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1. ° INTRODUCTION

The ferromagnetic one—dlmensional Ising model in a discrete
stochastlc fleld

N-17 0 N

H= ~-J T s s - 5§ h.s h =h_ +0 h=nh (1.1)
n=1 D N+l n=1 1 4 o n’ oo n . !

where .= %1 is an i.i.d. random sequence, shows _for.
zero temperature a dlscontinuous behaviour of magnetization
m and res1dua1 entropy Speg . aS functlons of ho/h and
J. This was observed in [1, 2]‘using a finite Markov chain
approach, and alternatively by energy balance arguments
which explained the discontinuities by f11ps of m1croscopic
spin clusters. There an understanding of the dependence on
/h has been obtalned 1n both languages.
In the present paper we work out  the. energy balance
arguments to explain the dependence of m and Sreg i 2S
functlon of J including the contlnuous degeneracy of .. the
ground state. Furthermore, we show that formula"(z 14)
exp101ted in [2] gives only an-upper bound for the resxdua1~

entropy.
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2. ENERGY BALANCE ARGUMENTS

2.1. Outline of the idea

The discontinuous behaviour of magnetiiafion end entropy
for zero temperature can be’understood as the consequence
of flips of microscopic-spin clusters. .

There exist well defined clusterggﬁhich -in an appropriate
environment- become unstable at certain threshold values of
‘the system parameters J, ho, and ‘h ; Unstable means that
no direction of the cluster is preferred ' energetically .
Above the threshold one direction is preferred. - Changing
the parameters of the system we will observe a::suceessive
perestroyka (reconstruction) of the ground etate.

At the threshold there is a macrescopic degenereey‘ of the
ground state reflected by spikes of the residual enfropy.
Except h0 =0 (in this case we have zero magnetization) one
observes in addition jumps in the magnetizatidn.n:‘l‘ k

The above arguments are only true if tne cluster livesk in

an appropriate environment, i.e. the adjacent spins should

have definite ‘directions. The minimal configuration

surviving the previous steps ofv pereetroyka and
guaranteeing in this way a definite direction (up, down) of
the (right, left) adjacent spin to a given cluster |is
called in the following stable ’(up, down; right, left)
boundery cluster B E } i ‘

If more than one type of clusters become :1nﬁtab1e at the
same threshold (this is possible for rational hy/h ", see

example below) we have an additional mechanism for

degeneracy: All possible combinations of those clusters
- contribute to the spikes.

' Above threshold we then possibly face with a new phenomena: '

If at least two of these clusters are antiparallel below
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the threshold then above'the'threéﬁeld in ani antiparalleﬂ
environment they form an aliqned'paif, but no directionk ié
preferred. This degeneracy survives' at least up to the next
threshold and is responsible for a plateau 1n the residualA
entropy as a functlon of the exchange. »

The jump in magnetization passing the threshold due to

flips of the correspondlng clusters of only one type ¢

in
the appropriate environment build by the corresponainq
stable boundary'clusters B! and BT is
8m = 2 (An;~ An,) Prob{ B! c BT (2.1)

where ‘Ana is the difference in the number of  spins in

direction ¢ before and after the berestroyka.

The corresponding spike of .the residual enﬁrdpy can bei
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obtained by ‘s = k; In W , where W = pProb{ B- c B )

res . B 4

isv the specific_statistical weight of the degeneracy . of
the ground state, so that
Sres = kg Prob( B! ¢ BY ) 1n2

resl s . CoTy (2'5)

1 r ‘ : ' ! g e T
The Prob{ B~ c BY ) 1s the Bernoulli measure of the

cylindrical set corresponding to ! infinife o (*)

configurations with the base = plc BY.
2. 2. Zoology.of clusters for hy/h =1/4

To explain the energy balance arguments it‘is’convenient‘to

start with the example considered in'[2]. There we studied

maqnetlzatlon and re51dua1 entropy as functions of - J for

fixed ratio ho/h =1/4.
For J =0 the .ground state confiquration follews the

direction of the field. The first cluster - cy which



becomes unstable increasing J is shown in Fig. 1la. The
threshold condition is that the energy difference between
iﬁitial and final configuration (binding energy of the
flipping spin) becomes zero , h_ + 2J = 0 , which defines

gl =n_s2 .
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Fig. 1. Clusters Cj = (a) and cl= (b) are
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responsible for the 1st and the -2nd spike,
respectively.  The stablg boundaries are By=
(a), and B, = (b). (c)“iilustrétes_ the
ﬁecessity to introduce the stable boundary cluster:
The number of single up-spins is reduced due tb the
first step of the perestroyka.
For J > Jél) all C: disappeared (first step of the
perestroyka of the g;ound state). The Jjump. 'in the
magnetization is am(1) = 2-1-(1/2)3 =1/4 (see (2.1)). At
the threshold the C: don't prefer any direction, the
ground state is macroscopically degénerated and the
residual entropy has a spike sééé = ikB /(1/2)?1n2 (see
(2.2)), the magngtization is in the midd}e between the
steps. N

.The thus obtained ground state is stable .-until = reaching

Jéz) =h+/2 where the C: become unstable (see -Fig. '1b).

The jump in magnetization and - the residual- entropy are
calculaged as above,

.5
Sres kg (1/5)7 1n2.

Can(?) = 2. (-1)- (1/2)% =-1/2%, ana-

t'

a) b)
Fig. 2. The two down spin clustef c,” = in an up
sﬁin enQironment is ‘responsible for  the. 3rd
threshold (a). (b) shows the set of up—spfn

boundéry clusters which are stable for J < ~Jé4);

7/8 h.
The third threshold Jéal = -h_  originates from cluster
C:_ (see Fig. 2), correspondingly Am‘a) =
2 3 2
22 (2% @/2)7) w2 (a2 = 92° |, ana
B o N .
Sies = kg (9/27) 1n2.

The next threshold Jé4) = 7/8 h results (in contrast to

the previous one) from an infinite class of clusters

generated by C:—+ and ‘CI-+-- (cf. Fig. 5) with :?spectiye
g gg | -
== © 0000
q)» P A ‘

=4 B:
ﬂ SRR A b) ;» 

Fig. 3. Generators for composed' clusters réspohsiblé for

l
ces E3.
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the 4th threshold Vka); The 3-cluster and the
S-cluster surrounded by down (up) spins become

instable at J{%) ‘(p).
C
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Fig} 4. The'sets of down (a), respectively up (b) right
boundary clusterskwhich are stable for d < ~Jé5).
The left boundary clusters are B}'¢= ( Bfﬁ)M
where M denotes mirror reflectionf to the left.~
Obviously, Pr ( B} ) =272 + 274 4+ 275 = 35,58
and Pr ( BY) =2 7%+ 2744 7% 4 277 4 78 -

91/28.

bindihg energies -2h,-h_+23 and 4h_+h +2J. Obviously the
coincidence of the thresholds is due to our choice of ho/h.
In Fig. 4 we show how to organize the environment such that
it survives the previous steps of the perestroyka ‘and
remains'stable at least up to the next threshold. Figs. 5
and 6 show the infinite hierarchy of composed clusters which
have all the same threshold Jé4);

Above the threshold,' in the cohposed clusters shown in

Figs. 6 a,b , all 3-  -and 5- clusters polnt in the

direction preferred by the surroundlng. The pairs of 3-

Qe Oud-

®

L

and 5- clusters living in antiparallel surrounding become
aligned (cf. Figq. 5) but no d;rectionris preferred. The

same mechanism works for the composed. clusters of Fig. 6c

" and leads to a hierarchy of kink-type configurations, see

Fig. 7. The jump in magnetization has contrlbutlons from the
clusters shown in Fig. s,

Am(:)= 2 Pr( B} ) T (-3n) 2'3"'5(§'1) pr(yaf )

n=1

- _1( 37 2
3z 517 ¢

Am(g)— 2 pr( Bl ) 5 (sn) 2 ~3n- 3(n= Vpyr( B )

n=1
_ 1[ 91 ]2
- % ’
502250
Am(4)— 2 Pr( B 9 z 2n 2780 pr (gl ) 3791 5
‘n=1 (2*-3-5.17)

Summing up all jumps we obtain the magnetlzatlon m = §/17
for J(4)< J < J(s) in accordance with [2]. To calculate the

residual entropy we first consider the contribution to the

-8, 0 I8l B, 0313 B,

I |

a b
Fig. 5. Slmplest composed cluster constructed from the 3-
and S-generators (see Flg. 3) wh1ch become unstable
at . J(4). At the threshold either the 3-c1uster (a)

or the 5-~cluster (b) can be fllpped producing

three p0551b1e conflgurations. Also the reflected

image of these configurations has to be taken

into account.
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Fig. 6. Hierarchy of composed clusters which become
unstable at Jé4) . The possible configurations at
the threshold have to be constructed -according to

the rule described in Fig. 5. The 1last remark of

Fig. 5 also applies.'No other possibilities appear.
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Fig. 7. For J(4) <J < J(S) the 3- and S-clusters build

up rigid pairs (8—clusters) which try to align. As
in Flg. 5 we have to spend the energy for one
.unsatlsfled bond (klnk) denoted by the arrow. Thus
n pa1rs produce n+l equivalent conflguratlons.
The energytto f11p one pair in an antiparallel

‘ env1ronment (Shlft of the klnk) 3h, + 55_ vanishes

" due to our spec1f1c ch01ce h /h 1/4.

specific statistical weight W from all the clusters c" of n
. P, ;
where
-8 (n+2)+1

pairs shown in Fig. 7 which‘is W, = (n+1)

p, = 2 Prob ( B} c" Br } = 2-3—;-2'8"-& 37-91-2
2 P

Thus we obtain W = H w and the residual entropy
n=1

_ 37.91 2 _-g8n _ '
Sres™ kB 5 ¥ 2 In(n+l) = k 0.00041...-1n2.

2 n=1
At the fourth threshold, we face w1th a new quallty. We have
two types of 1nstab1e clusters, whlch oorrespond “to the
sltuatlon that a spike in the residual entropy touches with
a plateau. cambinatorical calculations.simiier‘to the one
above show a discrepance with [2]. Therefore; situation of
this type call for further investigations of the formula for
megnetization exploited there. The next threshold will be

Jés) =h. To find the responsible clusters is a nontrivial

exercise, the simplest one .is shown in Fig. 8.
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Fig. 8. The simplest . cluster "responsibief for . the

.EB'

5th threshold.

2. 3 Rational vs. 1rrationa1 values of ho/h and asymptotics
for large J .
We con51der ‘a r1g1d a11gned cluster 11v1ng ‘in antlparallel

environment (For example take the 8-c1uster of Flg. 7)

" continuous degeneracy is observed if the blndlng energy of

both or1entations is the same, namely zero

n,h, + n_h_ (n> + )by + (n, - n)h 0. (2.3



Sres
it is sufficient to restrict ourselves to the spikes since

k To estimate the asymptotic behaviour of J— o )
n, and n are the numbers of the sites where the external ymp (

+ -
field points up .or down, respectively.  Since tﬁe n, are

: i i : they have higher values than the plateau. Let us consider a
naturai‘nuﬁbers the zero result (2.3) is only possible if .

] rigid cluster which is responsible for the spike. 1It's
hy/h js rational. For irrational hy/h we have no ) .

. binding energy is zero
continuous degeneracy, the residual entropy as a function ‘ '

ik -2J + n+h+ + n_h_=<2J+(n, + n_)ho + (n, = n_)h = o.
of J exhibits only spikes. ) ¢ v

. i To fulfill this equation, for large J also the n+/_
Thus, for a given J, the residual entropy as a function of ! :

' ; P P 3 have to be large, and n, - n_ cancels with Prob ‘1~ for
hd/h feels very sensitively whether this ratio is rational
J— o .,
or irrational. sres(ho/h) behaves similar to a Dirichlet : L

: s ‘ Therefore, asymptotically the length of the cluster .= n =
function. Modifications are due to the dependence on J , :

; ersaz . : . £ n+n_ e J/ho. To estimate Sres from above * we ‘replace
and the possibility of spikes for irrational values o -
; the probabilities of the stable boundaries by ' 1 and
h./h , see Fig. 9. : -23/h, :
o obtain s___(J)/(kgln2) < 2 .

b J/h

ZSI‘ES 1
In2

3. COMPARISON WITH FINITE MARKOV CHAIN ANALYSIS

£ ) The magnetizati9n' m(ho/h=1/4, J) obtainediabovelfeproduceé
- J1/8 ) the results of the finite Markov chain analysis (cf. iable
1 ’ ‘ 6/8 , ' , 1 in [2]). .

The residual entropy Sres(ho/h=1/4' J) however differs. To

W 5/8

solve this puzzle we reconsider the derivation . of  the

formula for. s___.
o res
3/8 . '

. . 3. 1. Residual entropy revised

0 174 B ho/h

' Fig. 9. Schematic picture of the residual entropy as a

For the sake of brevity we introduce Z: = ﬂ(2n+463). where

i . Ih is the auxiliary random field recﬁrsively . .~“generated
function of h./h and J . The two “fractal fences"

o by £, =h, +A@_,), cf. [2]. From
are the Dirichlet type functions mentioned in the

text. The case h,/h =1 is " a simple exercise, N-1 S :
0 : : N N (T 1n( 2ch§; y1/2

n=1

o=t

£ ~eN) "11n z 1

» . =-(pN) "~ ,+1n2chﬂtN y
whereas ho/h =0 can be analyzed similarly to the R

‘case hy/h =1/4.

: ’ o1 .
10 ‘ 7 r
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Fig. 10. Shapes of the function A(x)

=(28) "'1n[chp (x+J) /chp (x-3)] - for @' > p.

we obtain

st = - atNjom =
=(k /2N 'S in( 2cht?) 2% thr? - p2 of _sap thr? 4
=(ky/2N) I ( In( 20h]) =(7 thi] - 07 o¢,/9p hi] )+

o=%

+(kg/N) (1n2ch2 - T that, - A2 97 /0p thpr ) . (3.1)

For f — ® the first two terms under the sum give 1n2
for each n with tn‘+ oJ = 0 , and zero otherwise. Thus
for N — o we find the contribution already obtained in

(2] (cf. (2.14) there)

(kg/2) ( Wy + w' 1 )ln2 , (3.2)

where the W:J are the weights of the ‘invariant measure

for the states tn = *J , respectively .

i

To estimate the contribution from the third term we observe

. that ‘sgn‘E,ch;= sgn sh2pt = sgn ¢

o=t

n' and sgn azn/ap =

1]
sgn th-l , because for ' > we have tﬁ >tg if

12

‘s .

] ] v - s
thl =h >0 ana ' < f e P =l <o (er.

Fig. 10). The sign of this contribution is nonpositive

since
. 1 N-1
lim S Lsgn( 'sgnl . 270 with Prob 1 . (3:3)
N — ® N n=1 n n-1 X Y

Therefore (3.2) is only an upper'bound for Sfes

3. 2. Explanation in the language of energy balance

Comparing the results for the spikes of sreS(J)" obtained
by the energy balance arguments with those of  Table 1 in
[2) we observe that - (3.2) corresponds to taking

1 1

Prob’{ B" € ) instead of Prob{ B C B ) in ‘(2.2). ‘A

careful analysis of the discrete stochastic mapping t, =
h o+ A(tn_l) ‘shows that the sequence © of signs
(characterizihg the ‘driving process hn) corresponding to
B1 leads the driven process tn to the fixed poinf. .Then
the signs corresponding 'to C lead 'in the degeneréte
situation the driven process tn to J or -3 ‘.fhié"gwo

sequences contribute to (3.2) . The further 'History

‘corresponding to BY as well as the possibility of - kinks

is not reflected in (3.2). This is a second (and
independent)’argﬁment that (3.2) is oniy an upper bound’for

res
For the case of cahtinﬁous‘degenet&CY (3.25 \nééieéiév not
only Prob BY but also the additional degeneracy  due to
kinks (cf. Fig. 7). 7 )
Ii is clear that for . J < h/2 sres(ho/h) . is ‘cotréctly/
predicted by (3.2) becausethe stable ;Soundé}ieS'\are ‘up ‘
spins which are not affected by the perestroyka . Tﬁereforé

Prob BY = prob BY = 1.

13



4. CONCLUDING REMARKS

We:‘hﬁve1 obtained a physical understanding 7 of the
discontinuous behaviouf of m and Sres at zéro
temperature as a result(of the perestroykg of ‘the ground
state. By energy balance arguments the (possibly infinitef
' class of clusters which are responsible for a given Jjump
are selected for some examples. The thus calculated
' magnetization. reproduces the results obtained by the finite
Markov chain approach [1, 2].

The picture of flipping clusters makes the physical
mechanism transparent but the selection of the relevant
clusters is A rather tedious fask. The finiée Markov chain
approach, on the othér hand, does not reflect thi§ picture
in.an obvious way, but gives a clear ‘and constructive
formalism which finally reduces to linear algebra.

For the calculation of the residual _entropy within_ the

Markov chain formalism some formal questions still remain-

open. For instance, it seems difficult to evaluate the
thermodynanmic formula (3.1) for zerovtemperqture with the
exception of the contribution given by (3.2). The
defivation‘of the formula for magnetization (2.10) in [2)
from the thermodynamic exp;ession m = -af/aho seens
similar difficult . In both caseé the derivations of the
dfiven process (or tﬁe invariant measure) with respect to

the physical parameters £  and ho are involyed.
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OnHoMepHas Mofelb H3uHra B CIyuaHHOM
BHemHeM Iiojie: OCTATOYHAA 3HTPONIHA,

HaMarHH4eHHOCTDb H nepeCTpoi&Ka OCHOBHOI'O COCTOAHHA

C moMombid apryMeHTOB 3HepreTHYecKOro GamnaHca Hc-
clleflOBAHA CTPYKTYpPa OCHOBHOI'O COCTOAHHA MO[JellH H ee
nepecTpoikKa AN Pas3JIMYHbBIX 3HAYeHUH NMapaMeTpoB B33HMO-
JeHcTBHA M IOJA.

Pabora shmonHeHa B JlaGopaTopuH TeopeTHUYeCKOH ¢GH3HKH
OHAN.
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Residual Entropy, Magnetization, and

the "Perestroyka" of the Ground State

The discontinuous behaviour of magnetization and
entropy for zero temperature can be understood as the
consequence of flips of microscopic spin clusters. The
residual entropy feels very sensitively wether the
ratio of constant and random part of the magnetic field
is rational or irrational, since in the former case an
additional mechanism for degeneracy of the ground state
appears.
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