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1. Introduction 

Recent lv . the proper-t i.es of the electron i.c and. vibrational 

spect.rt.im of the dynamic mode l s of one dirnBllsionai 

ql.lrJ.sicrystals (1D QC) [1,2J are the sub.iect. elf extensive 

:::tl.ldies [3, 13 J . 

:-3<..> far. various t.he rmodvnam i-c properties of these ey

sterns hav i ng the singu l ar continuous spectrum of elementary 

exci t .ations [4,6.7 J have not been mves t ig."d:.erl in det."l.l L. 

In trd s paper we report. t.he nume r i C:.3 L ref;ll Ltf: oonc...rri ing 

the t.empereture dependence of t.he heat capac::i t.y <[ of the 

one-d imene i ona I Filxonacci-type binary alloy (111 ~'BA) 11UJ. 

TIle harmonic model describing the v Ibrat.ional roor ione of 

atoms is used and the next-nearet:t-neighbour i.rrter-ac tions of 

a t.om::: are taken into account. 

The epect.rum of the 1D FBA containing F =418 1 and
19

E' 21 =10946 atoms i e obtained numeruca ilv and used f'o r' the 

ca IcuIat.i.on of the temperature dependencies of the heat capa

city <[ in the wide range of Tf\ED=kBT/E .where E is a max rnax 

maxima l F:.igertl'.:.nergy elf the t:yt:tem. 

Mr)p:':'0ver. thF: dependence of the resul ts on the variations 

of rnodel paramet.ere i s studied in detail. 

The pape r is org;:mizecJ as fo l Iovs . The specification of 

t.he i nveeti.zeted model in SE:c. 2 i.s preserrted , :3ec. 3 corrte.ins 
,.-f 

the bas i.c equations. The numerical resuIt.s and concluding 

remarks are given in Sec.4. 
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2, Specification of t.he model 

Let us briefly ::~pecify the lD FBA model cons i dered in t,h i::.: 

paper, 

The cuae i Lat.t.i ce (QL) of the one-dimensional 

Fibonacc:i-type qU-3f>lcrystal (lD HX::) r1.21 is defined by the 

set. of point.s {x } given by
n 

X = n + [1 + l niT -I- C~ ]/T , (1) 
n 

where Ol , 0 are the real numbers, T is a golden ratio equal 

to (1 + -I 5 ) 12 and ry1 denotes the integer part of v . We 

decorate lD '.,)L placing t,w.) types of atoms in the middle of 

the points given by (1) ( wit.b 0l=(1=O ) . i. e, the equili 

briwn pos i t.aou of n-f.h atom having the mass 

(2)mn=rno(l + q([(n+l)/r }-[n/T ] » 

is 

(3)In= ( xn+1+xn)/2 , 

where q=Z/T is the 50-called parameter of quasiperiodicity, 

In this chain ( see Fig.1 ) we have: (1) two types ,c~ 

nearest-neighbour (NN) spring cons'tant.s kHL and (2)kHH 

three types of next-nearest-neighbour (NNN) spring constants 

gHH ' gL~d gLL'
 

In this paper the lD harmonic binary chain with quasiperiodic
 

distrih~tion of masses h~t constant isotropic forces 

(403)kHL=kHH=ko 

(4b) .gHH=gLH=gLL=go 

is studied. 
2 

(l+l/2T) (l+l/T) 

<---kHL- - > <---kHlC - - > 

IH * * * * * *!L IH lH !L IH !L 
<-------gHH-------> <-------gLL-------> 

I :---~;:~~~~~~------: 
I (2+ liT ) > < ( 2+l/T ) 

Fig.l, 1be harmonic interactions of nearest-neighbour 

(kHLand kHH) and next-nearest-neighbour (gHH,gHL and gLL) 

atoms;the asterisks (*) indicate the points of 1D QL, the 

letters IH and !L denote the atoms whose masses are mo(l+q) 

and m respectively; in the parenthesis the dimensionlessl o 

distances between atoms are given. 

Notice. that (2) defines the binary quasaperiod.ic sequence 

the properties of which has extensively been studied 

recently by Aviram [14.15], 

.3, Basic equations 

The quantum-mechanical equation of motion of the system 

under consideration is 

N 1[N 

~ 2 d 2 
- 2+- k , '+1 (u, -u'+1)2{L 2 m ' d u . 2 l,l 1 1 

i=l 1 1 i=l 

N 

+ gi, i +2 ( ui - ui +2) 2 - [E } lJt = <D (5) 
1 [2 

i=l 

3 



The Schroedinger equation (5) can t-JE: diagonalized by the 

where the dimensionless eigenfrequencies n and the strengthnonnal coordinate transfonnation (NC,'T) ~=[W Q which ~lso 

of the next-nearest neighbour interactions are given byd i.agonal i.zeo the classical equat.ions of motion le3ee below} 

[16) . 0 2 = In w
2/k and h=g /k ,respectively and 

o 0 0 0 0 

Using	 this NCT the equation (5) can be decomposed into N 
m 

oindependent equations for the linear harmonic oscillators (10)ce, = 2 ( 1 + h )
1 m. 

1

{- 1)2 d 2 

(6) 
lTJ2 dQ~ o

1. 
,8i +1= - (11 ) 

and t.he total energy of the chain consisting of N atoms is -I mi lTJ i + 1 

In 
oN 

y i +2 = - h	 (12) 
(7) -{ m.[[	 n + 1/2 ) , n =1. 2 :3, ... mi -t 2 1L 11 l"'i i i 

i=l 

The harmonic frequencies 0i are the eigenvalues of the N*N 
The harmonic frequencies. (('i appearing in (6) and (7) can 

symmetric band matrix lD of width five if the free boundarv 
be obtained f'rom the classical svetem of equat.Lons (16} 

OJ conditions are applied ( k. .= g. . =0 if i or j lie out-
1,.J 1, Jd"'u 

i
 
In. k .. l(u. 1 - u.) + k .. l(u. 1 - u . ~
 side the range 1 to N inclusive )
 

1 2
 1,1- 1- 1 1,1+ 1+ 1
 
d t
 

2+ gi,i-2 ( - u i ) + gi,i+2 ( - u i (8) lD q	 = 0 q . (13)u i-2	 u i+2 
~ .. where 

i=l, 2, ..... ,N . 

C\	 [12 1"3 
cx[12 [13 1"42Introducing mass dependent variables q, =~ u., i=l, 2, .. N 

1 1 1 01	 o1"3 [13 3 [14 1"5 
and the notion of normal modes q. (t) =qc: .exp( j(.c,t) the 1"4 [14 cx

4 [15 1"6 
lD= 1 

1 1 

(14)..... a .......................


classical system of eqlJations takes the form 

1 ... 

YN-2 f1N- 2 CXN- 2 (jN-1 YN0 2 - r":? (":?qi - C(i qi + "i-1 qi-1 + 'i+l qi+l 
e 

CXN- [1N-1 a"N-1 [1N( 9) 1 
YN [1N cxN 

+ I" i-2 qi-2 + I" i+2 qi+2 

i=1.2 ...N, 

5'4 
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J 
Z=50.0 

6.0 

50 ( , 
\Z =25.0r 

40 
3.4236220 

Z:; 10.0r ): Z 

3.0 
TRED Z =5.0 

Fig. 2. The heat capacity <[ plotted as a function of the 

reduced t.emper-at.ure TREI) for the indicated va lues of 6 2.50 
(1.0,5.0, 1O.0,2!:"l.O,50.0); h=(J and the number of atoms N is 

equal to F19; for z= 1.0 the results obtained for N=F19 and 2.0 Z= 0.5 /2.1220971 
F

2 1 
are presented ,too. Z= 0.0 0·096629 

We have diagonalized nurne r i.ca l Ly the dynamic mat.rix lD 
\ .. 

using EISPACl\ routinee fe-r the number of atoms N=F 19 and 10-4 10-3 10-2 TRED 
d<[ 

Fig.3.The derivative r= ---- plotted as=.l function of TRED'N=F F 4181 and F 1(1946 are the Fib:'fl.3r:'f=-i
21,where 19= Z1= dT RED 

-numbere . 

The obtained eigenvalues ~\ have been used further . to 4. Numer ice I results and d i.ecuee ion 

The tempe rature dependencies of the heat capacity <C and the-calculate of the heat eapacity 

differenc-:l of <[ with respect to T in Figs. 2f-5 are preC(T RED) £:./T RED RED 
1 

<[ (TRED) ~ sented.
 
N kB , - V.
 

1 From the results of our computer simulations the followingl\~
 
where c 

1 
. =0.

1 
10

max' i> 
1 
. = exp( -t,.- inRED) TRED=kBTiEmax and 

( 

facts and trends are immediately apparent. 

E =h 0 where 0 denotes the maximal value of o .. max max max . 1
 

6 7"

Z= 2.52.3911752 
< 



2.3001 r 

2.200 

h=o.O 

2100 

1.5 

1700 

1.4 

~ 
1.9919264

2.00 
-2

h-5·1O 

1.900 

1.800 

h. 25.10- 2 

3-10-5 10-4 10-3 10-£ T
RED 

Fig. 4. The same as in Fig. 3 for N=F19' z=1. 0 and h is equal
 

to O.0, 0..05 , 0 . 15, O.25 and O.35 .
 

1. At sufficiently low temperatures the 'heat capacity ~ is
 

a linear function of the reduced temperature, i.e. there
 

exists the magnitude of TRED below which
 

8 

<[(TREDJ= r(z.h) THEIl' (16) 

wh~re r is a constant depending on model p,3l'3lfJ--=ters z and h 

(cf.Figs.2-5J. 

The plots in Figs.3-5 show that r is almost independent of 

-? 
temperature at TRED .$ 10 - .Moreover. in FiOlB. 3T-~) the 

beginning (rB) and the end (r'E) of each p.lateau is indicated 

by the calculated values of r. Notice that in the region 

of each plateau the parameter 

&=2 ( r E - r B ) / ( F'E + r B J (17) 

describing the relative slopes of r is less than U.3 %. 

2. At high temperatures, ( TRED ~ 1 ) the heat capacity <[ 

approaches the value given by Dulong-Peti law. 

3. The variation of models parameter z and h leads to the 

quantitative changes of <C and I~. The heat capacity increases 

with z (cf . Figs.2,3 ) and r diminishes with increasing of h 

(cf. Fig.4 ). 

We have studied also the. finite size ef'fect.s in <[ and' I". 

Comparison of the calculated resultt; for different numbers of 

atoms N in the chain in Figs. 2,5 is shown. As has been 

expected, the linear dependence of <[ on TRED is observed in 

the wider low-temperature region for t.he larger values of N. 

These results confirm our first conc lue ion given above. 

Finally, let us int£rpret· the obtained roJffR.rical results 

in terms of the integrated density of states G( £? ) [17J.
l 

In the framework of the studied model we find that: 

Ai. In the optical region of vibrational spectn~ (VS) 

G( 
?£i ) exhibits the self-similar structure which 

is characteristic feature of the singular continuous 

spectrum. 

9
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A2. In acoustic region of VFJ t.he number of gaps and the i.r 

sizes tend to zero [4,9J and G( c:<: 
q

) looks I i ke as that of 
1 

the ideal r~riodic chain 

2G( e? )= Gt z vh) c , ~ 
( 18) 

~ l 

where G(z,h) is a constant depending on the model parameters. 

In addition. we f irrd that. G(z,h) lnc:rlO'a::;e::; \·Jit.h and 

d imlru.ehes if the parameter h is growing; up r17]. 

For t.heee reasons we can conclude t.hat. the obt.e i.ned 

temperature dependencies of the heat capac i ty of the studied 

hannonic model of 1D FBA behave Ident.Ica l Iv 81:.; for the 

periodic chain [18 J . 
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CaneHAa B. E17-88-881 
TerrnoeMKocTh B OAHOMepHOH MOAenH 
KBa3HrrepHOAHQeCKOrO oHHapHoro CrrJIaBa 

HccneAyeTcH TeMrrepaTypHaH 3aBHCHMOCTh TerrnoeMKOCTH rap
MOHHQeCKOH MOAenH KBa3HrrepHOAHQeCKOrO oHHapHoro crrnaBa. 
HYMepHQeCKH BbJqHcneHbI xoneria-r ern.nste cnex-r psr H TerrnoeMKOCT~. 

C ~errOqKHtCOAep~a~eH F19 = 4191 H F21 = 10946 aTOMOB. 
B oonaCTH HH3KHX TeMrrepaTyp (Tred < 10-2 ) C(Tred)=A*Tred, 
rAe Tred = kB*T/Emax, A H Emax 0603HaQaWT, COOTBeTCTBeHHO, 
KOHCTaHTY 3aBHCH~~O OT rrapaMeTpOB MOAenH H MaKCHManhHOe 
COOCTBeHHoe 3HaqeHHe AHHaMHqeCKOH MaTpH~W. 

PaooTa BbIrrOJIHeHa B JIaoopaTopHH TeOpeTHqeCKOH <PH3HKH 
OllilH. 

npenpHHT 06'he,IlHHeHHOl'o HHCTHTyTa anepnsrx HCcne,IlOBaHHH. ,Uy6Ha 1988 
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Salejda B. E17-88-881 
The Heat Capacity of the One-Dimensional 

.. Model of Quasiperiodic Binary Alloy 

The temperature dependence of the heat capacity C of 
the harmonic model of quasiperiodic binary chain of atoms 
is studied numerically. It is shown that C(Tred)=A*Tred at 
Tred = kB T/Emax ~ 10- 2 , where A is a constant depending 
on model parameters and &max denotes a maximal eigenenergy 
of the dynamic matrix. At high temperaturesC approaches 

; the Dulong-Peti limit. 

The investigation has been performed at the Laboratory 
pf Theoretical Physics, JINR. 
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