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1. Introduction

The effeots of the soliton localization on microinhomogenei-
tiee ( miororesisiances, or MR ) in long { one - dimensional )
Josephson junotion { LJJ ) were predicted and the ways of their
experimental observation were oconsidered in papers [1-5). For
ingtance, an essiest way of cbserving a localized soliten Ly
spegific dependence of eritical ourrent 70( h}) on the external
magnetio field, h, was suggested in ref.l4).Due to the soliton and
antisoliton localization on MR there arises a cross - shaped
dependenve of Y. on h in a weak field, the so-oalled "soliton
oross" [4]) that has recently been observed experimentally [6].

However, it was only a qualitative agreement with the theore-
tioal model [4}. The ratio of the current for a junotion with a
localized solitoh, Tg(D). to the maximum oritical ourrent T?(O)
is much larger than predicted one. This disorepancy is not in faot
surprieing sinoe: 1) NR in the sample used in ref,[6) differs
essentially from the ideal one considered in rer.ldl‘)( the thiok-
neas of an Tnsulating layer in the real MR are > 2 Ap where Ay is
lhe Tondon penetration depth ); 2) the distribution of the bias
ourrent Ig(X) in the real LJJ is usually inhomogeneous whereas in
ref.(4] a homogenecus distribution along the whole junotion was
ocongideraed. ft le wuggesled in the preeent paper that the internal
structure of the inhomogeneity and the inhomogeneous distribution
of Ig{x) are to be taken into account in caloulating Te( k).

In the next section we remind the basio assumption of the model
used in ref.[4] and formulate a new ("realistio”) model. In seot.3
a qualitative disoussion of possible new effects and simple
estimation of 73(0) are suggested. Seot.4 oontains the most
typioal results of numerical calculations from whioh it follows
that the prediotione of the new model are in good agreement with
available data. In conolusion, an extensive experimental
verification of the proposed modei is disouseed.

*) Preparation of ariificial MR with a priori given properties hae
tirst been proposed in refs.[1,2). All subsequent theoretiocal stu-
dies have treated only those inhomogeneities for which all the
basic effects are determined by the vanishing of the linear densi-
ty of the oritical Josepheon ourrent J(X) in the inhomogeneity.



2. The realistic model
The theory [1-4] has been developed for a model that can be
salled the "apy - model" for LJJ. It is determined by the equation

(?)-—tp”+[1—?uiﬁ(x—xi)]sm(pfacb—ﬁcb”+1=0 )

where ¢ = Gy, 9= Og, 2T O(X,) = O(KE) / & *); G(x,t) is the
distripution of the magnetic flux along the junotion; a, f§, 7 and
My are some constants. The parameters @ and f desoribe the ef-
feots of damping due to penetration of the normal ourrent through
the junction and along the surface; 7 is the bias ocurrent flowing
through the junotion (eq.(1) corresponds to the "overlap geometry"
of the junotion in which one szn achieve v independsnt of X ).
Inhomogeneities ( ihickenings ) of the junction dielectric layer
are approximately described by the & - funotions, pié( x—xi). It
is assumed that in the vieinity of eaoh point b 9 | x—xil < 61,
the Josepheon ourrent vanishes. For a su;fioiently small Si, this
sorresponds to H,= 25, since ’

xi+61
o [ 1 - 4,8(%X,) ] Sinp(x,t) = ( 25,- p,) Sinp(x,,t).
i 71
Microinhomogeneities can also be treated for which y, <0 { mioro-
shorts }. However, it is very difficult to prepare LJJ with cont-
rolled mioroshorts. Therefore, we shall further assume that LJJ may
have only some random microshorts with | pi| « 1, For the LJJ we
study miororesistances for which By ~‘1; thus, microshoris can be
negleoted in the first approximation. In comparing the predictions
of this model with the observations one should rsmember that some
of the assumptions used in it can be violated. In the present pa-
per we oconsider the effects arising due to m finite length of in-
homogeneity. Moreover, in the places of the layer thickenings not
only the Josephson ourrent beocomes zero put also the inductance

X

)] . - . . .
*) Here ¢, is the magnetic flux guantum , X is the distance in
tre units®of the Josephson length, A ; t is the time in the units

of w51; Wy 48 the Josephson frequency, the magnetioc field is nor-
malized to hy= @,/ ar Ap Az,



and capacitance of the junotion ochange. We also take into account
the effeots of inhomogenecus distribution of the bias ocurrent IB'

To oonstruct a medel accurately taking account of the above
effeocts we retwrm to the initial equation for the phase distribu-
tion in LJJ {2) ( =ee also refs.[T,8] )

e . 2e -1
Coy4- [1.‘1 ]x+ EF I S1ing + (0,40,0080)¢; - 5~ R @ypgtIp= 0+ (2)
where for a while we come back to physiocal units ( L, € and R are
induciance,capacitance and surface resistance per LJJ length unit,
I(x) ies the oritioal Josephson-ourrent,IB(xJ‘is the bias current).
In dimensionless variables defined by the values of AJ and wy in
homogenecus intervals, eq.(2) oan be rewritten.as

B¢ -w+bg+ JSIiNG+a (145 Co8p ) § - 5 &'+ 7 =0. (3)
where
a‘_In(l) C(I). b-[lnmx)'- J_I.(x) I(x).
o 7 VLl Gl o5 BUE Bl mas ol -
Lix) L(x) L(x) I(x) Yz
ST g PTlRm T T T C g

Lo' CO, Io, ho and W, are the values of L(I),C(x),I(I),AJ and Wy
in hcmegeneous LJJ intervals. If L, C, IB' R and O, are oconstant,
€ = 0, and inhomogeneities in the distribution are lcoal, then the
af18 -~ model (1} follows from (3).

Coneider inhomogeneity whose design is shown in fig.1.

I

w(x} i I

Fig.1. A design of LJJ with MR.



Cne can easily show that
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whence it can be seen how the design of the Jjunction influences
the dependence of the functions &, f,7, &, b and J on X; moreover,
7{x) depends on the IB distribut]:.on ( Bee below }.Inside the inho-
mogeneity the current J{X) vanishes and in the homogeneous inter-
vals J(Z)=1. Conductivities 0 ,and G, in the inhomogeneities vanigh
whereas ouiside them they are constant. We ghall assume d(X) and
w(Xx) to suffer a discontinuity

a = Z(d.B, (x a.6 H = Z|w B 8 s
(x) i[ S8 (0 + a8 (0)]i wix) i['o L) + w8, ()]

where by definition (6)
8, (x)=0, | x-x,1>8.; 9, (x)=1, | x-X, 48,3 §i= 1-8,.
Taking account of (4-6) we can easily find that
9 ay
(x) = [ 8,00 + 8,00 3~ (1 + ) ) (1)
? A 1 g 4
. 1
a(x) = £ B, (x) o = 1 +Z8,(x)
5B, () opi  6(x) = 6o @ 2 @)
: di— do LI
b =23 8 [m-m]; J(x):‘fﬁi(x)
IB(x) LS di
@ =7—3(0@+0,@ g (1+3m) ] (9
7 o 1t 1 iy 2Ry,

{ here = means neglect of the corrections ~ 4 / ZAL). For a final
formulation of the model one should give Ig(X)}. 4s is imown ( see
for instance ref.[91 ), by using a superconduciing screen one can
achieve the ocurrent IB(I) to be uniform along the junotion. Other-
wise, the ourrent conoentrates near the junotion edges which is
desoribed by the simple expression ( see ref.[9] )
g % a1
= — ’ (10)
ot e

where T, is the mean bias ourrent flowing through the junction.
This completee the formulation of the realistic ( or afy® ) model
of the junoction with artifiecial microresistances.




3. Qualitative discussion and estimates of the effects
If a=1, b=0, a=a, €=0, B=0 and 7=const, then the new model
reduces fto the apyd - model but with "smeared” & - functions. In
ref.[4,5] the basic phenomena have been shown to be qualitatively
independent of smearing and that the quantitative dependence is
not essential if u<l ( it is assumed that all inhcmogeneities are
rather far from each:cther and from the edgés of the junction ).
New effects can arise if 4 22X or w,« W_ as well as due to inho-

1 Q
mogeneous distribution of the ourrent Ip.

For di/do« 1 the veloecity v = Ja(x ~ Jdi/do is very large in-

side inhomogeneity. Moreover, as

G'i(x) = G(x—xiwt) - G(x—xi—ﬁi)
then fur 4« di~ EAL the very strong barriers arise at the edges
of inhomogeneity. Since the terme containing G; are properticnal
to @', one should use "smeared" 5- functione { or smoothed 8 -
funotions ). In this oase some results may depend on a epecifio
dimension of smoothing. It i= very important that these effects
of sharp edges of inhomogeneity can be removed. It is easily seen
that taking

W= wo( 1+ di/EKL)

b(x) becomes zero. On the contrary, at W, W, the effeot of a sharp
edge inoreases, and the value of Y(X) alec strongly increases at
| x-x, <6, . '

All theee effects can essentially influence the motion of so-
litons in the junctions with inhomogenesities, the current voltage
curves and the spectrum and the nature of static states of the
Junotion. In this paper we consider conly static staites and their
bifurcations with changing the total bias ocurrent 7 and external
magnetic field h. We shall show that a simple version of the aB78-
model zilows one to make the agreement beiween theoretical and ex-
perimental curves rather good.

To analyze static states suffice it to study the problem

@ - b{x) ¢ - J(x) 8ing - 7(x) = 0, (11)
where b, J and 7 are defined by =q.(8-10). The model {9-10) for
the bias current may turm out to be insufficient for desoribing
real samples of LJJ in which W, « W and di» do since a very sharp
change in the LJJ structure in the regicn of inhomegsneity may ca-



use a strong ohange in the disiribution IB(x). In this paper, we
do not attempt to take these corrections into acooumt. We also as-
sume W,= W, and consider only oritical ourrent 7, .

In particular, consider r{0) = Tm(O) ! Tc(O) To explain the
disorepanoy between the theoretical and cbserved r{0) we propose
to take into aocoount two effects: 1) the inhomogeneity of distri-
bution of the ourrent IB(I) which is described by (10); 2) the ochange
of inductance inside inhomogeneity whioh is caused by considerable
change in the thickness & ( do« di"' 27\.L) and is desoribed by (8).
Both the etfeots diminish the ratio r{(0), whioch provides a quali-
tative agreement of the predictions of the theoretiocal model with
experimental data. For an initial orientation in the estimatez for
the effects, let us discuss them qualitatively and give approximate
formulae for T, {0). Remember that for the long homogeneous Jjune-
tion 1’“(0)-1. Wlth the inhomogeneities present in the ;junction,
Tm(O) decreases.

One can get a good estimate of ’r:(O) in the afy8- model. Using
the piecewise — linear approximation [2]) we can easily show that
for 1 » t ( inhomogeneity is far from the edge )

-1

TO) = [ 14 - ]
tlblt + 21
Qualitatively, with inoreasing 7 a frozen "breather" ie looalized
en inhomogeneity ( see fig.1 in ref.[4) ). Both halves of this
'preather” are attracted to each other and to inhomogeneity where-
as the bias ourrent 7 attracts them to each other. The balance of
torces ie broken at 7 2 T':(O)- In the realistio model we failed to
derive such a simple formula, bui for rough estimates it is euffi-
olient to use eq.(12).

For the inhomogeneous distribution of Ip the maximal value of
T is oconeidered as a oritioal ourrent ( see (10) ); we retain for
this quantity the notation T“'B(O) *

Using the simpleet approx:.mation of the standard aol:ton per—
turbation theory ( for 1»1 ), one oan get estimates for 7 (0) ta-

(12)

*} Remember that ’ym's(h) is the ratio of the total oritical our-
rent flowing through the junction in the m- or 8- state to the ma-
ximal ourrent flowing through the sorresponding homogeneous juno-
tion.



king acoount of changing in L, inhomogeneity of the bias ourrent
and finite length of the inhomogeneity. We shall restriot oursel-
ves to one inhomogeneity placed at the oenter of the junotion and
assume. that W= 23 ,. L # LO and W.= W,. Instead of formula (8) of
ref.(4), for the homogeneous distribution we can get
8 By
2m 7,(0) = ; [ [

5’-‘“1/_ K, ] [ I, ]
) 2 -—=1- (13}
. 2
3 1+ g she(”'ﬂa)] Ly

The first factor in the right-hand side provides the value of the
oritical current on the § - inhomogeneity, and the second one for
a finite length of the inhomogeneity { its value at My=t is 0.85 ).
In the same approximation, for the inhomogeneous distribution of
the ourrent cne can find

8
%O

= 7lex 1), "
18(0) 101 sk (a4

where f{0)=1, £’ (0)=0 and I( H,} weakly depends on , at small va—
lues of u, ( £{0.5) = 1.02 ).

Aocording to (13) one can use the S-model of real inhomogeneity
if p,= 28, is replaced by Mleaedloed) = p.?ﬂ.Changing M, by },L?
for rough estimates of "[’3(0) one can use also formuia (12). Note
that for asymmetric configuration of the junotion or boundary oon—
ditions the value of 7,(h) is maximal at some h#0. In these oases,
formula (12) provides a maximal value of the current, and formulae
(13) and (14) are toc be altered.

Let us oompare the results of paper [8) with our estimates.
For LJJ investigated in ref.[6]: 21x15, p = 28,a , d,/2;= 3,
7 (0)~0.68 and 75(0)n0.4.By formulae (12-14) we get 70(0)=0.93 and
) Tg(0)=0.12. Thus, a quantitative discrepancy between the theory
and experiment is essentially less than for the apyd - model. It is
to be noted that the most probable source of divergence is a large
value of d1/22.L. Determining u?“ by Tg(O) trom the formila
&L?rr
2% 72(0) = —
3

and substituting this into (12) we gzet f:(O) ~ 0,72, which agrees

7



well with experimental data.The other data obtained by the authors
cf ref.l6) ( for samples with smaller values of d1/21L) are in
rough agreement with formulae (12-14). We ocan oconclude that the
experiment confirms the basis prediction of paper (4] - the exis-
tence of the scliton branch YC(h) and soliton orces.

4. Numerical analysis of ihe realistic model
Az in ref.[4] we are to solve the problem (11} numeriocally.

The eritical value of T at given h is determined from the conditi-
on of vanishing the eigenvalue «f of the problem ( see [1-51)

W~ B(x) = J(x) Cosp ¢ + WP = 0. (15)
In this case, discontinuities in the funeoiions b(X) and J(X) sho-
uld be smoothed and the current distribution (10) regularized.
Thus, in ihe distribution (10) we substitute

22 . 1% 05x

and smooth discontinuity in b(X) by changing the fumction 6(X) by
th( x/8y). If the edge of the junotion is sharp and d(X) is chang-
ed abruptly ( i.e., at the distances £ BAL), then a physically na-
tural regularization is apparently 67 ~ Gb ~ KL. Regularization
with larger values cof Bveb oorresponds to smoothing of the june-
tion siructure while its preparation.

For a detailed numerical algorithm of sclving the problem see
paper [11]1. We consider only the general idea of the method. Equ-
ationz (11) and (15) together with the boundary oonditions and the
condition of normalizaticn of the function ¢ will be treated as a
unique sysiem that can be closed by setting two of three parame-
ters 7,h and we; the third parameter is found as a solution of the
problem. The simplest is the oase when the quantities 7 and h are
fixed; in this case, the system splits into the above - meniioned
two subsystems for @(X) and ( ¢(X),w"). In the rest two cases (
either 7 and or h and are fixed ) the system should be tre-
ated ap a nonlinear problem for eigenvalues with spectral parame-
ter h or 7, respectively. A continuous analog of the Newion method
{12) with an iteration step taken with respect to the minimum dis-
crepancy is applied to solve this problem.

Here are some results of ocaloulations. The effect of inhomoge-




heity 7(X) oan be understood from fig.2 representing Q(X) and
@ (x) at h = O for Yo ¢lose to 72(0). Caloulations were made for a
very large value of 8- With deoreasing Gb the peaks at the juno-
tion edges increase but the picture does not change qualltatlvely.
Fig.3 shows the ocaloulated curves for two LJJ with MR. The _parame-
ters of the former ocinoide with those of the Junotion studied in
ref.[6), and 6% ~ Gb ~ EAL is taken. Finally fig.d represents the
ourves TC(h) for a nonsymmetric position of MR. It is meen that
the vertex ourve 7m(h) is shifted a little whereas the soliton
crose is shifted and strongly deformed. Comparison with experi-
mental data, formulae (12-14) and the relevant curves from ret.(4)
is not diffioult. More oomplete resulte and their discussion will
be published in a Jjournal. '

Fig 2. The distribution of @(X) and @' (X) inside LJ¢ for 7(X) and
T=const when To ( or T ) is near 72(0):
2l=10, u,= 26, = 1.2, h=0, Sy= 0.2.
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' Fig.3. The h - dependence of the critieal ourrent for different

states with the nonunifoim diestribution of Y(x):
1) 21=15, p = 26,=0.14, I.O/L 0.25;
2) 21=10, p = 26,=0.6, °/L 0.5.
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Fig.4. The B - dependenae of the ~ritical current for the
asymmetric location of ths inhomogeneity with the
nonuniform distributior of 7(x}; inhomogeneity is displaced

to X,= 23
LO
21=10, u,= 251=1.2, /L = 1.
1

5. Conclusion

Iocalization of solitons on mioroinhomogeneities predicted in
papers [1-4] was oonfirmed experimentally [6}. However, for des-
oribing real experiments the model used in refs.i1-4] should be
modified, whioh has been done in the present paper. For a therough
verification of this model it is necessary to study experimentally
the dependence of the critieal currents 7E's(h) on the length,
widih, thickness and position of inhomogeneity making partioular
efforis to control thiokness of inhomogeneity and nature of its
edges. It iz also to be emphasized that it is not diffioult to re-
alire experimentally the conditions under which the model used in
refe.[1-4] is applicable. It is-neoeasary that 2616 1, d1/2KL« 1,
w=W, and the current distribution IB(x) is homogenecus. In more
detail this model will be discussed and compared with experiment
in a more extended paper.
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