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1 .  Ir~tmxluctior~ 

In t.he ea r l i e r  pawr 111, hereafter called I ,  the nimerical r e  

s u l t s  of the detailed studies of the vibrat imal  spectra (VS) of 

the one-dimensional F i b n m i  quasicrystals (ID EQ) have been re- 

ported. I t  has been assumed i n  I that: (1)  the mme6 of atoms 

are identical and (2)  the force constants kl, 1+1 and g1, 1+2 Of 

+,tie r~r~wat-neightrnx ( NN) md next,-r~cmst-wighkur ( NNN) inte- 

ract,ior~s of ilt,mfi, reswxtively are giver1 try the birlary quasi- 

~ r i r x l i c  cey.c l lxr~~ 

are  the distxlces t . s t w m n  NN x1r1 NNN at,=, [ x I rlerlote the  

integer part  of x .  7 is the golden ra t io  and q is the so-called 

In rxmtirmtior~ r ~ f  I ,  the lat,tice dyrlmics of the ore-dkr i -  

siorml crysta l  cvrltilinkg ~ W J  types of a t r m  that, am q i ~ a i ~ r -  

i d i r a l l y  d i s t r i b l t A  along the c h i n  w i l l  tz r l i s m 6 ~ d .  The mri- 

in  the rx~e-dMr~iorml case kr: TABXI t * ~  d e c r i k  the  binary 

chair1 of a t r e ,  xld ir,  irfipplimble t * ~  the pin chain ( reverthe- 

The aim of the present m r  iE ~ L J  et>& the  prmert,ies of VS 
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of the oneith11~iorfil harrmnic model of quasiperiodic Lirmry al- 

loy (a). 
The p r o m  male1 describ the dynamics of the pre ( perio- 

dic q = 0 ) and quasiperiodic binary ( q > 0 ) chain of atans. 

The NNN interactions of atoms a m  taken into account and the 

detailed numerical studies of the structure and fractal dimen- 

sion of VS will b performed under free end h d a r y  conditions 

(FEBC) in a wide range of the model parameters. 

The paper is omanized as follm. In Sec.2 the specification 

of the d e l  is given. In Sec.3 the basic system of equations is 

derived. The numzrical results are presented in Sec.4. k . 5  con- 

bins the main conclusions. 

2. Specification of the model 

The quasilattice (QL) of the one-dimensional quasiperiodic bin- 

ary alloy (ID @A) is defined by C2-51 

where a and f3 are the real nc~mbers; n is an integer number 

We decorate QL (4) placing n-th atan having the mags 

Mn = Mo ( 1 + (l(n+l)/~l - Cn/rl)) (5) 

halfway bet- x ~ + ~  and xn (see FLg.1) i.e., the equilibrium 

mordinate ln of n-th atan i~ 

ln= ( x ~ + ~ + \ )  / 2  . (6) 

Let us recall that the quantity q = z / r aWearing in (5) is 

the m t e r  of quasiperiodicity Ill. 

The interactiam of a h  in the model wider mideration are 

(2+3/2 T ) 
Fig. 1. The d e l  of NN ( km, km) and NNN (gm .gm ,gLL) intera- 

ctions of atam in the h a m i c  model of 1D @A. 

pre~e~~tRd if1 F ig .  1,where tte asterisks (*) indicate the points of 

1D QL (4); the letters H ad L denote atme wkme meses are 

M (l+q) and M ,r~=tively, and the dimensiw1lMs dietan- bet- 0 0 

ween the atcms are given in parantheses. 

In this paper the one-dimensional hanoonic nodel of lattice 

dynamics of binary alloy with quasiperiodic distribution of ma- 

sses (5) but constant. isotmpic forces 

Bm = gm = gLL = kg ( 8 )  

i~ studied; kg and go are the f o m  constants of NN and NNN 

interactions, mpectively. 

3 .  Basic equations 

We take the hiltonian of the sys- i n  the form 



u h e ~  P1 and ul are  the mzmentum aml displacement of 1-th atom 

uith  the mafis Hl = Mo ( 1  + q ( [ ( l+ l ) / z1  - [1/71 ) ) ,  mhPC3.ively. 

The sy- of wua t iom of antion i~ 

Haw we btnxlucs the new variables u l ( t )  = 3 Q l ( t )  mid as- 

sume that dmdence of Q1 rm t i m  haE the form [61 

Then the system (10) can ke rewritten a ~ ;  follows 

n2 Q~ = u1 Q~ + pl-1 ~ 1 - ~  + pl+, ~ l + l  + 

&re 0 denotes the dimensionless eigenfrequericy n =oo 7/ Mo/ko 

and Mo 

The sequmce (13a) takes tuo values: a(')= 2 ( l+h)  / (l+q) and 

a(2)= 2( l+h) .  For a pi- N the average numbem n( a(') ) and 

of a") d a(2) te- in {al) are CN/rl and [(I-l/z)N 3, 

respectively. 

The binary wwence (13b) l.6 a mccemmr of (138) C7.81 since 

it can be obtained f m  v l + l )  by mzsms of the subst i tu t im rule 

& r e p ( 2 ) =  -1 / 7 /  1 + q a n d p ( l ) =  - 1 / ( 1  + q ) .  

We point cxlt that  the 13") e1-u a- always isolated and 

the p(2) el-ts cxrur in a s t r ing  of 2 or  4 ammmt ive  ele- 

onts in the kequenoa (13b). 'herefore in C i31+1 1 there are cm 

ave*e 2N/(*+l) and N/(2r+l) el-ts of P ( ~ )  and P('), -- 
d i v e k  . 

 he sequence (1%) takes values: r(' '= - N ( I + ~ ) ,  r ( 2 )  = 

- h ,  Y ( ~ ) =  h / ./ 1 + q . ik note t ha t  C r1+2 1 can be obtained 

f m  { ) w i t h  the help of the s u b t i t u t i m  

T A b 3  into axl~iderrrticu the ebm-ti& prupertiea of the 

sesusrces (13) - can shou that for  N >> 1 in (1%) there are on 

-rage C N / T ~  I ,  C m3 I Bd [ N / T ~  1 of r ( ' ) ,  r (2) and y(3)  

te-, respectively ( see Agpadix A ) .  

where h=g& defines the strength of NNN interactiane. 







=55 5 N 5 F ~ 9 8 7 ,  q=l/s,  h ~ 0 . 0  and q= l / s ,  h= 0.25 are p m -  
16 

ted in  Figs. 14 and 15, respectively. 

Analyshg the VS we have obsenred that in the a-tic region 

the EF of M are given within 3% by ( see also Ref. I l l )  

Fig.7. AG ve- x in the -tic region of VS for  decreasing 

5 valuea of A; q=lO/r, N=10 , hzO.0. 

ni ( q,h ) = 2 ri (q,h) s in  ((i-l)T/2N)= 

= 2 r2 (q,h) sin ((i-l)7'/2N) ( 17) 

We have calculated the of r2( q , h ) on q a t  h = ~  

and or1 h for fixed q. The results are s h  in Fig.16. 

In addition, the fractal dhemsion a of VS has been ccmpxted 

using Handelbmt's covering methode [1,91. We have determined a 
within 1% and 10% for  q ,( 1 and q >, lo2, respectively. The cbxen- 

den- of a on q a t  hz0.0 d on h a t  q =l/s are s h  in Fig.17. 

Fig.8. The saue as in  Fig.7 a t  q=W/s. X 

Fig.9. AG as a functicm of x in the optical region of VS for de 

creasing A ; q=l.O/s. hz0.0, t+=105. 





5. Cutlclusions 

C k  can draw the following conclusions from the numerical re- 

s u l t s  presented in this paper. 

1. Vibrat ional  spec t ra  o f  ID QR4 have t h e  substructure of  t h e  

Cantor-set-type (c f .F igs .3-6 ,  9-12 ,14,15) which can be described 

as follows. A t  t h e  given nragnitrlb of t h e  step of calcu1BtiomA = 

A (which can be in te rpra ted  as t h e  smallest  value of  the d i s t i n -  1 

w i s h a b l e  gap ) we obsenre t h a t  in VS them e x i s t s  a f i n i t e  num- 

ber of "subbands " f El, E2, .  . . ,Em 1 containing { n(E1), n(E2),  

. . . ,n(E,) ) number o f  EF ard esch n(Ei) is giveq by [ N(1-1/7 )k/ 

1 
7 1 where k > 0, 1 1 0 a r e  the  na tura l  numbers ( c f .  Figs. 3-6,14, 

15).  I f  A is decreasing, then the  spectwn f E l ,  E2,. . . ,Em 1 is 

s p l i t t i n g  intu r m r m w r  "s~bb.mrJs~~ { Ei ,  E i , .  . . ,E' 1 ,  ml > rn q,n 
ml 

t h e  f o l l w i n g  way: tfe g l v a  "nlbtmrId'Id' Ei with n(Ei) eigemtnt~s 

( a t  A=Al) iE branching, gt s l ~ f f i c i m t l y  bmll A=A c A1 . into t,wo 
2 

I f  A= A < A is decreasing f u r t h e r ,  then t h e  new "subband" sttu- 
3 2 

c t u ~ ,  w i t h  the g a p  t,he widths of  which am gMter  than A 
3' 

mr&!w and s o  or1 ( c f .  Figs.9-12). 

Che expect tht tte: vibrat,iorml q x c t , ~ n r  o f  t h e  i n f i n i t e  

1D @A i~ t h e  s b m l a r  c r r i t i n i ~ r m  o r e  [ 10,111, i .e .  , the eriergetic 

g a w  a r e  d e r w l y  diEtr i tut .4 in t,he ~ ~ Y X K X I  &,rum. 

2. The a b v e  det~rilrd htr~r-=*-like stnlct~~re of VS a h t  

c r ~ l e t ~ l y  d i m ~ n - :  iri t h  a-tic rcgirm ( c f .  Figs.3-8,13,16) 

and m r i i f r ~ t S  i t s e l f  in  the r s t i m l  rcgirm ( c f .  Figs.3-6,9-12,14, 

15) .  
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CaneRaa B. E17-89-538 
KQne6a~enbnue CneKTpu 0flnoMep~0fi r a p ~ o n n q e c ~ o f i  MOAenn 
~ e a 3 ~ n e p n o ~ ~ ~ e c ~ o r o  5unapnoro cnnaea 

qncnennmn MeTOAaMM nccneAyeTcn AnnaMnwa peueTwn r a p ~ o n n r e c ~ o A  MoAenn 
oAnoMepnoro ~ e a ~ n n e p n o ~ n ~ e c ~ o r o  6 ~ n a p n o r o  cnnaea. B3anMo~ef icTs~e 5nnmaA- 
unx n cneAyW#x c o c e ~ e r i  3afiano npn noMoqn nocTonntiux cnnoeux K O H C T ~ H T .  

Pacnpe~enenne aToMoe BAOnb Uenown onpeAenneT 5 ~ n a p n a n  ~ s a 3 n n e p n o ~ n ~ e c ~ a n  
flOCneAOBaTenbHOCTb. C npHMeHeHHeM MeTOAa Anna H C B O ~ O A H M X  rpaHHYHuX YC- 
noenR euwcnena HnTerpanbnan nnoTtiocTb cocTontinn G ,  ee rncTorpaMrlbl AG n 
@YHKUHR flnOTHOCTH @otionnux C O C T O ~ ~ H ~  p A ~ R  6 0 n b ~ 1 ~ ~  UenocleK, coAepmaqux N = 
= l o 5  aToMoe. Mccne~oeano ennanHe ~ 3 ~ e n e n n ~  napaMeTpoe Modem na G ,  AG i 
p .  On~cana  c y 5 c ~ p y n ~ y p a  ~one5a~enbnb lx  cneKTpoe (KC),-n~eIcqnx c ~ p y n ~ y p y  Kan- 
Topoea Mnomecrea. Bu~ncnena  a p a ~ ~ a n b n a ~  p a 3 ~ e p n o c ~ b  d KC AnR Uenoqen c N = 
= F19 = 4181 rncnoM aToMos. f l o~a3an0 ,  YTO ( 1 )  d naAaeT cTenennw 2 6 p a 3 0 ~  
npn y e e n w e n w  TaK t ia3ueae~oro napaMeTpa ~ ~ a 3 n n e p n o ~ n q n o c ~ n  n ( 2 )  d pacTeT 
npn yeenncrenHn cnnu e 3 a n ~ o ~ e A c ~ e n a  cnedywnx  C O C ~ A ~ R .  

P a 6 o ~ a  eunonnena e na6opa~opnn  T ~ O ~ ~ T M ' ~ ~ C K O R  @ M ~ M K H  OMRM. 

npenpmt 06ae1amexi~oro m c m + ~ t n  RnepnbIx u c c n e n o e ~ R .  Ay6Ha 1989 

Sa le jda  W. E17-89-538 
The V i b r a t i o n a l  Spec t ra  o f  t he  One-Dimensional 
Harmonic Model o f  t h e  Q u a s i p e r i o d i c  B i n a r y  A1 l o y  

The l a t t i c e  dynamics o f  t h e  harmonic model o f  t h e  one-dimensional  quas i -  
p e r i o d i c  b i n a r y  a l l o y  i s  s t u d i e d  numer i ca l y .  It i s  assumed t h a t  t h e  nea res t -  
ne ighbour  and next -neares t -ne ighbour  I n t e r a c t i o n s  (NNN) o f  atoms a r e  g i ven  
by cons tan t  i s o t r o p i c  f o r ces .  The d i s t r i b u t i o n  o f  t h e  masses o f  atoms a long 
t h e  cha in  de f i nes  t h e  b i n a r y  q u a s i p e r i o d i c  sequence. The i n t e g r a t e d  d e n s i t y  
o f  s t a t e s  G ,  i t s  h i s tog rams  AG and t h e  d e n s i t y  o f  s t a t e s  p a r e  c a l c u l a t e d  
u s i n g  Dean's a l g o r i  thm under f ree-end boundary cond l  t l o n s  f o r  1 arge cha ins  
w i  t h  10' atoms. The e f f e c t s  o f  v a r i a t i o n  o f  t h e  model parameters on G ,  AG 
and p a r e  s t u d i e d . T h e  Cantor -se t - type s t r u c t u r e  o f  v i b r a t i o n a l  s p e c t r a  
( V S )  I s  desc r i be .  The f r a c t a l  d imension d o f  V S  i s  c a l c k l a t e d  f o r  t i re  
cha ins  w i t h  N = 4181 atoms. It I s  e s t a b l i s h e d  t k a t :  (1) d shows a power- 
law decay i f  t h e  s o - c a l l e d  parameter o f  q u a s i p e r l o d l c l  t y - i s  i n c r e a s i n g  and 
( 2 )  i f  t h e  s t r e n g t h  o f  NNN I n t e r a c t i o n s  Increases,  then d grows up. 

The i n v e s t i g a t i o n  has been per fc rmed a t  t he  Labc ra to ry  o f  T h e o r e t i c a l  
Phys ics ,  J I N R .  
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