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1. INTRODUCTION

Recently a large number of theoretical models has been proposed to
explain the pairing mechanism in the new oxide high-T, superconductors
(see, e.g.”1” ). An important role of strong single-site Coulomb correlation
was pointed out in several models based on the Hubbard model. A theory
of superconductivity was proposed in’®" where the pairing of holes (or
particles) in the nearly half-filled band case was caused by the kinematical
interaction in the Hubbard model.

But equations for gap functions, obtained in 2 by a sophisticated
diagram technique, has no simple physical meaning, and the appearance of
two gaps in the simple Hubbard model seems unreasonable.

In the present paper, we consider the theory of superconductivity in
the Hubbard model by employing a much simpler and physically more clear
equation of motion method for the two-time Green functions /3’ . This
method has been proved to be successful in obtaining mterpolatlon solutlons
in the Hubbard model (see, e.g."” ). By generalizing the well-known “Hub-
bard-I” approximation ‘®/  to incorporate the superconducting pairing
correlations we get a simple system of equations for the gap and T, . In
comparison with the results of "2 2/ we get only one gap function w1th the
wave-vector dependence of the extended s-type ‘®° and some corrected
expression for T, . These differences, as it seems to us, are due to a more
consistent consideration of kinematic-type scattering grocesses in the equa-
tion of motion method than in the diagram technique "%/

2. EQUATIONS FOR THE GREEN FUNCTIONS

To describe a system of electrons with a strong Coulomb correlation,
we consider the Hubbard Hamiltonian
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where aj, »a,, are the creation and annihilation operators for electrons
with spin ¢ on the lattice site i; t, is the transfer integral, U> 0 is
the intra-atomic Coulomb repulsion am!l the atomlc energy level E is mea-
sured from the chemical potential 1 ;E =E

A complete set of orbitally nondegenerate localized electronic states
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!1>=i0,0>, 12>=:1.1>,§3>=iq';1>, :4>=!1,0>- (2)

To distinguish whether an electron with inverse direction of the spin is pre-
sent or not at a lattice site i, when operators a7, ,a ;s act on the states

(2), one should introduce the projection operators in; ,.(1-n, , )! /5

As a result, one obtains the Hubbard operators XR4 = jip> <iq; acting
on the states (2). They can be written in terms of the Fermi operators as:
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The Fermi operators a o a:a are given by the equations:
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Now we consider the two-time thermodynamic Green function

H _ /‘_ . + ’
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where the usual notation is used. In the atomic limit tij = 0 its Fourier-
transform is given by
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where n = 3 <ng, v is the average occupation number: 0< n< 2 (we
o

consider the non-magnetic system,<n ; jo > =<njy. g>=n/2. Two terms
in (B) correspond to electron exc1tat10ns at a lattlce site being empty or
occupied by another electron with inverse spin projection, respectively.

For t;; # 0 we derive an equation for G ;o (w) by using equa-
tions of moflon for the Hubbard operators (3), e.g.:
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The last three terms in eq. (7) are due to the commutations of the operators
aiy, 84, a;, in Xli4 with the Hamiltonian. Effective four-particle
interactions can be introduced to describe each of the three contributions
in (7). They have the following form
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and can be illustrated by the diagrams
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These are the kinematic-type interactions caused by some limitations due to
the projection operators n; (1 - o) -

The same type of mteractlons (9) appears in the diagram technique
for the Hubbard operators (see, e.g.’7.8/) as zero-order vertices 1.

As is well known, to obtain equations for the Green functions in the
theory of superconductivity, one should introduce an anomalous pairing
of the Fermi-operators with the same direction of lines in diagrams for the
dressed vertex I'. For this aim we should perform the following decoupling
in the equation of motion (7):

*a <a,a" >a_ - <a_ a_ >a’
4%, 7 Wl PRl N i< gy i
+ + +
3,853y S35 >ay - <385, >a,,, (10)
a_a _ at <a, a, - a, cat
i erdy 121,735 T B <380

where both the normal and anomalous pairing are taken into account.

By performing the same procedure in all other equations for the Hub-
bard operators in (4) we obtain a closed system of equations for the Green
functions. For the Fourier components of the Green functions in the q-
space one gets the following equations:
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The parameters A and F depend on the anomalous averages for electron
pairs at different and the same lattice sites, respectively. By employing the

identity <[ a 2, H | = = 0 onecan find the equation

that couples them.

Equations (11) are Gorkov’s system of equations for the normal and
anomalous Green functions. An analogous system of equations can be writ-
ten for the matrix Green function << XP% . X'™ 5. It is convenient

cr el s QW ]
to write it in the form:

G - 'f;f\\l + gaG + é&?& (15)
where for the spin o= *+ the matrix G is constructed for (p, q) = (14, 32,

31, 24) and for the spin o - + is constructed for (p, q) = (13, 42, 41, 23).
For o = : the matrices in (15) are given by:

g,@) 0 0 0 t t 0 0
g - 0 gy(w) O 0 Stoal ot t 0
0 0 —gl(-m) 0 0 0 -t t
0 0 o (16)
-gz(-m) 0 0] t t
1.n,2 0 0 F 0 0 A -A
N = 0 a2 F 0 a2l o 0o -a :
0 F* 1-n/2 0 A* A* 0 0
F* 0 0 n/2 A* A% 0 0
Eq. (15) can also be written as
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where £ "= g - a | The matrix £ is an irreducible part of the Green
function.

It should be pointed out that the decoupling (10) is a natural gene-
ralization of the Hubbard-I approximation ° to the case of anomalous
averages. For A = F = 0 one gets from (11) a standard equation for the
Green function <<a g a; > 30 in this approximation.

3. SPECTRUM OF EXCITATIONS AND GAP EQUATION

By solving eq. (17) one can obtain the electronic spectrum of excita-
tions. It is defined by the equation Det !N‘l $-1 _t. . 0and is given by
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where ¢, , (q) are the Hubbard subband energies:
q @ =E+%-[U+t(a)]t[i—(U+t(a))2-- a _%)Ut(&)l‘/’ . (19)

They correspond to the Hubbard-I approximation. For t<<U they can be
written as

- n - Y , n -
61(Q)=E+U+2—t(q)i fg(‘l)=E+(1——2—)t(Q). (20)
and respectively
(21)

Let us consider two cases 0<n <1 and 1 n- 2. In the first case the

Fermi energy level is in the lower subband, where €2 = 0 at the Fermi
level #.In that case cf - 522 = U? andone gets

2 i 2 > -» 2

Ave(a) =€, (a) 7 1AGQ) (22)

There is a gap in the energy spectrum in the lower subband:
A(a)=vA+F:(<f)g|1__%_[52(q)—(l—n)t(a)]& (23)

In the second case 1< n< 2, an analogous situation takes place for the upper
subband. Now, since ¢¥ -¢5 =-U?, one gets

2 2 o= .
ATe =€1p + 1A(Q):° (24)

" and the gap appears in the A;(d) spectrum.



It is important that the gap (23) depends on the wave vector d. This
dependence is caused by the scattering processes of the third type in (9) that
after the decoupling in (9) brings about the single-site correlation function
F (13). The g-dependence of the gap (23) is the same as that %f, the band
energy t(Q). This type of pairing is called an extended s-type = . In the
limit U » « when all two-olpnh-on states are eliminated, F- 0 and the
gap does not depend on q: A(q) - A Since the anomalous single-site cor-
relation function has not been taken mto account in
dependence of the gap function. It should be also stressed that we have only
one gap parameter A, andnottwo A, A, ,asin /2

Now we can from eq. (11) calculate the anomalous Green function
and find out the corresponding correlation function. As a result, we obtain
from eq. (13) the following equation for the gap’parameter A :

t(q) UA ?‘f(a)—Ez-(2E+U)U(1—n/2) m A7)
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Further we consider only the case t << U. For the occupation numbers
0 <n <1 the main contribution comes from the second term in (25). In the
limiting case U » «~ the equation for the superconducting transition tem-
perature T, below which a nontrivial solution for A exists has the form

t(q) (1 -n/2) 0 ¢ (q) .
e (Q) 2T,

1
N (26)
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q
The summation over q will be replaced by the integration over t(a) with
a model density of states that is constant in the intexrval [ - w, w ], By using

the equation n = (1 /N) ¥ < n, > we eliminate the chemical poten-
q

q
tial ¢ in the Hubbard-I approximation for the average occupation num-
ber n. As a result, the electronic excitation spectrum reads

(@ = (1= 2w (- D). (27)
The equation for T/ (26) then takes the form
1-a
1
1= 5 dy (1 + -—) th —2—6———, (28)
-1-.a ¢

where the dimensionless temperature 6, = T, /w (1 -n/2) and the para-
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, there is another q- .

meter a = (3n - 2)/(2 = n) are introduced. In the logarithmic appro-
ximation we get for1- a >> 8,

2 1,
0, = -V 1-a?exp |- —r|, (29)

(ny=C, y/n = 057), or
T, - _.van(_l—_)—?_expi-—a——-——i. (30)

The nontrivial solution for the gap exists in the range of concentration 3/2 <
<n<1l (the critical value for the hole concentration 2, =1 -n = 1/3).

The equation for the gap at zero temperature, A - A(T=0), in
the same approximation as eq. (26), has the form

(1-n/2) t(q)
1 * 31
(¢2(q) +1A %" (31)
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In the logarithmic approximation we get 2 A, /Ty= 2n/y = 3,5,
that is the BCS weak coupling value.

For the occupation numbers 1< n < 2, when the gap appears in the
spectrum of the upper Hubbard subband, equations for T and A, have

the forms

LTy ) G o
Nq (l(q) 2Tc

L (n/2) t(q)
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where €;(q) =02 - (8n/2)lw + (n/2)¢ (4) . For the critical tem-
perature T, in this case we get for (1 -n) >> ¢

(2-n)(n-1) 2(2-n)
T - Ly 220707 exp | - —oon )
¢ m 2 P T e (33)

The nonzero solution for the gap exists in the range 1< n <4/3.

By comparing the results forn <1 and n - 1 we find out the electron-
hole symmetry: the formulae for n < 1 transform into the corresponding
one for (na\)l under the substitution n - 2-n, t(q) » - t(q) and ¢, 2(‘1 )-
> - €2 1

The main results obtained here in the limit U - « are in accordance
with the conclusions of the theory " , though there are some deviations.

For instance, the n-dependence in the exponent in formulae (30) for T,
does not coincide with that m 2 though the critical value for the hole-
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conceniration x, = 1/3 is the same. Equations (32) and (33) for the up-
per subband obtained here in the explicit form permit us to check the elect-
ron-hole symmetry of the solutions.

4, DISCUSSION

We present a simple approximate scheme in the equation-of-motion
method for the two-time Green function for the Hubbard model that gene-
ralizes the well-known first order approximation (the Hubbard-I approxi-
mation’®’ ) to the case of superconducting correlation.The proposed method
permits one to obtain in an explicit forin the gap equation (25) for a finite
value of the single-site Coulomb repulsion U. Different scattering processes
in (9) were analyzed, which show the role of the kinematical interaction in
the pairing mechanisms for both of the Hubbard subbands and in the appea-
rance of g-dependence of the gap (23). In comparison with "%/ we get only
one gap function of the extended s-type. In the limit of strong Coulomb
correlation, U > «» , equations for T, (26) and the gap (31) give the re-
sults of the theory 2  but with a sli ghtly different numerical coefficient.
These deviations from the results of */ are due to another coefficient in
the matrix equation for the Green functions (15), (16). An explicit form
of equations for T, and the gap (26), (31), (32) both for the lower (O -
<n<1) and upper (1 < n <2) Hubbard subbands reveals the electron-hole
symmetry of the problem.

The proposed method allows one to take into account the correlation
of higher orders in (t/U) as well as to consider, in the framework of the
Hubbard-I11”°” approximation, the role of finite lifetime effects due to the
nonelastic scattering of excitations. These problems would be considered
in another paper. To apply the results of the present investigation to the new
oxide superconductors of La,_ , St CuQ, and YBagCugOq9  types,
one should take into account a reahstlc crystal structure of the compounds
and the existence of the long-range antiferromagnetic order in the nearly
half-filled band for copper ions.

The authors are greatly indebted to Academician N.N.Bogolubov for
helpful discussions.

REFERENCES

1. Fulde P. - Physica Scripta, 1987, (to be published).

2. Zaitsev R.O., Ivanov V. A. — Soviet Phys. Solid State, 1987, 10, p.2554, 3111.
3. Bogolubor N.N., Tyablikov S. V. — Soviet Phys. Doklady, 1959, 4, p.604.

4. Kuzemsky A.L. — Theor. and Math. Phys., 1978, 36, p.208.

5. Hubbard J. — Proc.Roy. Soc.A, 1963, 276, p.238; ibid 1964, 281, p.401.

6. Rice T.T. — Z.Phys., 1987, 68, p.9.

7. Slobodyan P.M., Stasyuk I. V. — Theor. and Math. Phys., 1974, 19. p.423.

8. Zaitsev R.O. — Soviet Phys. JETPh., 1976, 70, p. 1100,

Received by Publishing Department
on February 4, 1988.

[Inaxupa H.M., Craciox HU.B. E17-88-96
K reopun ceepxnpoBonumocty B Mmonenu Xa66apna

PaccmMoTpeH ciiyyait CHJIBHBIX BHYTPHATOMHBIX KoppenaudH
B Mozenn Xa66apna. Ha ocHOBe ypaBHeHMI! NBHXEHMA IUIA OBYX-
BpeMeHHbIX (YyHKUMA I'pHHa ¢ yYeTOoM aHOMaNbHBLIX CIIapHBaHMI

NONyueHo ypaBHEHHE OJIA CBepXMNpPOBOAALIEH 1IETH HEJIO KATTBHOI'O
S -THUIMA.

Pabora BhimonHeHa B JlabopaTopuu Teoperuyeckoil MUIMKU
OUsIN.
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