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1. Introduotion 

A c e n t r r l  problem i n  one-eleotron band calcula t ione  10 

8 proper inolur ion of t h e  e leot ron corralat iono.  Iho oomplete 

H.miltonirn f o r  r n -body problem i r  r o  d i f f i o u l t  t o  handle 

t h a t  r inp le  modelo hare t o  be developed. The r i n p l e r t  of them, 

but not t r i r i a l ,  10 a Hubbard model whioh desoribeo a nondege- 

nera te  e l eo t ren  brnd with a loo81 on-mite Coulorb i n t e n o t i o n  / I /*  

I n  r p i t e  of i t r  r lmpl io i ty ,  very few exact  r e e u l t e  e x i r t  i n  the  

l i t e r a t u r e  and approxlmationr murt be to lera ted .  One of widely 

aooepted rpproxlmationo f o r  appropriete ra lueo of papre term 

i n h e n n t  of t h r  model i r  the  oeoond-order i n  U ( U - on-ri te 

Coulomb i n t e g d )  per turbr t ion  approaoh f o r  the  r e l f - e n e r g .  Tbe 

raw of the  p a r a w t e r  U can be extended I.? one ueer a rodi -  

f l e d  oeoond-order perturbation theory deocribed by bulk and 

~ e l l t t o / ~ / .  Out of the  lmrga number of rppl ioat iona  of the  re- 

oond-erder perturbation theom r e  u n l y  mention few e x u p l e r .  

One ef them i r  the  a l n r d y  mentioned work by Bulk and J e l i t t o  

i n  whioh t h e  e f feo t  of the band oooupation and Coularb inte-1 

on r r r i o u r  mingle-pmrtiole proper t ier  ham been dirourred. Ber t ,  

re  mentiom work. by Ilei-n and Mmdniod3/, Tm#l ia ,  Duoartella 

and ~panjrard/'*'/, T .nnko rnd ~ . r a n k o / ~ / ,  T .nnko,  b n n k o  

and ~ l e k / ' * ~ /  i n  rh ioh the  e l ec t ron  c o r n l a t i o n  e f feo to  hare 

been conr idend  i n  n r l i r t i o  o r  model sy r t e ro  (re. 8180 /9910/1. 

A t  l r r t ,  me rvnt ion workr i n  rh iob the  oocond-order perturbation 

approach i o  adopted t o  ~nderoon-type Bamiltonianr, 8.. h f r .  
/ I  1 , 121. 



It i e  ev ident  t h a t  i n  t h e  o r e s  of much a wide uee of t he  

aecond-order pe r t u rba t i on  formule f o r  t h e  e l e c t r p n  aeU-onergy 

t h e  nea r l y  exact  eve lue t i on  of t h i s  q u a n t i t y  may be very  ueeful.  

P o r ' t h a t  reaeon,  i n  t h i n  peper  we propoee i t e  eva lua t i on  eccord- 

i n 8  t o  e u f f i c i e n t l y  eimple formula which i e  c a r e f u l l y  checked by 

comparison wi th  t h e  Monte-Carlo i n t eg ra t i on .  A s  a r e e u l t ,  One 

can eva lua t e  t he  R -dependent ( t b n e - d b e n e i o n a l  oaae)  a e U -  

energy without  g r e a t  numerical  e f f o r t .  Ae an  example of p m c t i -  

c a l  uee of t h i s  se l f -energy  calculations, we have ehwn  t h a t  

t h e  F e m i  eu r i e ce  which r e e u l t e  from t h e  quamipar t ic le  p i c tu rn  

doee not  e x a c t l y  reproduce t h i s  one r e e u l t i n g  from t h e  dene i ty-  

f u n o t i o n a l  theory. Such a campariaon wae pomoible on ly  because + 
of t h e  uee of t h e  eimple method of eve lua t i on  of t h e  k d e p e n -  

dent  eelf-energy. 

I n  t h e  next  s e c t i o n ,  w m  g ive  gone ra l  a n a l j t i o  f o r p u l ~ m  f o r  

t h e  oeoond-order con t r i bu t i on  t o  t h e  oelf-onergy i n  t h e  Hubbard 

model and dieouee a m  i t a  a m t r y  properties. I n  oecPion 3, 

we deeor ibe  a numericel  p rooedun  of t h e  exnot  and appyor-te 

eva lua t i on  of t he  aelf-energy. Seot ion  4 10 devoted t o  t h e  proof 

t h a t  t h e  two m n n i  aur ieoea  mentioned above a n  no t  neceomarily 

t h e  oaw.  Sec t ion  5 o ~ n t a i n e  conolueiono. 

2. Tbe oecond-order eelf-onergyg o ~ e t r y  propert iem 

Tbe oecond-order c o n t r i b u t i o n  t o  t he  e e l l - o n e r l l j  f o r  t h e  

Hubbard model n e d o  am (we conoider  a pmruugnet io  came) I 

This foxmula can be transformed a e   follow^/^'^'^'^/ 

w h e n  t h e  func t i on  (04. LI,, LT,) combines a l l  fi. f a c t o r s  

appear ing  i n  Bq.(l). ?or t h e  temperaturn T =O°K one obtain. 

where 

mnd D(6 E )  l a  "the l a t t i c e  d e n s i t y  gf a t a t e a n  connected with 

t h e  l a t t i o e  Oreen f u n c t i o n  G (s ,  E)  
-9 3 

H e n  we locmte t h e  u n p r t u r b o d  d e n s i t y  of s t a t e 8  i n  energy li- 
+ 

m i t m  ( - W  , W ) and R denote8 atomic poa i t iono  i n  t h e  crys-  

t a l .  I n  t h e  fo l lowing  we mhall cons ider  a s imple oubic c r y a t a l  

l a t t i o e .  Bquationm (2) and (3)  can be f u r t h e r  mf rp l i f i ed  k c a u s e  

t h e  l a t t i o e  denmity of atatem D C ~  E )  i a  t h o  mame f o r  a 1 1  

v e c t o n  2 conneoting t h e  c e n t r a l  atom wi th  at- l y i n g  

a t  t h e  mema d i e t ance  from t h e  c e n t r a l  one (here  6 enumamtea 
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3.1. Monte-Carlo n m r i c a l  ca l cu la t ions  

Recently we have performed n m e r i c a l  oa l cu la t ion  of the  

second-order ealf-energy f o r  en extendad Bubbard Hamiltonian 

f o r  SCC end fcc l a t t i o e s  f o r  d i f f a r e n t  band f i l l i n g e  /6/ 

and compared with r e s u l t s  obtained within the  looe l  epproxima- 

t ion .  The i n t e g r a l s  (see Bq. 1 ) were oaloulatod by us ing  f o r  
+ 

each k -vector about one mi l l i on  random generated p a i r s  of veo- 
a + 

t o r s  ~,( t  (or  more, f o r  t he  anargy pointe  oorresponding t o  

the  minim of the  oorresponding o u n . s ) .  P i r a t ,  we oaloulated t h e  

Imgine ry  pa r t  and then obtainod the  r e a l  pa r t  by the  Kmmrs- 

-Kronig r e l a t ion .  We have a l s o  ohaokod our r e s u l t s  by moalcu- 
4 - 4  3 

l a t i n g  s a m  oumes ohanging k*  k+ G , where G is a  

reoiprocal  l a t t i o e  vector  and found t h a t  except f o r  variat iorrs  

i n  the  noiea,  these  oumes  were reproduced. (ienerally, remar- 

kable d i f ferenoes  a r e  o b e e m b l a  a s p e o i a l ~ y  f o r  r -points f o r  

see , a s  wel l  a s  f o r  fcc l a t t i o e s .  For example, f o r  a  q:c 

l a t t i o a  f o r  a  ha l f - f i l l ed  enargy bqnd, tho lower midmum of t b e  

Imaginary par t  of tha  self-enarff  l e  about 15% doeper than the  

oornsponding one oaloulated withirr tho  looa l  approxImat ion end 

about 20% daeper f o r  the  minirun a t  h i a e r  anergies.  Mdi t iona l -  

l y ,  tha lower minimum is more narrow than tho oorresponding 
+ 

o m  oaloulatad wi th in  the  100.1 approx iu t inn .  ?or o the r s  k - 
po in t s  tha  d i f farenoas  a r a  tmmllar but s t i l l  s ign i f ioan t .  

3.2. La t t i oe  Oreen funot ions  

In t h i s  mbneotion,  r e  giva foxmalas needed f o r  oa lou la t ion  

of t he  l a t t i o e  d e n a i t i a s  of s t a t a s  whioh a re  required i n  Iqs.  

(2.4.7.8.12). The l i t e r a t u r r  on the  l a t t i o e  Qreens funotions is 
/14/ s u f f i o i e n t l y  l a rge  and we v n t i o n  here works by Q.S.Joyoe , 

~ . l o r i t a / ~ ~ / ,  T.Yorite and ~ . ~ o r i g u c h i / ~ ~ /  (see a l s o  /17/), 

 ats sure"^', M.Oka%aki st el." 'I, E.Terenko, R.Terenko end 

~ . P l l a t / ~ ~ /  end Referencies therein.  

We have checked t h a t  t o  obta in  e  very good agreement between 

r e e u l t s  derived by the  Honte-Cerlo in t eg ra t ion  of Eq.(l ) and 

from Eq.(8), one has t o  take i n t o  acoount the f i r e t  s i x  terme 

i n  the expansion formula ( 8 ) .  For t h a t  reason, i n  our f u r t h e r  

coneideretions the  l a t t i c e  Oreen funct ions  corresponding t o  

S mO-6 ere  required and we shor t ly  expound the  main ideas con- 

cerning oalcula t ione  of these  functions.  Rot e l l  the  l a t t i c e  

Oreen funot ions  needed f o r  ca l cu la t ion  of t he  self-energy a r e  

independent. Theee funct ions  s a t i s f y  the  i d e n t i t y  

IG(G~~J. E)= 5 - E G(Z, €1) , + 
(13)  

6 + 
where 8 extends over the  six neares t  neighbours of the  cent-  

r a l  atom. In  our case it is s u f f i c i e n t  t o  obtain the  l a t t i c e  

Oreen funct ions  G(000, E )  , G(W, E )  and G(300, E )  from inde- 

pendent ca l cu la t ions  and they have been ce lcula ted  along the  

way described i n  ~ e f . / ~ ' / .  Other funotions,  1.0. G(ro0,~) , 
G(ll0, E) , ~ ( 1 1 1 , ~ )  and G(120, E )  can be simply extraoted 

from Bq.(13). In  Pigs. (1 ), (2)  we depicted the  l a t t i c e  dens i ty  

of s t a t e s ,  1.0. -l/n h G(nl.m, E )  end the  r e a l  pa r t  

of the l a t t i o e  Oreen funct ions ,  reepectively.  We show theee 

funct ions  only f o r  negative valuee of t he  energy a s  they poseess 

the  symmetry proper t ies ,  namely, t he  r e a l  pa r t s  a r e  odd o r  even 

funct ions  of t he  e n e r m  depending on whether C+W+?R. i e  

even o r  odd ( f o r  symmtry of the imaginary pa r t ,  see  the t e x t  ). 
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(14-18). W i e  procedure i e  more e f f i c i e n t ,  even f o r  expaneion 

( 8 )  wi th  a r e l a t i v e l y  l e rge  number of t e m  than  t he  c a l c u b -  

t i o n e  of t h e  e ix-d immeiona l  i n t e r n 1  (1  ). In  Hga. (3-8) we 

preeent  t h e  func t i one  SCR: E )  -see Bq.(8), f o r  S = 0-5. 

Note, t h a t  S(R: E )  - Pig. (31, i e  e e e e n t i a l l j  t h e  l o c a l  app- 

roximation f o r  t h e  imaginary p a r t  of t h e  eelf-energy ca l cu l a t ed  

f o r  U =I. Prom t h e  r e e u l t e  preeented i n  Pigs. (3-8) it i e  ev i -  

dent t h a t ,  i n  p r i n c i p l e ,  t h e  func t i one  $(R: E )  f o r  g r e a t e r  

valuee of t ho  index S a r e  more o e c i l l a t i n g  end have sma l l e r  

abso lu te  valuee. Aevertheleee,  i n  eome caeee t h e  func t i one  wi th  

a g r e a t e r  index 5 can have g r e a t e r  valuee,  compare Figs. (7)  

and (81, and i n  add i t i on  may be mu l t i p l i ed  by E ( R :  2) with 

g r e a t e r  va luee  than  f o r  sma l l e r  s . I n  t h i e  e i t u a t i o n ,  more 

d i s t a n t  terms i n  expansion f o m u l e  ( 8 )  can g ive  l a r g e r  c p n t r i -  

bu t ione  than  o the r  t e m e .  Ae an exemple of t h e  uee of t h e  ex- 

panmion formula (81, we preeent  i n  Fig. (9) t h e  imaginery pe r t  

of t h e  e e l f  -enor= ca l cu l a t ed  f o r  an  SCC t i g h t  -binding energy 

band of t h e  bandwidth equa l  6 eV. The Permi energy corregponde 

t o  t h e  h a l f - f i l l e d  energy band and i l i e 8  i n  t he  c e n t r e  of q 

Br i l l ou in  zone. The daehed curve repreeente  t h e  l o c a l  approxi- 

mation ( f i r e t  term i n  Eq.(8)) and t h e  f u l l  l i n e  correeponde t o  

Bq.(8) w i th  f i v e  t a m e  more included. The amal l  d o t e  loca ted  

f o r  energ iee  - 3 e V  and 3 e V  e h m  how t h e  va lue  of t h e  Iae8inax-y 

part of t h e  self-nergy changes wi th  inoreae ing  number of t o m e  

i n  Bq.(8). One can see t h a t  f o r  5 -5 very  good convergence i e  

achlrvrd.  A t  o t h e r  energy po in t e  t h r e e  d i f f e r encee  a r e  much 

mmaller. The r e e u l t e  of Yonte-Carlo i n t e g r a t i o n e  a r e  n e a r l y  

e a o t l y  t h e  e a n  f o r  E)EF , oven i n  t h e  neighbourhood of t h e  

e n r r g  po in t  E -3 e V  ( n c r p t  f o r  v a r i a t i o n  i n  t he  noiee) .  For 

+ a 
Fi8, 3. The func t i on  S (R: E) f o r  R =(OOQ)Q equiva len t  with 

t h e  l o c a l  apprqximation f o r  imnginmry pa r t  of t he  s e l f -  

energy ( U -1.0). 

+ *  
FI~. 4. m e  func t i on  S ( R : E )  f o r R  - ( i o o ) a .  
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Ae one can obeerre,  t h e  self-energy ca lcula ted  on t h e  Fend cur- 
+ 

face ,  Fig. ( l o ) ,  is c l e a r l y  k -dependent. 'Phue, t he  quaeipar- 

t i o l e  and Kohn9bam F e d  eurfaces do not co inc ide  f o r  saell 

i n  the t h ree  dimensional caee,  too. 

5. Conclueione 

We bave ehown t h a t  the eecond-order eelf-ensrgy f o r  t he  

Hubbard Hemiltonian can be f e e t  ca lcula ted  i n  an e f f i c i e n t  way 

aooording t o  formula (8)  i n  which the  f i r e t  s i x  t e m e  a m  inc lu-  
-9 

ded and t h e  k -dependence is separated from the  E -dependence. 

Therefore, one can c a l c u l a t e  t he  energy-dependant f s o t o r s  a t  t h e  

beginning and o the r  ca l cu l a t i one  of t h e  eelf-energy over t he  

whole Br i l l ou in  zone can be inmediately performed. The compa- 

r i son  with r e e u l t e  obtained wi th in  t he  Monte-Carlo method of 
+ 

i n t e r n a t i o n  ind i c s t ee  t h a t  f o r  a11  bandf i l l i nge  and k -veotore 

formu1.a (8) worke very good. Ae an  example of ue ing  t h i e  algo- 

rithm, we bave checked whether t h e  quaa ipa r t i c l e  Fezmi su r f ace  

i n  tha  caee of a three-dimeneional  l a t t i c e  i e  equiva lent  o r  no t  

t o  t h e  Kohn9ham h r m i  eurface a r i e i n g  i n  t he  deneity-funo- 

t i o n a l  theory. Such comparieon was nude i n  l i t e r a t u r e  only  f o r  

a Go-dinmneional l a t t i c e  jut because of t h e  d i f f i c u l t i e s  i n  

obta in ing  t h e  eelf-snergy va lues  f o r  a r e l a t i v e l y  la rgo  number 

of f -vectore. Our i n v e e t i g t i o n e  performed f o r  t h r e e  d i r n -  

e iona l  l a t t i c e 8  canfixmad e a r l i e r  m m l t e  of o the r  au thors  

obtained f o r  o t h e r  caeee. 
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