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I. INTRODUCTION 

The paper  s t u d i e s  t h e  s p e c t r a  of t he  overtones of degenera te  

v ibra t ions  i n  gy ro t rop i c  un i ax i a l  c r y s t a l s .  The ~ i ~ o l e - a c t i v e  

degenerate v ib r a t i ons  i n  t he se  c r y s t a l s  a r e  c i r c u l a r l y  p o l a r i z e d  

i n  t h e  plane perpendicu la r  t o  t h e  o p t i c a l  ax i s .  The I R  s p e c t r a  

of t h e  m ~ l e c u l a r  c r y s t a l s  a r e  s t rongly  a f fec ted  by t h e  over tones  
( s e e  review 1 ) .  The overtones and t h e  combination tones wi th  dege- 

ne r a t e  v ib r a t i ons  govern t h e  d i spers ion  of t h e  r e f r a c t i v e  i ndex  

and t h e  o p t i c a l  a c t i v i t y  of  t h e  electromagnetic  waves te.m.w.) 

which propagate a long  t h e  o p t i c a l  a x i s .  Since t he  v i b r a t i o n a l  

c i r c u l a r  dichroism (VCD) and t h e  v ib r a t i ona l  o p t i c a l  r o t a t o r y  

d i spers ion  (VORD) a r e  b e s t  manifested i n  t h e  lack  of t h e  b i r e -  

fr ingence,  t h e  overtones of  degenerate  v ib r a t i ons  govern t h e s e  

two phenomena i n  t h e  near  I R  frequency reg ion  ( s ee  t h e  experimen- 

t a l  s t u d i e s  i n  Ref. 2 ) .  

Overtones of nondegenerate v ib r a t i ons  i n  t h e  spec t ra  o f  

molecular c r y s t a l s  have a l ready  been inves t iga ted  i n  t h e i r  com- 

p e t n e ~ a ' * ~ * ' ,  b u t  t he r e  has no t  been so  f o r  an ex t c ru s t i va  analy-  

sis of overtones of  degenerate  v ib r a t i ons  ( s ee  h f .  5-61 .  The 

c on t r i bu t i on  of overtones of degenerate  v ib r a t i on  t o  VCD of  

h e l i c a l  polymero i s  s t ud i ed  i n  R e f .  9 .  I n  t h e  presen t  paper we 

consider  t h e  symmetry and t h e  anharmonicity of two-qaanta c i r -  

c u l a r l y  po l a r i z ed  e x c i t a t i o n s  i n  c r y s t a l s ,  t h e  s t r u c t u r e  of two- 

phonon s p e c t r a  - and t h e i r  in f luence  on I R  and VCD spec t r a  (ex- 

pressed through t he  d i e l e c t r i c  pe rmi t t i v i t y  and gyra t ion  t e n s o r ) .  

Our i n v e s t i g a t i o n ,  based on t h e  genera l  p rope r t i e s  of  t h e  v ibra-  

t i o n s  i n  un i ax i a l  molecular c r y s t a l s ,  namely t h e i r  symmetry i n  

t he  molecule, t h e i r  c o l l e c t i v i z a t i o n  i n  c r y s t a l s  and t h e i r  bis- 



p e r s i o n  r e l a t i o n s  ot i ; ) ,  l e a d s  t o  a m d e l  of anhamionic tuo-pho- 

non s p e c t r a  i n  d i f f e r e n t  p o i n t  gmups .  Ye emphanize t h e  n e c e s s i t y  

t o  s tudy t h e  t o t a l  symmetry of  t h e  c r y s t a l  hamil tonian,  i n c l u d i n g  

t ime invers ion .  It i s  namely this a d d i t i o n a l  (noncrys ta l lographic )  

symmetry t h a t  e x p l a i n s  t h e  appearance of  t h e  c i r c u l a r  v i b r a t i o n s  

i n  t h e  c r y s t a l  c l a s s e s  C 3  and C,,. The group- theore t ica l  a n a l y s i s  

i s  based on t h e  gray Shubnikov groups Gxe and t h e  corepresenta-  

t i o n s  ( s e e  Appendix). However, f o r  t h e  convenience o f  t h e  r e a d e r  

we formulate  our  r e s u l t s  o f  t h e  c l a s s i c a l  c r y s t a l l o g r a p h i c  groups 

G and t h e i r  i r r e d u c i b l e  r e p r e s e n t a t i o n s ,  p a i r i n g  t o g e t h e r  t h e  

one-dimensional complex conjugated r e p r e s e n t a t i o n s  ri and P; i n t o  

ri+rf. 
T h i s  paper  i s  t h e  f o u r t h  i n  'the s e r i e s  o f  papers  publ ished 

i n  198b ( s e e  Ref. 10, 11, Io. Its o u t l i n e  i m  t h e  fo l lau ing :  ' ~ e c -  

t i o n  I1 conta ins  t h e  formal  scheme of t h e  c a l c u l a t i o n s  of  t h e  

d i e l e c t r i c  p e r m i t t i v i t y  and of t h e  g y r a t i o n  tanmor i n  p o i n t  gmup 

C3 (we use t h e  r e l a t i o n  between dimparsion laws f o r  dogeneraga 

v i b r a t i o n s  with l e f t  and r i g h t  c i r c u l a r  po la r iza t ion12)  . I n  Sec- 

t i o n  111 we analyze t h e  propartiem o f  IR m d  VCD s p e c t r a  f o r  t h e  

fmquency reg ion  of  overtones o f  degenerate  vibrationm. In Sec- 

t i o n  I V  we i n v e s t i g a t e  t h e  combined s p e c t r a  i n  t h e  reg ion  of t h e  

sum of f requenc ies  o f  degenerate  + nondegenerate v i b r a t i o n s .  Sec- 

t i o n  V g i v e s  t h e  m s u l t s  f o r  tuo-quanta mpectra i n  t h e  crystalm 

o f  t h e  p o i n t  gmups  D3 (321, Cb (I() and D,, (b22). The Appendix 

g i v e s  mome d e t a i l s  about  gmup t h e o m t i c a l  uulymim. 

O u r  m m u l t s  may ba important  almo i n  tha came of  i n t r a - i o n i c  

v i b r a t i o n s  i n  i o n i c  c r y s t a l s .  

11. DIELECTRIC PERHI'XTIVITY I N  tM REGION OF OVERTONES 

OF DEGENERATE VIBRATIONS (POINT CROUP C3) 

We i o n e i d e r  uniaxial m l e c u l a r  c r y s t a l  c o n t a i n i n g  one m l e -  

c u l e  (one m t r u c t u r a l  u n i t )  i n  a unit  c e l l .  For  t h e  sake o f  s impl i -  

c i t y  we consider  t h e  case  when t h e  p o i n t  group o f  symmetry o f  

t h e  w l e c u l e  co inc ides  with t h a t  of c r y s t a l .  These groups f o r  

uniaxial gyro t rop ic  c r y s t a l s  possess  a two-fold degenerate  repro-  

s e n t a t i o n  ( o r  a p a i r  o f  complex conjugated r e p r e s e n t a t i o n s ) ,  cor- 

r e l a t e d  with a p a i r  o f  degenerate  r e p r e s e n t a t i o n s  w i t h  a mat r ix  

element of t h e  e l e c t r i c  d i p o l e  moment i n  t h e  p lane  (x,y)  perpendi- 

c u l a r  t o  t h e  o p t i c a l  a x i s  z. 

11.1. Descr ip t ion  o f  degenerate  v i b r a t i o n s  i n  t h e  molecule 

We in t roduce  t h e  o p e r a t o r s  o f  c r e a t i o n  b k ,  b k  and of  an- 

h i h i l a t i o n  bm, bln i n  molecule n o f  one v i b r a t i o n a l  quantum o f  

r i g h t  r and l e f t  1 c i r c u l a r l y  p o l a r i z e d  d ipo le -ac t ive  v i b r a t i o n s  

with t h e  e q u a l  f requenc ies  9. The corresponding normal coordina- 

t e s  a r e  c o r r e l a t e d  with t h e  v i b r a t i o n s '  e l e c t r i c  d i p o l e  moment 

a s  fol lows:  

Taking i n t o  account ( 1 )  and t h e  k l a t i a s  between t h e  o p e r a t o r s  
+ 

b , b and t h e  conjugated o p e r a t o r s  o f  t h e  momenta ( - i a /  ) q j )  

j = 1.2, 

( - i a /aq l )  = ( l f 6 ) ( b i - b r ) ;  - ia /aq2 = (l/fl)(b:-bl) (2  

i t  i s  n o t  d i f f i c u l t  t o  f i n d  t h e  f o l l o w i n g  c o m t a t i o n a l  r u l e s  

f o r  boson opera tors  b+, b 

br,lbi,l - b:,lbr,l = 1; b b+ - b;br = 0 .  r 1 ( 3 )  

The normal coordinates  ql,  q2 commute. It i s  a l s o  easy t o  f i n d  

t h e  harmonic o p e r a t o r  of  t h e  energy of  t h e  s e p a r a t e  w l e c u l e  

In t h i s  s e c t i o n  we study t h e  c r y s t a l s  fmm p o i n t  gmup C3 

i n  which t h e  normal coordinates  ( 1 )  are t ransformed a8 t h e  ba- 



s i c  func t ions  1 r2>,  I Fa> of t h e  p a i r  of complex conjugated non- 

degenerate  r ep r e sen t a t i ons  F 2  and r 3  = r;. 
The wave func t i ons  of overtones of degenerate  v ib r a t i ons  

may be represen ted  ae follows 

Thei r  symmetry i s  governed by t he  d i r v c t  products  of t h e  n p -  

~ s e n t a t i o n e  ( r 2 , r 3 )  (see Table I, conta in ing  a l s o  d i r e c t  pro- 

duc ts  wi th  one-dimensonal t o t a l l y  symmetric r ep r e sen t a t i on  r l  

which i s  z - dipole-ac t ive) .  Using Table I ,  we can g ive  t h e  

fol lowing r ep re sen t a t i ons  of  t he  overtone e l e c t r i c  d ipo le  w- 

ment : 

' 2 )  = p ( 2 ) ( l , - i , ~ ) ( b ~ b ~ n )  
p r r  

( 2 )  = p ( 2 ) ( l , i , 0 ) ( b ; 2 b k )  
p11 

p::) = p 1 2 ) ( ~  .O ,I) (bGnb;n*brnbln) . 

Tabla I 

Direc t  p roducts  o f  t h e  i r r e d u c i b l e  r ep r e sen t a t i ons  

i n  po in t  gmup C 3  . 

r l  r 2  r3 

r l ( z )  r l  r 2  r 3  

r 2 ( r )  r 2  r 3  r l  

r 2 ( 1 )  r 3  r l  r 2  

The s t r u c t u r e  o f  two-phonon s p e c t r a  depends s t r ong ly  on 

t h e  anharmonic i n t e r a c t i o n  between t h e  phononsis3. We cons ider  

i ts  i n t r amo lecu l a r  o r i g i n  only and we f i n d  t h e  fol lowing anhar- 

monic i n v a r i a n t s  i n  t h e  energy of a molecule of po in t  group C 3  

(q a r e  t o t a l l y  symmetric normal coord ina tes ) :  

- cubic i n v a r i a n t s  

- q u a r t i c  i n v a r i a n t s  

I n  t he  ca l cu l a t i on  of t h e  express ions  ( 7 ) .  ( 8 )  we use t h e  

f u l l  commutation between t h e  normal coordinates  and t he  hermi- 

10.9 t i a n  na tu r e  of t h e  hamil tonian.  A s  i n  t h e  previous papere 9 

we assume-that  t h e  phonon ( exc i t on )  bande of  in t ramolecular  vib- 

r a t i o n s  i n  c r y s t a l s  a r e  narrow. Thus we use t h e  approximation 

of t h e  dynamical theory  of many-particle spec t r a ,  According t o  

t h a t  theory the  hamil tonian of t h e  c r y s t a l  preserves t h e  number 

of q u a s i p a r t i c l e s  of each type.  I n  anharmonic p a r t  (8 )  we pra-  

se rve  only even terms which have' t h e  same numbere of t he  opara- 

t o r s  o f  c r ea t i ons  and of  ann ih i l a t i on .  So i n t h e  term 
2 2 \2q1nq2n we s u b s t i t u t e  expressions from ( 1 )  f o r  qln and q2, 

using t h e  commutation r e l a t i o n s  ( 3 )  and f ind ing  

The inf luence  of t h e  ope ra to r  a s  wel l  a s  of t h e  o t h e r  

terms i n  ( 8 )  i s  found through t h e  theory of per turba t ions  f o r  

an anharmonic o s c i l l a t o r  ( s ee ,  f o r  example, Ref. 14 ) .  It  i s  easy  

t o  show t h a t  t h e  ope ra to r  gives t he  same harmonic addends 

t o  t h e  energy of l e f t  and r i g h t  po la r ized  v ib r a t i ons .  We inc lude  

those  addends i n  t h e  quan t i t y  hwo. The anharmonic p a r t  of 

t he  energy t ake s  t h e  fol lowing form 

where A + A1 are r e a l  cons tan ts  f o r  which t he  measurements 

usua l ly  give nega t ive  values A,  A1 < 0. We consider  these  quan- 

t i t i e s  a s  known from overtone s p e c t r a  of i s o l a t e d  molecules. 

The o pe ra to r  (ga)  m y  be a n s i d e r e d  a s  a  model f o r  anhar- 

monicity governed by  t he  molecule symmetry. 



11.2. Operator  of  in te rmolecu la r  i n t e r a c t i o n  

We model t h i s  o p e r a t o r  i n  t h e  harmonic Heitler-London appro- 

x i m a t i ~ n ' ~ ' ~ .  The product  q1q2 with c i r c u l a r  normal coord ina tes  

q1,q2 i s  i n v a r i a n t  i n  a l l  u n i a x i a l  c r y s t a l s ,  t h e r e f o r e  t h e  f o l -  

lowing form of  t h e  o p e r a t o r  of in te rmolecu la r  i n t e r a c t i o n  i s  

v a l i d  ( s e e  ( 1 ) ) :  

1 + iint = x'  [ V L b L b r m  + Vn$lnbln] = 
n  .m 

The q u a n t i t i e s  v&, vAm do not co inc ide  because of  t h e  

h i r a l i t y  of t h e  c r y s t a l  s t r u c t u r e  i n  r e l a t i o n  t o  t h e  symmetry 

a x i s  3. The d i p o l e  i n t e r m o l e c u l a r  i n t e r a c t i o n  i s  t h e  same f o r  

in te rmolecu la r  exchanges of  l e f t  and r i g h t  c i r c u l a r  p o l a r i z e d  

v i b r a t i o n s .  The d i f f e r e n c e  V: appears a s  a  r e s u l t  of t h e  i n t e -  

r a c t i o n  between t h e  p o l a r  and a x i a l  vec tors  ( s e e  t h e  group-theo- 

r e t i c a l  cons idera t ions  i n  Ref. 15, 1 1 ) .  I n  our  case  t h e  q u a n t i t y  

v:: i s  a  r e s u l t  of  t h e  i n t e r a c t i o n  between t h e  e l e c t r i c  d i p o l e  

r o t a t i n g  with frequency wo and t h e  ant isymmetr ic  p a r t  of t h e  quad- 

n p o l e  p o l a r i z a t i o n  which a l s o  i s  r o t a t i n g  i n  t h e  same manner. 

The dipole-qU8drUpole i n t e r a c t i o n  i s  coas iderab ly  smal le r  t h a n  

t h e  dipole-dipole i n t e r a c t i o n i 6 ,  and t h e  fol lowing approximation 

. -- 
where a  IS t h e  c r y s t a l  l a t t i c e  cons tan t  and A i s  t h e  wavelength 

of  t h e  e.m.w. The d i f f e r e n c e  i n  t h e  i n t e r m o l e c u l a r  exchange o f  

l e f t  and r i g h t  c i r c u l a r l y  p o l a r i z e d  v i b r a t i o n s  i s  one of  t h e  

r e a e o n s  f o r  t h e  o p t i c a l  a c t i v i t y  o f  condeneed medial5. 

Fur ther  on i n  our  cons idera t ions ,  we s h a l l  use mechanical 

exc i tons17  a s  b a s i s  f u n c t i o n s  f o r  c r y s t d l  exci tat ions1 ' .  These 

e x c i t a t i o n s  do not  i n c l u d e  t h e  macmscopic e l e c t r i c  f i e l d  which 

e x c i t o n s  which d e f i n e  t h e  resonances of  t h e  d i e l e c t r i c  permit-  

t i v i t y  and possess  t h e  a n a l y t i c  d i s p e r s i o n  r e l a t i o n  w(Z1 at 

k  - 0.  We make t h e  s u b s t i t u t i o n  

(N i s  t h e  number of  un i t  cells i n  t h e  c r y s t a l ) .  The c r y s t a l  h d l -  

t o n i a n  ( s e e  (41, ( 9 ) .  (10 1 )  is  .transformed i n  t h e  fol lowing way: 

According t o  t h e  t ime i n v e r s i o n  t h e  fo l lowing  holds f o r  

d i s p e r s i o n  r e l a t i o n s  o f  l e f t  and r i g h t  c i r c u l a r  p o l a r i z e d  pho- 

nons12 : 

11.3. C a l c u l a t i o n  of  d i e l e c t r i c  p e r m i t t i v i t y  

We use t h e  same methods f o r  c a l c u l a t i o n  o f  c(w,k) a s  t h o s e  

i n  ~ e f  .los4. They a r e  a l s o  a p p l i c a b l e  i n  t h e  c a s e  when t h e  mecha- 

n i c a l  e x c i t o n s  a r e  chosen a s  b a s i s  func t ions :  We s t a r t  from t h e  

formula 

c . .  (w,n)/c0 = ~ ~ 0 ~ a i j - ~ / ~ ~ o ~ ~ ~ 2 )  4 j i(i?.t)j .(-f (01 w * (15)  
1 3  3 

( 0 )  ( 0 )  Ohere co = 8 , 8 ~ . 1 0 - ~ ~ ~ / m , 6 .  . i s  Kmnecker symbol, c y )  = c2  *c3 
1 1  

a r e  t h e  c o n t r i b u t i o n s  of  f a r  resonances which a r e  q u a s i  frequen- 

cy independent and t h e  o p e r a t o r  J. ( k , t )  i s  t h e  sum o f  t h e  fol low- 

i n g  two p a r t s  ( s e e  ( 6 ) ) :  

, 2 , 3 (  = 2  x a-iKsn (p(') [ (l,-i,~)(b:-b:,) + 
O * 

accompanies t h e  v i b r a t i o n s  i n  c r y s t a l s .  I t  i s  t h e  mechanical 



where Dl:) is  t h e  m a t r i x  element of t h e  quadmupole p o l a r i z a t i o n  

between t h e  ground s t a t e  10> and t h e  s t a t e s  w i t h  two v i b r a t i o n a l  

quanta ( r + r ,  1+1 o r  r + 1 ) .  Re la t ions  ( 6 )  a r e  f u l f i l a d  s imul taneous ly  

wi th  t h e  fo l lowing  re la t ions i0 :  

(2 )  - f o r  t h e  ant isymmetr ic  p a r t  of Dis 

Nr = N: = iNc = - i~ i  = NC2) 
1 (1fJb) 

( 2 ) r + l  = "(2)  
D12 Z 

( 1 8 ~ )  

( 2 )  - f o r  t h e  symmetric p a r t  of  Dis 

1 
(Q13,Qi3) = ~ ( ~ ' ( 1 , i ) ;  ( Q : ~ , Q ~ ~ )  = ~ ( ~ ' ( l , - i )  (19a)  

1 r+l r + 1 )  ( 2 ) .  
~ ' ~ 1 1  +Q22 = Qz ( 19b) 

So t h e  c a l c u l a t i o n  of  d i e l e c t r i c  p e r m i t t i v i t y  can be  reduced 

t o  t h e  c a l c u l a t i o n  of F o u r i e r  componente wi th  r e s p e c t  t o  t ime t 

o f  t h e  fo l lowing  r e t a r d i n g  Green func t ione  

(2)  2 
GrSl(K~f)  *r,lin(f ) ~ f l i O ( 0 ) + K  = 

' In t h e  c a l c u l a t i o n  of  Green functiom (20)  as i n  Ref. b we 

t a k e  i n t o  account t h e  ground s t a t e  10> only e i n c e  t h e  o t h e r  s t a t e s  

are non-excited even a t  room temperature because of  t h e  i n e q u a l i t y  

hwo kT. 

We f i n d  t h e  fo l lowing  express ions  f o r  t h e  d iagona l  components 

Of d i e l e c t r i c  p a r m e t t i v i t y  i n  t h e  reg ion  o - 20 
0 

where v is  t h e  volume o f  t h e  u n i t  c e l l .  Green func t ions  wi th  t h e  

argument (- a r e  nonresonant a t  w - 2wo and we inc lude  them i n  

addends c i O ) .  The c a l c u l a t i o n  of  Green func t ions  (20)  a t  hamil to-  

n ian  Cl.3) i s  done by s tandard  methods 1. We rece ive  t h e  fo l lowing  

r e s u l t :  

The nondiagonal component c 12 (W ,$I con ta ins  a d ipo le  c o n t r i -  

bu t ion  

c p ,  12 = - ,  = - i p 2 / ( c o h v ) [ G 2 K , w ) - G K , w  (23)  

The o t h e r  nondiagonal p a r t s  of c(w,K) c o r r e l a t e d  with t h e  

opera tor  J", a m  expressed through g y r a t i o n  t e n s o r  p i  (w,fO, i n -  

troduced by t h e  r e l a t i o n  

c .  (w,x) = cij(w) * i e  . p K 
i l l  111 1 ' (29)  

1 j  

where e i j l  i s  Levi-Chivi ta  symbol. The c a l c u l a t i o n s  s i m i l a r  t o  

those  from Ref. 19 g ive  t h e  fol lowing expressions f o r  p i j  



111. I R  and VCD SPECTRA I N  THE OVERTONE REGION (POINT 

GROUP C3 ) 

The a n a l y s i s  o f  IR s p e c t r a  i s  s i m i l a r  t o  t h a t  f o r  o r i e n t e d  

h e l i c a l  polymersg.  The q u a n t i t i e s  cl1(w,K) and c ~ ~ ( w , K )  d e s c r i b e  

b i r e f r i n g e n c e  ( s e e  ( 2 1 ) ) .  E.m. waves p r o p a g a t i n g  p e r p e n d i c u l a r  t o  

o p t i c a l  a x i s  z  p o s s e s s  t h e  f o l l o w i n g  r e f r a c t i v e  i n d i c e s  f o r  o r d i -  

n a r y  (no)  and f o r  e x t r a o r d i n a r y  (ne)  waves 

Taking i n t o  accoun t  ( 1 4 )  and ( 2 2 )  we f i n d  t h e  f o l l o w i n g  rela- 

t i o n  

' 2 '  (k,w) = ~ ( ~ ) ( - k , w ) .  Gr 1 ( 2 7 )  

The q u a n t i t i e s  (22b)  and ( 2 1 )  a r e  even f u n c t i o n s  o f  k ;  There  are 

two t y p e s  o f  p o l e s  o f  Green f u n c t i o n s  (22 )  i n  t h e  o v e r t o n e  r e g i o n  

( F o r  a  d e t a i l e d  a n a l y s i s ,  s e e  Ref. 4 ) :  

a )  q u a e i c o n t i n u o u e  bands 

b ) d i e c r e t e l e v e l s  o f  b iphonons  which appea r  a t  h i g h  v a l u e s  o f  

t h e  c o n s t a n t s  o f  anha rmonic i ty  A, Al. According t o  s u b s e c t i o n  1 1 . 2  

t h e  t h r e e  bands wrr, wll, w ~ + ~  d i f f e r  because  o f  t h e  g y r o t r o p i c  

terms o r i g i n a t i n g  from t h e  q u a n t i t i e s  v:. Hence, t h e  b o u n d a r i e s ,  

t h e  Man ~ g v e  c r i t i c a l  p o i n t s  and t h e  o t h e r  e l emen t s  o f  t h e  bands  

( 2 8 )  a r e  t r i p l e t s  b u t  w i t h  very  s m a l l  d i f f e r e n c e  between t h e  compo- 

n e n t s  o f  each  t r i p l e t .  T h i s  i s  n o t  t h e  sane  f o r  biphonon l e v e l s  

s i n c e  t h e  p o l e s  of  ( 2 2 a )  and (22b)  a n d ,  c o r r e s p o n d i n g l y ,  o f  no(w) 

and ne(w) ,  may be  ve ry  d i f f e r e n t  because  o f  d i f f e r e n t  v a l u e s  o f  

t h e  c o n s t a n t s  A and A1. 

Ifi t h e  c a s e  o f  o b l i q u e  p r o p a g a t i o n ,  i n  t h e  d i r e c t i o n  o f  a n g l e  

6 w i t h  t h e  o p t i c a l  a x i s  z ,  t h e  o r d i n a r y  e.m.w. h a s  t h e  same r e f r a c -  

t i v e  i n d e x  no(J .  I n  t h e  o v e r t o n e  r e g i o n  t h e  band w ~ ( S ) * W ~ ( - ~ )  = 

= w 1 (&)+wl(-k) i s  m a n i f e s t  ( w i t h  t h e  accuracy  o f  q u a d r a t i c  o n  K 

t e r m s ) .  A, biphonon l e v e l  co r re spond ing  t o  anha rmonic i ty  A s p l i t s  

from this band. The e x t r a o r d i n a r y  e.m.w. i s  c h a r a c t e r i z e d  by  t h e  

f o l l o w i n g  r e f r a c t i v e  i n d e x  

Thus,  two s p e c t r a  ( s e e  ( 2 2 a , b ) )  are m a n i f e s t .  The band (28)  w i t h  

t r i p l e t  s t r u c t u r e  as w e l l  as two d i s c r e t e  l e v e l s  w i f l  a p p e a r .  Ona 

biphonon l e v e l  co r re sponds  t o  bound s t a t e  w i t h  e l e c t r i c  d i p o l e  mo- 

ment p(2' p e r p e n d i c u l a r  t o  t h e  o p t i c a l  a x i s  ( t h e  p o l e  o f  c l l (w) ) ,  

w h i l e  t h e  o t h e r  p o s s e s s e s  e l e c t r i c  d i p o l e  moment p i 2 )  paralels t o  

t h e  o p t i c a l  a x i s  ( t h e  p o l e  of c J 3 ( w ) ,  t h e  c o n s t a n t  o f  anha rmonic i tyAl ) .  

Taking i n t o  accoun t  r e l a t i o n  (27 )  and l i n e a r  o n  K t e rms  we 

o b t a i n  

c z ~ ( w , z )  = -i 

K = -i ( 3 0 )  
( 1  - (2AIN) X [w-wl(K/2+k) - ~ ~ ( K / 2 - k ) ] - ~ f ~  

2 -. 
The star o f  an a r b i t r a r y  v e c t o r  k i n  t h e  c l a s s  C c o n t a i n s  3 

t h r e e  v e c t o r s .  The co r re spond ing  components o f  g r a d  ~ ~ ( 2 ) -  perpen-  

d i c u l a r  t o  t h e  o p t i c a l  axis, r e p r e s e n t  t h r e e  v e c t o r s  which i n c l u d e  

t h e  a n g l e s  2./3 and have a n  e q u a l  a b s o l u t e  v a l u e .  T h e i r  sum va- 

n i s h e s  i n  summation o v e r  k  i n  ( 3 0 ) .  The o n l y  nonvan i sh ing  t e r m  i n  



It i s  e a s y  t o  prove t h a t  t h e  q u a n t i t y  aw(k)/aK3 + aw(-gr'a(-%t 

hamil tonian (10)  originstee only from ant isymmetr ic  p a r t  v=, 
t h e r e f o r e  it i s  p r o p o r t i o n a l  t o  t h e  gyro t rop ic  r a t i o  (11) .  

I n  t h e  most i n t e r e s t i n g  case ,  i n  which wave v e c t o r  k i s  d i -  

r e c t e d  along t h e  o p t i c a l  a x i s ,  hz, two e.m.w. appear ,  which are 

c i r c u l a r l y  wi th  r e f r a c t i v e  i n d i c e s :  

where ( s e e  (25b) and ( 3 1 ) ) :  

This i s  e x a c t l y  t h e  case i n  which t h e r e  i s  no b i r e f r i n g e n c e .  

It  i s  t h e  most convenient f o r  t h e  s tudy of and VCD ( t h e  

e f f e c t  of VCD i s  p r o p o r t i o n a l  t o  t h e  imaginary p a r t  of  ( 3 3 ) ) .  The 

r e f r a c t i v e  i n d i c e s  f o r  two e.m.w. d i f f e r  through t h e  q u a n t i t y  

2  2  nr - n1 = 203(w)K and it i s  t h i s  d i f f e r e n c e  t h a t  garern8 VORD. 

The frequency dependence o f  t h e  two addends i n  (33) i s  n o t  t h e  

same, but  only two-phonon s t a t e s  (Z2a) appear  and t h e i r  d i p o l e  mo- 

ment p ( 2 )  i s  perpendicu la r  t o  t h e  o p t i c a l  a x i s .  As i n  t h e  reg ion  

o f  t h e  fundamental tones  o f  degenera te  v i b r a t i o n s l O ,  t h e  frequency 

dependence of d i p o l e  c o n t r i b u t i o n  P J; ( 0 )  con ta ins  t h e  square o f  t h e  

equa t ion  f o r  t h e  p o l e s ,  while  t h e  denominator o f  t h e  quadmupole 

c o n t r i b u t i o n  c o n t a i n s  t h e  same equa t ion  i n  t h e  f i r s t  power. 

The o t h e r  components o f  gyra t ion  t e n s o r  (25a,c)  w i l l  become 

manifest  i n  t h e  c a s e  o f  o b l i q u e  propagat ion of e.m.w. They govern, 

t o g e t h e r  wi th  ( 3 3 ) ,  t h e  e l l i p t i c  p o l a r i z a t i o n  of e.m.w. and t h e y  

can be measured i n  c o n d i t i o n s  of  b i re f r ingence-The  ant isymmetr ic  

19 p a r t  ( 2 5 ~ )  can be measured us ing  t h e  r e f l e c t i o n  methods only . 
The two types  o f  over tone  s t a t e s ,  (22a)  and (22b) ,  a t  K = 0  behave 

a s  resonances of  t h e  q u a n t i t i e s  (25a ,c ) .  

I V .  COUPOUND TONES WITH DEGENERATE VIBRATIONS 

Degenerate v i b r a t i o n s  ( r 2 , r 3 )  can be combined a l s o  with t h e  

t o t a l l y  symmetric v i b r a t i o n  r l .  These compound tones represen t  

a n o t h e r  p a r t  of two-phonon s p e c t r a .  It may be seen from Table 1 

( f o r  po in t  group C3) t h a t  t h e  symmetry of t h e  combination of t o -  

t a l l y  syxuaetric p lus  c i r c u l a r l y  p o l a r i z e d  v i b r a f i o n s ,  r l x r 2  o r  

r l x r 3 ,  i s  t h e  same as t h a t  of  t h e  corresponding degenerate vibra-  

t i o n .  These compound tones  possess  e l e c t r i c  d i p o l e  moment P(') of 

t h e  type  (6a,b)  and t h e i r  c o n t r i b u t i o n  t o  d i e l e c t r i c  p e r m i t t i f i t y  

i s  descr ibed  i n  ( 2 l a ) .  They c o n t r i b u t e  a l s o  t o  t h e  gyra t ion  t e n s o r ,  

s e e  (25) and (31)  ( p i C )  = 0 ) .  The Green f u n c t i o n s  co-sponding t o  

( 2 2 a ) ,  which descr ibe  t h e  c o n t r i b u t i o n  of compound t o n e s ,  have t h e  

fol lowing form: 

where b in ,  bln a r e  c r e a t i o n  and a n n i h i l a t i o n  opera tors  f o r  t h e  t o -  

t a l l y  symmetric v i b r a t i o n  of  frequency wl on t h e  molecule if. For 

express ing  t h e  hamil tonian corresponding t o  compound tones we use 

t h e  fo l lwing  p r o ? e r t i e s  of nondegenerate v ibra t ions :  1 )  normal 

coord ina te  qon may be expressed i n  t h e  form of  

2 )  t h e  d i s p e r s i o n  r e l a t i o n  i s  even 

2  3) t h e  q u a n t i t y  Aboqoqlq2 i n  ( 8 )  governs t h e  type  of  t h e  anharmoni- 

c i t y  terms. We t a k e  i n t o  account  (11,  (36)  and t h e  terms which pre-  

se rve  t h e  number of  t o t a l l y  symmetric v i b r a t i o n s  ( b i b l )  and t h e  

number of degenerate  v i b r a t i o n  (b:br o r  b;bl). We o b t a i n  

So, we add q u a n t i t y  (38)  t o  hamil tonian (13) 
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