i d t h s  of t h e  spectrum components a r e  ex- 

panded due t o  t h e  presence of t h e  thermal  f i e l d s  and t h i s  expan- - - 
s i o n  i s  r a t h e r  l a r g e  f o r  t h e  case  of  a, , 3 >> 4 . I n  t h i s  - - 
case ,  t h e  parameter  X = 1  f o r  a r b i t r a r y  va lues  of  .Ir, , nA 

and,  consequently,  a l l  t h e  i n t e n s i t i e s  of t h e  spectrum components 

1 , I t  ., and I t*  a r e  independent of t h e  thermal  f i e l d  and 

have t h e  s u p e r r a d i a n t  behaviour  ( n N ). 
For t h e  caae  of b;* s,'nad # b;* &.fad t h e  d e n s i t y  m a t r i x  - 

(11)  i a  dependent on t h e  thermal  f i e l d  i n t e n a i t i e a  IL, , 3 , 
consequently,  t h e  aingle-atom p a r t  a s  w e l l  a s  t h e  c o l l e c t i v e  p a r t  

of t h e  apectrum l i n e w i d t h s  a r e  dependent on t h e  thermal  f i e l d .  

For a l a r g e  number of  atoms N >> 4, g,, 5 t h e  l i n e w i d t h s  of  

t h e  spectrum components t ake  t h e  form 
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+ 4 4 '4 + ( ~ ' 4  - 6 4  82 (48) 
6 = - 1 

& 
( < l l ' %  + Z < R % )  

* 
where the steady-state averages R )J can be found in Appendix. 

For the single-atom case one finds 

It is easy to see from eqs. (47) and (12) that in the one-atom 

case the degree of second-order coherence of the central spectrum 

component Se is dependent on the thermal field intensitiea - - 
5 , 3 without the point of 3, &11*'.( = $ 2 ' C O ~ %  However 

we note that as for the case when the thermal field intensities - - 
n, = '9$ = O  i 141 , the central component So has super- 

Poissonian photon statistics, 1.9. 6"' ) I  , for all values 
9 0 

of the parameter X . As is seen from eq. (481, the degree of 
second-order coherence of the sidebands st, , Sd is equal - 
zero for arbitrary values of the thermal field intensities m4 , 

, 1.9. the sub-Poissonian photon statistics takes places 

for the sidebands. 

In contrast with the single-atom case, the photon statis- 

tics of all the spectrum components in the collective case N I ~  - 
is strongly aependent on the thermal field intensitiea n4 and - . The dependence of the normalized correlation functions 
GCL 1 1; ' 

and G22,i 2 
on the thermal field intensities 3 , 

"J 0 

c 0 s 2 d  
( j i ~ r  

Pig. 1. Punction against the parameter co~b for the case 
0, 0 

of N 501 & - 0.8. The curves 1-4 correspond 

cos2 & 

Fig. 2.Function against the parameter cost& for the 

of N = 50; b;z /G, a 0.8. The curves 1-4 cor- 

respond z 2 n; - 0; 0.5; 1; 2. 

13 



1z ' 
~ i g .  3.  unction GA,2 a g a i n s t  t h e  parameter  tosf id f o r  t h e  case  

of N 1 501 5l /5 ,  - 0.8. The curves 1-4 correspond 

- 2% = 01 0.5; 1;  2. +iz - 
. 

i s  shown i n  Fig.1-3 where they  a r e  p l o t t e d  a s  f u n c t i o n s  of  - 
t h e  pararqeter as2d f o r  v a r i o u s  v a l u e s  $ , 3 and f o r  

$ A  / G 4  
= 0.5; N 1 50. It i s  c l e a r  from Figs.1-3 t h a t  

except  f o r  t h e  p o i n t  of <I s,'nLd = C O S ~ ~  , t h e  thermal  f i e l d  

p l a y s  a n  important  r o l e  i n  t h e  photon s t a t i s t i c s  of  t h e  spectrum 

components. 

I n  @ s i m i l a r  manner one can show t h a t  t h e  f l u o r e s c e n c e  f i e l d  

corresponding t o  t h e  upper atomic t r a n s i t i o n  19, 3 I *  ' h a s  

analogous s p e c t r a l  and s t a t i s t i c a l  p r o p e r t i e s .  

V. SUMMARY 

We have cons idered  t h e  problem of  c o l l e c t i v e  double r e s o -  

nance i n  t h e  p resence  of  two coherent  r e s o n a n t  e x t e r n a l  f i e l d s  and 

of t h e  thermal  f i e l d  r e s e r v o i r .  The s t a t i o n a r y  s o l u t i o n  f o r  t h e  

maater equa t ion  i n  t h e  s e c u l a r  approximation i s  given.  The spec- 

t r a l  and s t a t i s t i c a l  p r o p e r t i e s  of t h e  f l u o r e s c e n c e  f i e l d  a r e  i n -  

v e s t i g a t e d .  The i n f l u e n c e  of  t h e  thermal  f i e l d  on t h e  s p e c t r a l  

p r o p e r t i e s  of t h e  f l u o r e s c e n c e  f i e l d  has  been shown. The c o l l e c -  

t i v e  narrowing o f  some spectrum components has a l s o  been p r e d i c t e d .  

It i s  shown t h a t  c o n t r a r y  t o  t h e  one-atom case  t h e  thermal  f i e l d  

p lays  an important  r o l e  i n  determining t h e  photon s t a t i s t i c s  of 

a l l  t h e  spectrum components. 

APPENDIX 
I n  t h i s  appendix we g i v e  t h e  e x p l i c i t  express ions  f o r  t h e  

averages of  t h e  atomic o p e r a t o r s  over t h e  s t e a d y - s t a t e  (11). The 

parameters  X and Z a r e  given i n  formulas (12)  and (13) .  

(A. 1 )  
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n a ~  n.~., m y ~ 0 B ~ K k d r  A . C . ,  U ~ H  K y a ~ r  E 1 7-89-6 18 

KonneK~nB~blB A B O ~ ~ H O ~ ~  pe30HaHC 
B n p ~ c y ~ c ~ ~ k a i  TennoBoro nons 

P ~ c c M o T ~ ~ H ~  n p o 6 n e ~ a  KOnneKTHBHOrO A B O ~ ~ H O ~ O  pe30HaHCa B 

npUCyTCTBUFi TennoBoro nons. n o n y r ~ e ~ o  cTaquoHapHoe pemeHae 
MaTPwbl nnOTHOCTU ~ T O M H O ~  CElCTeMbl AnR CJIyrIaR CUJIbHbIX BHeID- 
HUX nonefi. 06cyn~4e~bl  cneKTpanbHble n  cTaTucTnqecKue C B O ~ C T -  

s a  nons & n y o p e c q e ~ q m .  n o ~ a 3 a ~ o  KonneKTaBHoe cyxesae cneK- 
TpanbHblX KOMnOHeHT . 

Lan L . H . ,  Shumovsky A . S . ,  Tran Quang 
C o l l e c t i v e  Double Resonance i n  t h e  
Presence  of a  Thermal F i e l d  

The problem of c o l l e c t i v e  double  o p t i c a l  resonance i n  
t h e  p resence  of a  thermal  f i e l d  r e s e r v o i s  i s  cons idered .  
The s t e a d y - s t a t e  s o l u t i o n  t o  t h e  atomic d e n s i t y  m a t r i x  i s  
ob ta ined  f o r  t h e  c a s e  of s t r o n g  e x t e r n a l  f i e l d s .  The s p e c t  
r a l  and s t a t i s t i c a l  p r o p e r t i e s  o f  t h e  f l uo re scence  f i e l d  
a r e  d i s c u s s e d .  The c o l l e c t i v e  narrowing of  spectrum com- 
ponents  i s  shown. 

The i n v e s t i g a t i o n  has  been performed a t  t h e  Laboratory 
of T h e o r e t i c a l  Phys i c s ,  J I N R .  
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