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l. Introduction 

Foll.owing the experimental discovery of the icosahedral 

phase in Ui.e aluminium-manganese alloy by Schechtman et al. [1], 

111.lCh attention has been focused on the BYBtems called aperiodic 

crystals [2-20]. 

Levine. tllld Steinhardt [ 3, 4 ] have. introduced the notion of 

quauiperiodic cryutal.s or quasicryutal.s (QC) for uhort. 'lbere are 

three diutingu:whing feawres in the definition of QC: (1) 'l'he · 

ideal QC exhibit a long-range .,quas:iperiodic pooitiooal. order 

(i.e.· the ma.BB density function is quas:iperiodic or almost per

iodic ) ; (2) They have long-range orientatiooal. order ( the bond 

angles between ne:ighbooring. atoms are oriented ( on the average ) 

along till arbitrd.IY chosen set of star axes) ; (3) They are the 

special kind of Delaunay systems [211 ( the separation l between 

nca:c-est•ne:ighbouring sites in quasilattice obeys the relatioos 

O<r<l<R<-O ). 

Toe · one-dimensional quasicryutal ( lD QC) is defined by the 

pooitions Rn ·of its atoms [ 4] given (in dimensionless form) by 

R = n + 01 + .! [ !! + (3 ] , (1) 
n P O' 

where a , (3 , p and -r ~ the real. numbers, [y] denotes the 

integer part of y and n is an integer number. 

If p=c=, where T is the golden ratio equal to (1+Y5)/2, then, 

(1) defines the one-dimensional Fibonacci quaaicrystal (ID EQC) 

[4,5]. 

'l'he spacing d between any two ne:ighbwr atoms can be extr 
n+t.n . . 

ressed as 



d = l+ !([n+l+{i]-[!!+(i]) = n+t.n T T T 

•L; if [ n:1 + (j] = [ ~ + (j ] 
if [ n;l + f~] "' [ ~ + (i] 

(2). 

The binary quas:i;periodic sequence (~) {d } defines the 
• n+1,n 

pooitional loog-range order in ID FQC ( notice that the two dis-

tances 1 and 1 + 1/r are neither periodically nor randomly spaced). 

The electronic and rtiononic properties of the one--d:i.mensional 

quasicl"Y6tal13 are studied currently in the framework of si.q>le 

models [22-41] . 

The p.u-pose of this paper is to investigate within the propo

sed harmonic model the properties of vibrational spectra (VS) of 

ID FQC's. 

The considered model describes the lattice dynamics of perio

dic and Fibonacci chain of ataDB. The parameter q = z / ,T, z > 0, 

called the parameter of quasiperiodicity (~), merurures devia

tion of a ioodel f:ran the ideal, periodic one corresponding to q= 

z=O. 

Unlike the previous investigations [ 32-41], the next-nearest

neighboor interactions are taken into consideration. 

The detailed numerical studies of the Btructure and fractal 

dimension of VS are performed in a wide range of model parameter 

using the free end boundary conditions (FEOC). 

Tiie paper is organized as follows. The specification of the mo-

del in Sec.2 is given. In Sec.3 the eigenvalue problem for 

2 

r. 

dyx~cal matrix (Ilf) is described. The used numerical metbodB 

and resulw of C01111Uter s:imtlations are presented in Sec.4. Sec.5 

cont.a.ins main conclusions and Sec.6 is the BUDDarY-

2. Har100nic mcxlel 

We GOrlBider a chain ·of N atans tbe equilibrium positions of 

wb.i.c.:h are given by (1). Tiie lattice dynamics of ID FQC is defined 

by the Hamiltonian 
N 

L 
p~ 

H - --
ph 2 Ml 

l = t 

N 

++L 
l =t 

N 

+-1 \ 
. 2 f__ 

I= l 

2 
1\,1+1 (\\ - \\ .. ) + 

~.l+2 (\\ - l\-tz )2 ' (3) 

where P
1 

and\\ are the nanentum and the displacement of the i-th 

atom, respect,iyely, ~ denot.es the mass of the 1-th atom, k l, lH 

and~, t+z are the force constants of nearest-neighboor (NN) 

and next-nearest-neighbour (NNN) interactions ,· · respectively. 

Within the. hanoonic Hamiltonian (3) we can model the lattice 

dyxi.amics of 1D FQC in t"llO ways [ 42] : we can define the Bi> des-

cribiug dependenooo of force constants { ~ ; 1 + l} and { ~ • 1 • 2 } 

on at.cm distances ~, t+t and ~.t+2 or we can apeci.fy the 

describing the at.cm masses { ~ } , respectively. 

Bi> 

In this paper we use the first approach [ 32, 33, 35 ] . We mmume 

that~ =m
0 

for all 1 and the magnitudes of the force. constants 

describing NN and NNN interactions of the 1-th atom are ( aee 

Fig. I) 
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~+l,I =k:0 { 1 + q (1 - [(l + 1)/r] - [1/r])} 

gl+z,t =g0 { 1 + q (2 - [(1+2)/r] - [1/r])}, 

where q=z/r is KQ; k
0
and ~. denote spring constants. 

(4) 

(5) 

. . 
Hamiltonian (3) and .0000 given by (4) and (5) define hanoonic 

model vibrdtional spectra of which we will study numerically. 

We point out that for z > 0 and z =-0 equations ( 3-5) describe 

the Fibonacci-type and periodic chain of atoms, respectively; 

~ (4) and (5) take two values (see F.ig.l) 

k:
0

(1-tq) if 
C\+1,l = 1 

k,+ 1, l . { ·-
k if C\ = 1 + 1/r 0 +1,1 

(4a) 

= { 

go(l+q) if C\ = 2 + 1/r +2,l 

gl+Z, l 
if ~ =2+2/T lJ.) +2,l 

(5a). 

Note that the mathematical properties of infinite OOSs genera

ted by 

r(µ ,v, l)=[ (l+l)/µw ]-[1/µ+v] 1=1,2, ... ,N , (6) 

where v and µ > 1 are .real irrational numbers have been recently 

sttrlied by Aviram [43,44]. Using the results of Refs. 43,44 in 

Appendi_x A 6aDe mathematical properties of OOSs (4) and (5) are 

given. 

3. Eigenvalue problem 

Fi;iuationn of IOOtion have the form 

• 

4 

mo u t = k t.t-1 ( u 1-t u l) + k t,t+1 ( u t+i:" u t) + 

+ g l, l-2 ( U l-2 -U t) + g l,t+Z ( U l+2 - U t) 

1=1,2, ... ,N 

(7) 

We introduce new mass dependent variables ~ ~ ~ and ~ 

shall seek the normal stationary JOOdes of lattice vibrations in 

U1.e form [ 45 ] 

~ (t)~ exp(i W
0 

t) • (8). 

Suootituting (8) into (7)_ we obtain 

,;lo=a0+(3 o +(3 o + 
""I. l ""I. l-1 ""1.-1 l+i '"l.+1 

(9) 

+ y l-2 "-2 + 'Y l+2 "+2 

1=1,2, •.• ,N , 

where the following dimensionless variables have been used 

C(t = 2 [ 

l+i ] [ l -1 ] 
(l+q)-q( -T- - -T-) + 

(10) 

l+2 ] [ l-2 ] ) ) 
+h(2(1+2q)-q([-T - -.T-

-r,l+i = l + q - q ( [ ~ ] - [ : ] ) (11) 

- YLT2 = h ( 1 + 2 q - q ( [ 

1

:

2 

] - [~] ) ) (12) 

and cl = m w
2 

/ k ; h = E! / f defines the strength of o o o ""O o_ NNN 

interaction. 

Notice that (31+1 = - ~+1.t/ k0 , r 1+2= - h ~+2 ,1 / ~ and 

et
1 
= - ( 131 + 1\.,.

1 
+ r 1 + r 1+2 ) • For a given N average numbers 
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N arid N of (-1) and -(liq) in ooquence (11) are given by -1 -1-q 

[N/, ] and [ ( 1-1/, )N], respectively. Since ( 12) is a 6UCCe813or of 

(11) ( see property A4 in APPendix A ) ave~ numbers N -h, i+q> 

and N_h of -h(liq) and -h tel'II6 in (12) are [2rN/(2r+l)] 

and [N/(2r+l)], respectively. Sequence (10) takes three values: 

o.<
1

>= 2 (l+h ( 1 + q )), c/21= ( 1 + h) ·( 2 + q ), cc'3 >=2 + q + 

2 h ( 1 + q ) . Therefore, in ( 10) there are on ave.rage [N/r 3 ], 

[N/,
3

] and [N(l-2/,
3
)] of o.m, c<.

121 ~ c<.'3 ' tel"'IDB, 
respective-

ly. 

From Eqs. (9) it follows that the :frequencies of normal vibra

tions of 1D Rl.; are the eigenvalues of Ni<N 6YIIIDetrix band matrix 

of width five if FEOC are applied ( Le. k = lr N 
1 

= g __ • 
i..o N, + .... , .... 

= ~.o = ~+t,N-1 = 8i.i+2,N = 0 ) • In this case (11) and (12) 

give the off-diagonal elements of IM for 2 s 1 5 N and 3 :5 1 s N, 

respectively; f\=r1 =r2 =0. (10) define values of c<., for 3 ::5 1 s 

N-
2 

and cc1 = - />2 - rs • c<.2 = - 02 -f~s - r" ,ccN-1= - /~~-1- ON -

r N-1· °'N= - ON - r N • 

4. Numerical results 

In order to study the influence of model P!ll"ainetere on the pro

perties of VS, the G(x) and t.G(x) functions for N=l05 and varioos 

values of q and hare calculated . The integrated density of sta

tes (IOCG) G(x), determines the nmnber of eigenfrequencies ni of 

IM :ful.:filling the condition n~ < x . The function t.G(x) is a his-
1 

toID:-am of G(x),i.e. t.G(x)= G(x) - G(x-A) where A ia an elementary 

step of calculationa. Notice that x denotes a f!4uare of dimen

sionless eigen:frequ_ency x=n2= m w2fk . 
0 0 0 

6 

( 

~--k~ - -1 

r g
0

(l+q) t• -• ~ •--;,• -:-.--, 
lfig. 1. TI1e model of hanronic interactions in 1D FQC; k0 (l-tq) 

( .:--~--~) ,k,, ( <- - - >) nnd g
0 

(l+q) ( <·--->) •~· 

( <-•-•-•->) are t.he force constants of interactions bet=

wecn ncarest.-nei.ghbour and next-nearest-neighbour atoms, 

n::..;pcd.i.voly .. 

/JG 

103
1~ 

020 o.60 1.0 3.0 X 4.0 
Fi.g.2. The histogram t.G(x) as a function of x=i1

2
=m ,,.,2 /k ;z=-0 

0 0 

(Le.an ideal periodic cl1ain),h=O.O,N-=lO-:, ,an elementary 

sk"P of calculation t.:. 2"' 1C(1. . In the acoustic and optical 

region values of /\G are given. 

Ilm iB calculated UB:ing J);,an's [45] method. The explicit form 

of tile numerical algorithm iB as followa. We calculate a ooquenoe 

of scal.arB [ u, } given by 

U =-..1.:, - X 
1 1 

u:-e,-x-rl/u 
2 2 2 1 

2 2 
U.::..ct - X - Y ./u. 

2 
- (r, - 0 Y /U 

2
) /U. • 

J J .I J- J J.:c.1 J J- J-• 

7 
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(13c) 



tiG~-103 
6306 

1.5 

1.0 

0.5 

1.0 

5955 

i=o.10 

2.0 3.0 4.o X 
Fig.3a. The same as in Fig.2 for q=0.1/r ;h=O,A=0.02; numbers 

depicted inside subbands give the ·number of eigenstates. 

1~f-10' M 
8 
I 

6 

4 

Z = 0.10 

1.0 2.0 3.0 X 4.0 
F.ig.3b. G(x) as a .function of dimensionless square of eigen:fre-

2 2 
quency x=n .::m0 <•,,/k0 for q=0.1/T , h=O ;~ denote the va-

lues of G(x) at the corresponding x (ooe Table 1). The 

bold horizontal lines represent the gaw in the spectrum. 
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6Gf103 
60fil 

15 

1.0 

Z= 0.50 

1.0 

s1,1 

Nz 

2.0 3.28 3.98 X 
FJg.4a. Tiie same as in Fig.2 for q=O. 5/T. N denote the number 

. L 

of states in subbands ( see Table 2) . 

G l-10' 
8 

6 

4 

2 

Z=0.50 

1.0 20 3.0 4.o X 
F.ig.4b. Tiie same as in Fig.3b for q=O., 5/r .. 

------ ----- - ---------·---- ----~-
where x is a real number and o.. ,/3. ,r . are the matrix elements of 

J J J 

lli. G(x) :iJ3 found :fran the signs of n scalar quantities { u }, . L 

i.e. G(x)= N (x) , (14) 
{u} 

L 

where N (x) denotes the numbers of negative u.'-s 
L 

in the 

{\\_} 

sequenoe ( 13) . 
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•103 

6G!"" 
1.5 

1.0 l\ 

0.5 

N& 

0.20 

GL•10 

8 

4 

2 

2130 2129 

31 5572 

2=1.0. 

ft N2~ 

N1 •1 
N3•1 

N~ 
N3-2 

I r- ,--

1.0 2.0 3.86 5.os X 
Fig.Sa. 'I'be saioo as in Fig.2 for q=l/r. 

1.0 2.0 3.0 4.o X 5.0 

Fig.Sb. The same as in Fig.3b for q=l/r. 

The results for h=O and increasing q, and for q=l/T, h=0.1, . 
h=0.25 are presented in Figs.2-7 and in: Figs.8,9, respective-

ly. Notice that for q ~ 0.5 ~G(x) shows sharp peaks in long

and short-wavelentgh limits. They reflect the Van-Hove s:i.ngulari

ty of density of states of .infinite periodic chain [46] given by 

N 1 
P (x) = IT ~::;:::::;::::==::::;: 

-f x( 4 - x) 

10 

(15) 

C 

, 6G ,103 

5385 !3LL3 

1.5 z=s.o 

1316 N1 N 

1.0 
I\ 

813 N,-1 

N& 

0.20. 1.0 -2.0 2.40 - a.10 9.o x 9.7 10.0 
F1g.6a. The tx:Ulll-) ns in Fig.2 for <F:°.:/1 . 

10~.,04 
G 

Br Z = 5.0 

6 

4 

2 

1.0 t4 ·· 2.2 2.a -8.6 9.o X 982 

Fig.6b. TI1,: same ill:i in 1''1g.3b for q=5/r _ 

Toe substructure of G(x) and .t.G(x) in acoustic and optical re

gions of VS are tiliown in Figs.l0-13 and 14,15, respectively. 

In addition, the function e 1(y1) called an average density of 

states 

Gl{yl) :-- Gl(yl-~1) 

Pl (yl)= ---------

N ~1 

II 

(16) 



6GL•103 

lll 

~,~ 11~ 5233 
12 LS 

5572 1.5U 2=10.0 

l 
2 9 ~ 

N2-1 ~ ~-1 
1.0 l1 ~;,1 

~1111 I f 11~•1 
·-·· 

NJ.. 

N,-2 

N5 2 

1.0 1s ·· 21 x· 256 2.68 2.so 14.ss 159G 1596 

Fig. 7a. 'l'he same as in Fig.2 for q=lQ/T. 

G l.104 

8 

6 

4 

2=10.0 

1.0 

L 

Fig. 7b. 'lhe same as in Fig.3b for q=lO/r. 

1.6·2:1 X 2.9- 14.815.0 15.4 1594 

is calculated,where t. 1s y1= -Ix / xmax ~ 1 and t.
1 

is an elementary 

step of calculation . Notice that G
1

{y1) detennines the number of 

eigenfrequencies of Ili obeying the condition n i < y 
1

. 

Dependences of pl on yl for q=l.0/r, h =O; q=lO/r, h = 0 and 

q=l/r, h=0.25 are shown in Figs. 1Ga,1Gb,and lGc, :respectively. 

The dependence of p 1 on q and h in accxJStic region of VS is 

Presented in Fig. 17. Notice that for q > exp{2) we obBerve a po-

12 

1 
I 

1, 

we~ dependence of Pl {t.1:::1/225) on q. 'l'he standard analysis of m1-

merical results gives Pl {t.
1

)=C
1
c{, where C=exp{-0.84) and r=0.4.6. 

In order· to study a hieran:hical structure of VS the Ili under 

FEOC is di~onalized by using EISPACK rootines { BANDR and 

'ruLRAT) . Computations are performed for the numbers of atans 

F
15

'-610 ·:o: Ms: F
19 

= 4181 and variam values of ioodel parameters q 

and h. The :results are presented,in Fig.lS.-19. 

6G ~L!!J 

Fig. Sa. t.G 

G~ .,o' 
8 

6 

4 

2=1.0 
h=0.10 

1.0 21a X t..Jo .. s.oa 
2 2 5 

versus x= 0 =m
0 

w 
0
/k:

0 
for h=O .10, q=l/r and N=lO 

Z= 1.0 
h • 0.10 

1.0 2.0 3.0 4.0 Y.. 5.0 

Fig. Sb. G versus x= c{ =m
0
w~

0 
for h=0.10, q=l/r and N=10

5 
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6G •• ,o3 
3957 

ts 

1.0 

0.5 

2=1.0 
h=0.25 

~233 

X 4.o- 4.90 
Fig.9a. The same as in F:ig.8.a for h=0.25. 

GI •10 4 

8~ 
Z= 1.0 
h= 0.25 

6 

4 

2 

w 2-0 ~ X ~ s~ 
Fig.9b. The same as in F:ig.8.b for h=0.25. 

Moreover, the branching structure of VS is analyzed using the 

following approach. Let .S be a real positive, number and { ¾•~ ) 

{ { rx;:, -tx; ) ) denote the vibrational spectrum given in an 

increasing order of x. = n~ / n2 { -rx.) where n. and n are 
1 l.. max 1 1 max 

the ith and Nth dimensionless e:igenf:requency of m, respectively. 

Then, we consider oi and oi+l to be in the same "subba:nd" 

if {xi+l - xi)< .S {(-r'xi+l - ~)< 6 ),i.e. o denotes here a mini-

14 

~ 

Fig.IO. G(x) versus x in the acous-

tic region of VS;q=l.O/r, 

N=I05 ; 6-an elementary step 

of x; ~3,~~As,As denote 

the width of gaps occurring 

near values of G(x) equal 

to N3=5574, N4=9017, Ns= 

=14589, Ns=23607, respecti-

vely (see also Table 2). 

a) 

G 1•103 

b) 

Gl"102 
15 fl;:210"' 

z-1.0 1 

10 

GI •103 

151 ll=5·10"3 

13 Z =1.0 

11 

/•••1rom10" 9 ., 
65• (98!2)-10 

7 fl,• 1148!2)-10'5 

51 ,, 63• 123!2) ·10"5 

10 [j 
0.025 0.1 0.175 0.24 

X 
c) 

10·~ X 10-~ X 10·4 X 
F:ig. 11. G{x) versus x for x « 1.0,q=l/r, h:::0.0 and N = 10

5
; num

bers depicted at the bottom and top of each '"staircase'" 

. ~ ~ g1ve the value of G. {a) ii=2it:10 , {b) 6=2it:10 and (c) 

ll=2lt:l0-5 represent G(x) in the regions dashed in Figs.10, 

l<ia and H.b, respecti''!_ely. 
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mal width of the di.stinguiEhable gap. Using this rule the sub-

structures of VS are determined for decreasing ,5 . TI1e reb-ults ob

tained for N=4181, q=l/r, h=0 are presented in Fig.20. 

The fractal dimensions d of ( of ,n~ ) and ( '\ ,ON ) are 

calculated using Mandelbrots covering method [ 47] described in 

Appendix B. In this way we deteI1Dine d within 1% and HJ% for 

q !::: 1 and q~ 102 , respectively. The numerical results are shown in 

Fig.2.i and. Fig.2..2. 

GI 

1336 

1031 

0.025 

a) I I b) 
l!,. -5-10·3 

Z =10.0 J l 6 .3,0·' 
Z =10.0 

5136 

9017 / 

6L•(52!21•10·4 

63• (78!21•10·5 

62· (12! 21-10·5 

0.10 X 0.20 

1f103 

A3 •(78•21•10·5 

0.0402 o.o4 5 o.o4a 0.051 X 0.054 

Fig.12,The same as in Fig.lC for q::. 10/r; (a) .6=3'1<10--3 ;.t.
2

,.t.
3

,.t.
4

, 

L.
5

,.t.
6

,give the width of energetic gaps occurring near 

valueo of G equal to N
2
=3445,N

3
=5574,N4=9017,N5=14589,N6= 

-4 23607 ,respectively (see also Tab.2); (b) .t.=3'1<10 , G(x) 

versus x in the region dashed in Fig .12a. 
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G l•1a3 
/J.·2·10"3 

GI •100 

/J. • 2·10"4 

2•10.0 

GI !J.r(12:t2)·10·5 

3 

2 

1 

1 .. .I ... ~ ,· 

O.Q16 X 001720 X 1o•J: X 
Figs. 13. G(x) as a function of x near t.2 gap (see .Figs, 12a,b) 

· . 5 -3 -4 
for x«l,q=l0/T ,h=0,N=l0 . (a) A=Zll:10 , (b) A=Zll:10 , 

and (c) A=Zll:10-5 represent G(x) in the regions ~ 

in F:igs.13a and 13b, respectively. 

5. Conclusions 

Fran the rerults presented in the previ<XJS section one can 

draw the following conclusions. 

1. Tiie Cantor-set..'.. like character of VS manifests itself in the 

optical region very well (cf. Figs.4-9, 14-16, 18,19) and al-

I006t disappears in the long-wavelength limit ( cf. Figa. 3-13,lG', 

18) (22,32,35]. 

2. The width Ag of the gap is an increasing function of q. This 

implies that peaks of AG(x) becane in general narrower an,f higher 

as q increases (cf. Figs .3-7). 
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G ~-2~:i GI I -6 G . 6·2·10 GI 6•2·10-3 1 z .. 10 2=1.0 2:1.0 265 . ., 
,.,;~ I I 

I I 
I I 

I I 
r-, I I 

I I I 
I I I I 

I 1121 I I I I 
I I 
I I 
I I 
I I 
I I 

3111 I I I: 
I ._. 

73 

□ b) ~ I, d) 
. 

I 048 X1 5.046 X 5.0474 X 5.04752 X 
Fig. 14. G(x) versus x in the optical region of VS; q=l/T, h=0.0, 

N= 10
5

. The numbem depicted inside the figures give the 

-3 -4 
values of G(x)-G(x-Li).(a) Li=2"'10 , (b) l'l=2"'10 , (c) l'l= 

2"'10-5 and (d) ,',::2"'10-6 :represent G(x) in the regions da-

6hed in Figs. 14a, 1,lt and /4 c, respectively. 

3. For given q and h the width of l'lg depends on its poaition in 

the phonon spectrum and tends to zero in the short- and long-wa

velent.gh limits ( c:f. Figs. 3b- 9 b, 13-16) [ 32, 35] . 

4. If one neglects the gall6 whose widths are less than a given 

number bg > O,then VS are "band-like" and near the edges of each 

subband LiG(x) and pl(yl) exhibit Van Hove singularities (cf.Fig. 

3a·- 9a) [32] . 

5. In the acoustic ~on x 5 0 .1 phonon spectra have the quasi

continUOU5 character (cf. Figs. 3-l.'.3) . Eigenfrequencies of Itf for 

l8 

~ 

105 

G 
·A-10-3 

2=10.0 3 

3445 

a) 

GI A-10-.. 

I 

2128: 
I 
I 
I 
I 

·I 

Z=10.0: 
• I 

I 
I 

'I 
I 
I 

i
i I 

I 
I 
I 
I 
I 

L.J 

b) 

1s.895 1s.91315_928x 1s93x 15_9305 

GI A-10-5 

z-10.0 

812 

c) 

GI A-10·_5 

2·10.0 

310 

. ., 

d) 

15.93055x 

GI A· 10-7 I G I A -10-8 1. 

15.930515.93056 

G A:-10"9 

z .. 10.0 

z-10.0 192 

r.:l 
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I 
I 
I 
•310 

e) 

Z=10.0 

118·, 

f) 

15_9305512 X 

45 

28 

45 

99380 

g) 

15.93055128 X 15.930551 X 
Figs. 15, The same as in Fig.14 for q=lO/T. (a) b=l0-

3
,(b) l'l=l0..:.4, 

(c) l'l-=10-5 , (d) t..=10-S, (e) l'l=l0-7, (f) .t.=10-B and (g) t.= 

. 10-9 show dependences of G on x in the regionB dashed in 

Figs. 15a-lff, respectively. 
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! 

t 
jl 

l. 

I 
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.f 

Figs.16.LoglO( pl ) versus yl; step of calculation t.1=1/225, 

+5 N=10 ; (a) z=l/r ,h=-0; (b) q=10/T, h=0;. (c) q=l/T, h=0.25; 

-3 
P 1=0 are depicted as P 1=10 . Values of pl having 

◄ . -2 
log10C Pl ) less than 10 correspond to isolat.ed states 

in the gap5.· 

1 :5 i :5 [ N / T
5 ] are given within 3% by 

[

(i-l)n] n. =- 2 r. (q,h) sin 
i. i. 2N [

Ci-1 )n ] 
2 r 2(q,h) sin --

2 N 
(17) 

where r i = ni (q,h)/ni (0,0). Dependenoes of r 
2 

on q at h =0 and oo 

h for fixed q are present.ed in Figs. 23a..:c and 23d, respectively. 

Notice that r 2 showa a linear dependence r 
2

(q)=l+D.177itq oo q for 

~ 0.1 (cf. Figs.2.3a,b) and a saturation effect for large q ( cf. 

Fig.23c). Moreover, r 
2 

increases almost linearly with h (cf. Fig. 

23d) and the fit of linear function to numerical results gives r 
2 

= 1. 37~h + 1.112 and r 2= 1. 33(),l<b + 1. 247 for q=l/T and q = 10/T , 

ret,-pectively. Therefore, one observes the following facts: ( 1) 

dependence of G on x has the fonn G(x)=G
0

(q,h) YJt,where G
0

(q,h) 

denotes quantity depending on IIKX!el parameters (cf.Figs.1O,12.a); 

(2) histogr-dlllS li.G(x) show Van Hove s:i.ngularity at x-➔0, i.e., 

AG(x)= t.G0(q,h) / VX:- (cf.Figs. 3a-9a ); (3) the average den

sity of b-tates p 
1 

(y 
1) does not depend oo y 

1 
(cf. Fig .,f 6) 

lim Pl (yl) = Cl ( q ' h ) i, 

Yt➔O 

where C 1B a COilBtant at given q and h (cf. Fig.Ii) 

(18) 

· Notice that the width of the acxxmtic (quas:i.ca:ttinuous) ~on 

of VS is a decreaai.ng function of q ( cf. Figs. 3-13 , 16 ) • 
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1.5 
1.5 

1.0 
.... 
~ 1.0 

~ 
;.J 0.5 

""' (v") 0.5 0.0 

C: 
--1 

0.0 

-0.5_3 -1 1, 3 5 
Ln_ q, 

Fig. 17a, Ln(p
1 

(t.
1

)) verBUB ln(q); inset shows the linear depen

dence of ln(p
1

) on ln(q) observed. for large q . The best 

fit for q > exp(2) gives ln(P1) = 0.46 ln(q) - 0.84. 

1.0 

0.8 
~ ~ ._. A 

A A A 

0.6 Ja 

0.4 ~ '□ a a a a a 

1.6 2.0 · 0 ·2a:o··--oA- o.8 · 1.2 
< ·--~ . . h . . 5· 
Fig.11b. pl as a functionofh, z=l/T, N=lO. 

6. Vibrational spectra of ha:rnk>nic JOOdela of ID FQC' s are self

similar (cf. Figs.19-20) [22,26,32,38]. In ·the fol.lowing hierar

chies each subband is branching into subbands aocord:i.ng to the · 

rule [35] + N = N + Ni_
3 

+ Ni-2 ' 
Ni=Ni-1 i-2 i-2 

(17) 
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Table l. Values of L1 used in Figs.3b- 9.b. 

L
1

:.. 23607 L12 ·..: 58361 

L
2

·:.. 29181 L13 :.: 61804 

L3 = 32624 L14 = 67376 

L4 :: 34754 L15 :: 70821 

L
5 

.a 38198 L16 :.. 76393 

L6 " 41641 L17 ..: 79838 

Ll ..: 43TIO L
18 

.-c 81966 

L8 -' 47214 L19 " 85411 

Lg.:. 50659 L20 = 90983 

L10-= b2788 ½1 ,..: 94428 

L
11

-.:. 56231 

Tab.Le 2. Values of N1 used in Figs.3a- CJ a. In the second colunn the 

numbern [N/,J] :::: Ni are given (see al£o Fig.2/.; where 

[N/rj] (!Orret.1iond to N100 _ .. of (j+l)th level) 

No= 1315 ; [N/r'"] 

Nr= 2129 [N/r
8

] 

N2= 3445; [N/r 7
] 

N3::: 5574 ; [N/r6
] 

N4=- 9017 j [N/T !S] 

N5= 14589; [N/r 4
] 

N5= 23607; [N/T 3
] 

z N7= 38198 ; [N/T ] 

N8= 61803 ; [N/T 1 
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where N. , N. 
1
=N./r and N. 

2
={1-1/r )N. denote ·number of eigen-

J. 1.- J. 1.- . J.· ' 

states in subbands. The hierarchical structure of VS is shown 

schematically in Fig. 24, where 6 . and N. . k denote a minimal l. ·11; ••• 
1 . ' 

width of di.Btingu.IBhable gap and numbers of eigenfrequencies in 

BUbband on the i-th level, respectively; kr= 0 , 1 and the ~ber 

l\ , ... ,k of the 1-r-11 level is connected with l\ ... k by 
1 1.. , • 1 \-1 

l\ , ... ,k = k, l\ , ... ,k /r + {1-k) l\ , ... ,k{l-1/r)= 
1 i 1 · \. 1 l 

l\1•···•1+• 1\1,····0· 
{18) 

The described Cantor-set-like structure of VS is independent 

of model parameters and comes frcm the quas:iperiodlcity of the 

Fibonacci chain . 

7. The fractal dimension d of ~ miectra { ni, n~ ) shows 

a power-law decay if POO increaBes- The best flt of the power 

.function qa to the calculated results at q e: 0.5/r gives 

, d = C * qa, {19) 

where Ol=-(0.11 + 0.02) and C = 0.82 + 0.03. Dependence of fra

ctal dimension ci
1 

of pionon apectra cn1 , nN) on q has a similar 

foI111 - a (20) dl ~Cl* q t , 

- -2 
where c,

1
=-(0.05 + 0.01) and C1= 0.91 + 0.02. Notice that d ~ dl 

Flg. 18a-f. Phonon spectrum of the hanoonic model of lattice dy

namlca of 1D EQ for N=F 
15

=610 ,' q=l/T and increaBing h. , 

Square of elgenfrequency versufl mode number: (a) h=0.15; I ► 
{b) h~0.25; (c) h=0.35; (d)=0.45; (e) h=0.55; (f) 

h=0.55 for Ne: F13 = 233. 
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6.- 0.055 / "'-..._ 

6 > 0.04 ...L J~ 
6 > 0.02 ...L~ ...L ....L, 

a> 0.01 _/l__l_ _L _L 

Z • 1.0 , h • 0.0 
Fig. 20. '!he hier,m::hical st:ructure of the vibrational spectrum 

obtained for decreasing,~; q=l/T ,h~0,N=F1;=4181. 

1.0 

0.8 

1-o 

0.6 

0.4 0 20 40 60 
q 

80 · 100 

Fig. 21 . The fractal dimension d vereus q for N=F 19=4181. Trian

gles ( 'v ) and squares ( 0 ) represent values of d ex>r-

idi.r toe· . > and c·2 .2 > . respor ig umin'(lmax omin,umax J respecti-

vely. The solid lines represent the power functions ci1 = 

o. 91 "'4- o · 05 and ci = o. 82"'4 -o · 11 obtained by fitting the 

function qa. to the calculated result.a for q ~ 0.5/T. 

28 

'.I 

I 
I 
I 

0.97 1 

! t ! 0.95 
l ! 

0.93 i ! 
ru ! 0.91 

! ! 
0.89 

0.87 ,.. . . . . 
0.0 0.1 0.2 0.3 0.4 0.5 

- h Fig. 22. d as a function of h; q=l/T, N=F19=4181; ( v') and 

( □) correspond to ( O • ,o ') and ( o2
• ,o2 

), 
IDlll max IDlll max 

respectively. 

8. VS exhibit characteristic tendencies as the degree of next-, 

nearest-neighbour interaction increasoo. In particular: 

-spectra show a general dri:ft towa:rdB higher :frequencies (cf. 

Figs .8,9, 18); 

- peaks of AG(x) becane more pronounced in the optical region 

and density of states in the a<»1Stic region decreasea ( can

pare Fig.5 and Figs.8,9); 

- the width of gaps decreases (cai;;iare Fig.5 and Figs.8,9; 

cf. Fig, 18); 

- the fractal dimension enlarges (cf. Fig,22), 

9. There exist eigenstates n inside sane gaps ( cf. i Figs. 3-9, 
B 
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16, 18, 19) • We have verified that eigenvectors of Il1 corresponding 

to n 
8 

have t.he localized chardCter and are 6Urfaoe stat.ea [ 28, 

48]. 

1.25 

1.20 

LN 1.15 

1.10 

r 
I a) 

D 

1.05 /□ 
1.0~ 0 -3 10 - 210 -1 

log(q) 10 10 2 10 3 

1.025 :::: l 0 

D D D D 

1.020 
D 

/ 
L~l.270 DD L.:41.015 

1.010 b) 1.269 o c) 

1.005 1.268 

rn 1.267100 .. 500 900 
q 

Fig. 23a-c. Dependences of r 
2

(q,h=O) = o
2

(q,h=O)/n2(0,0)_ on q, F17 

::.:1597; (a) r 
2

(q,h=O) versus log(q); (b) linear dependence 

r 
2

(q,h=O)=l+0.177"'4 observed for q :-:; 0.10; (c) saturation 

effect in dependence of r 2(q,h=O) on q. 
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1 .41 A □ 
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.A n 
1.2 

1 
·
0
0.0 0.1 0.1 0.3 0.4 0.5 0.6 

h 

Fig.23d. ;':>. ( q, h ) · ,:,
2 

( q , h )/ ;·i2 ( 0 , 0 ) vermm h, N=F17 ; 

(Ll) q . 10/r= 0.618 .... ; (o) q = 1 / r= 6.180 .....• 

61 

I 

I ·, 

Fig.24. Schematic representation of t.he hierarchical structure of 

VS obtained for decreasing c.. N is an initial IU.1D1ber of 

states .in VS; ,5. and N k k denot.e a minimal width 
1 t., .... , t 

of distinguishable gap and Ill.1Dlber of 'eigenstat.es in 

t.he subband on the ith hierarchical level, respectively. 
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6. Sunmary 

nie properties of vibrational spectra of the harmonic model 

describiug lattice dynamics of the Fibonacci--type chain of atom 

have teen studied numerically. ComµJ.ter si.lwlations have Leen 

done under free .end boundary conditions. TI1e ~ibrational spectrd 

chow pro_perllt.--s of both the ideal (period.le) and dworder ( gla-

m,y) chain. On the one hand, in Uie acoustic limit they have a 

q=icontinu= chardCter and exhibit bandlike properties if 

=11 gaps are neglected. Ch Uie other hand, in U1e optical rfr"" 

gion U1ey show a Cantor-set- like substrncture. TI1ese generdl pro-

perties of VS are independet of model parameters q > 0 , h and 

are a consequence of quat;iperiodic. long-range positional order 

of Fibonacci chain [ 3 - 5 ] . 

IOCG, its histograms and average density of states have been 

calculated in the wide range of model parameters. Main tendencies 

in depmidences of G, t.G and ,:,1 on q and h have been determined: 

Fractal dimension d of VS has been calculated for N=-F
19

=-4181, 

h = 0 and increanlng q; d shows a power-law dependence on q for 

q : 0. 1. Moreover, the performed calculations of d for N = F 
19 

= 

4181,q:.:.l/T arid 11"'0 indicated that d increases with h. 

Finally, we point out that in the acoustic region the phonon 

spectrum of Um studied harmonic model behaves alioost identically 

as for the ideal per-iodic chain. Therefore, we c-.ari expect that 

Uie U1ermodynamie l'ropert,ies of 1D FQC' s and ideal chains Bhatl.d 

not differ cmrentially. <hr investigations of the temperature de

pc.:nderK.:C of heat cal'<,l.c.:ity [ 4.9,50 ] confirm this presumption . 
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' Some further information about the structure of VS can be ob

tained from tJ1e properties of eigenvectors o.( ffl. ThiB will be 

the subject Bf a separate paper [ 48]. 
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Appendix A 

The mathematical properties of the :infinite 005·5 given by (4) 

and ( 5) are as follc~m: 

Al. In 005•5, (4) and (5), one of the two C006tituents, i.e., 

k
0 

( 1 + q ) and~ in the case of (4) and (5), :r:oo:pectively, 

always appearo isolated. The other elanents occur 1n a string 

of consecutive elements . 

A2. Toe 005, (4), is a k
0 

-daninant one and contains stringB of 

consecutive k
0 

of sizeB 1 or 2 only, separated by isolated k0 ( 1 

+ q ) . 

A3. nie 005, (5), is a· IIo ( 1 + q )-domioont one and the sizeB of 

the strings of consecutive elements IIo ( 1 + q ) are equal to 2 

or 4 . 
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A4. Sequence (5) can be obtained fran the sequence (4) by replac

ing k
0 

by { l\)( 1-k} ), ~(1-kJ) } and k,J 1-k}) by~• i.e. :OOS 

{ a t } is a: 6U00e860r of ti1e :OOS n. l } [ 43, 44] . 
~~ ~-~ 

• 

A5.Toe ratio of the number of k0 and k0 (11q) or g 0 (1-kJ) and l\, in 

the infinite sequences (4) and (5), respectively, are given by 

l\· 
0 

N~)(l-kJ) 

=, and -= 2r 

l\:oc1-.q) N 
_g,:, 

AG. 'n1e ·:OOS ,(4) takes ita k
0 

and k0 (1-kJ) values on the seta 

~ { 1 I l=[m r ] , m e N } 
0 

and 

T 

~- (l+p): { 1 I l= [ m --. ], me N } 
O T- • 

respectively. 

A7. Toe quasiperiodic sequence (5) ta:ket> ita g
0 

and ~(1-kJ) 

luet> on the sets 

C C 'n C g 1 1 
0 

C · C , u C - C t" · g
0

(1-kJ) 1 1 2 , respec ively, where 

c; { 1· I 1· = [ m r ] -. 1 , m?: 2 } and • 

T 

C
2 

{ n • I n • = [n , _ 
1 

] - 1 , n ?: 2 } . 

Appendix. B 

va-

We explain briefly the used method of calculation of fractal 

dimension ii. 
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Flg.Cl. Fractal dimension d of( r.ii ,fi~- ) versus 6x for increasing 

q=-z/1; (*) z=O; (4) z=0.5; (c) z~l; (tr) z=2.5; 

(cf>) z=7.5; (4) z=16; (□) z:=60; (,¢.') z=140; 

N=:4181, Hz=l; solid linet> are depicted for eyes. 
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Fig.CZ. The Ballle as in Fig.Cl for variouB Hz= ( O) 

(Ll) Hz=F2=2; (*) ~=F3=3; (<)) 

10 - 1 

~=F1=1; 

~=F5=8; 

. (t:3) ~=F6=13; N=F19=4181, z=l,h=O; solid lines are 

depicted for eyes. 
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Let ,Sx (&y
1

) be the real po13itive number. We cover the spectrum 

( oi, o~- ), ( ( o
1

, ON·) ) of .llf with the segments whose lengths 

are ox (l,y
1
). Let Ni(c5x) ( N:(,',yl)) denote the number of eigen

stateu .inside of Uie i-th segment. We detennine the rrumber M1 of 

segments .fulfilling Ute condition Ni(6x) 2: ¾ ( Ni (by1) e:: ~ ) , 

where~ is a given natural number. Then, a<:U)rcling to [47] 

Ln ( M1 ) 

d=------
ln(tfo) 

where M0 is equal to [ xmax / <5x ] 

notes the in~ part of z. 

( [ -.rx--; 6yl] ); [z] max 

0.950 

0.850 

0.750 
l""d 

0.650 

0.550 5 
10 - 1 0 - 4 1 0 -3 1 0 -z 1 0 _, 

Lo9~0 ( Sx) 
Fig.C3. TI1e &W:: as in Fig.Cl for for increasing N, (o) 

N=F
19

=10946; (4) N=F
18=6564; (P) N=F17::4181; 

de-

(◊) N=F
16

=2581; (*) N=F15=1597; z=l,solid lines 

are depicted for eyes." • 
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We have investigated dependences of don the number N of ataos 

in the chain and tbe magnitudes of ox and ~ •• The IllllOOrical :re

sults show (cf. Figs.Cl~) the existence of a plateau ( with the 

width depending on N,6x and ~) in dependenoes of don ox which 

allow us to determine iL, The results presented in Sec. 4 have been 

obtained for N=F19=4181 and ~=1,3,8. 
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