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1. Introduction 

Recently, the properties of the electronic and vibrational 

spectrum of the dynamic models of one dimensional 

quasicrystals (lD QC) [1,2] are the subject of extensive 

studies [3,13]. 

So far, various the~ynamic propert~es of these systems 

having the singular continuous spectn~ of elementary 

excit~tion [4,6,7] have not been investigated in detail. 

In this paper we report the numerical results concerning 

the temperature dependence of the heat capac i.tv q: of the 

one-dimensional Fibonacci-type quasicrystals (lD FC)C). 

The harmonic models describing the vibrational motions of 

atoms are used and the, next-nearest-neighbour int~ractions of 

atoms are taken into account. 

The spect~ of the 1D FQC containing ~ N ~F18=2584 

F is obtained numerically and used for the21=10946 atoms 

calculation of dependencies of the heat capacity q: on the 

reduced' temperature TRED in the wide range of TRED' 

Moreover, the dependence of the results on the variations 

of model parameters is studied in detail. 

The paper is organized as follows. Specification of the 

studied IDodels in Sec.2 is given. Sec.3 contains the basic 

equations. The numerical results and concluding remarks are 

given in Sec.3. .. ,- .......""w.".. ~~.....
~' 
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2. Specification of !he rr~dels 

Let us briefly specify two one-dimensional models 

considered in this paper. 

Model (I). Quasiperiodic binary alloy 

The quasilattice (QL) of the one-dimensional 

Fibonacci-type quasicrystal [1,2] is defined by the set of 

points {x given byn}
 

x = n + r~ + [ niT + at ]/T, (1)

n 

where at , ~ are the real numbers, T is a golden ratio equal 

to ( 1 + -r5 )/2 and [y] denotes the integer part of y. 

We decorate 1D QL placing two types of atoms in the middle 

of the points given by (1) with at=~=O ), i. e . the 

equilibrium position of n-th atom having the mass 

m + q([(n+1)/T]-[n/T])) (2)
n=mo(l 

is 

ln= ( xn+1+xn )/2 • (3 ) 

where q=Z/T is the so-called parameter of quasiperiodicity . 

(1) two types ofIn this chain ( see Fig.1 ) we have: 
\ .. 

nearest-neighbour (NN) spring constants kHL and (2)kHH 

three types of next-nearest-neighbour (NNN) spring constants 

gHH ' gLIfIld gLL' 

In this paper the lD harmonic binary chain with 

quasiperiodic distribution of masses 01t constant isotropic 

( 4a)forces kHIJ=kHH=k0 

(4b) .
gHH=gLH=gLL=go
 

is studied.
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(l+1/2T) (l+l/T)
 

<---kHL- - > <---k - - >
 HH­

D.... 

<------ -gIlli------- > ~ --- - ---gLL----­
D-I *" 0._ * D-I * D-I :.t D.... * D-I >I< 

I :---~~:;~~~~------: 
< (2+1/T) > < (2+1/T) 

Fjg.1. The harmonic interactions of nearest-neighbol~r 

(kHLand kHH) and next-nearest-neighbour (gHH .gHL and gLL) 

atoms in the model (I);. the asterisks (*) indicate the points 

of 1D QL, the letters D-I and D.... denote the atoms the masses of 

which are m and m ' respectively; in the parerrthes i.s
o(1+q) o 

the dimensionless distances between atoms are given. 

Model (ll). Pure .Fibonacci chain 

We decorate QL of 1D QC placing atoms having identical 

masses (mi=m for all 1 4 i ~ N ) at the points given by (1)
o 

with at=r~=o . 

We assume that the strengths of NN and NNN harmonic 

interactions depend on average lattice distance between 

atoms. We have chosen kn,n+l and gn,n+2 in the following 

forms ( see also Fig.2): 

+ 1))kn,n + l=ko(l+q(l-dn,n 
(5) 

gn,n + 2=go(1+q(2-dn,n + 2))' (6) 

where 

d .=[(n+i)/TJ-[n/TJ ,i=1,2,.... (7).n,n + 1 

From (5)-(7) it follows that the large values of {k 1}n,n+ 

and {gn,n+2} correspond to the short distances between NN 

ana NNN atoms in the chain. 
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-( O+l/T):> I
 
(--k - - :>


S 
<----k <	 (l+1/T)

L----> 

I < ( 1 ) :> < (1+ liT) :> 

* * * * * 
<----------gL---------> 

(2+2/T) 

(2+1/T) 

Fig.2. The harmonic interactions of nearest-neighbour 

(kL=k k ( l +Q) and next-nearest-neighbour
0 S=ko

(gS=go(l+Q) , gL=go atoms in the mode1 ( I I ) ; in the 

parenthesis the dimensionless distarlces between interacting 

atoms (indicated by ast.eriskS<*) ) are given. 

Notice, t.hat (2), (5) and (6) define the binary 

quasiperiodic sequences whose properties have extensively 

been studied recent.Iv hy Avi.ram [14.15]. 

3. Bae i.c equat ions 

The quarrtum-meohani oal equation of motion of the systems 

under consideration is 

{L 
N N 

~ ... 

fl 2· d 2 1 L	 ­
-	 2 + -- k , '+1 (u. - u , 1 )~ 

2 m . d u . 2 1,1 1 1+ 
i=l 1 1 i=l 

+ g. . +2 ( u. - u . ,..., ) r-L. - [[ } '{I = (1) • (8).
1,1 1. 1+L.+[

i=l

N 

The Schroedinger equation (8) can be d i.agonal i zed by the 

normal coordinate transformation (NCT) i1=lW Q whi.ch a160 

4 

d iagoneLtzee the classical equations of motion (see below) 

[16]. 

Using this NCT the equation (8) can be decomposed into N 

independent equations for the linear harmonic oscillators 

2 2

{- 11 d 
(9) 

2 dQ?
1. 

and the total energy of the chain consisting of N atoms is 

N 

IE 11 co , n + 1/2 ) , n =1. 2 3, ... (0) . 
1. i iL 

i=l 

The harmonic frequencies (Vi appearing in (9) and (10) can 

be obtained from the classical system of equations [16J 

dL.
r)

u i 

k i , i - 1 ( U i - ) + k i , i +1 ( u i+1 ­m. 
1 2 - 1 ui ui
d t
 

+ gi,i-2 ( -	 + gi, i+2 ( - (11 )u i - 2 u i ui+ 2 u i 

i=l, 2, ... ,N 

Introducing mass dependent variables q.=~u., i=1,2, .. N 
1. 1. 1 

and the notion of normal modes q. (t) =g? exp( i w t), the 
1 1	 . 

classical. system of equations takes the form 

0
2

q. = a. q. +~. 1 q1' 1 + ~1'+1 qi+11 1 1. 1- ­
(12) 

+Yi-2	 qi-2 + Yi+2 qi+2 

i=1,2 ... N , 
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where the dimensionless e igenf'requencies n and the strength 

of the next-nearest neighbour .irrter-act.ione are given by {/--= 

m l}/k and h=g Ik , respectively and 
o 0 0 0 <) 

k .. 1 g [g .. 
_ m0 1,1- 1,1+ Q I,1+Gr[k 1 gi. i-2) ]

a.--- + +-- -+ \ l:j )
1 mi k k k g

a o () - 0 go 

k i -+ 1. i rna 

( 14)O'i+1= ­
k -t m m.

o j 1+1 

gi+2,i mo
 
- - h us }
 

'Y i +T e. -tm, m +
 
'0 .1 i 2 

The harmonic frequencies ~\ are the eigenvalues of the N*N 

symmetric band matrix !D of width five if the free boundary 

conditions are applied ( k. ,=g. ,=0 if i or j lie outside
I,J l,J 

the range 1 to N inclusive ) 

!D q = 0 2 q , (16) 

where 

n.;OIl 1"3G 
\ . 

I ~ ,-)
(~ ()(2 (13 1'4G 

(~L."t v 0,r::3 ,- 4 • r::1'3 ~)3 

f,' .\~ 61'4 6'4 c~4 '-5
 
I
 (17 )[D 

.................
 

f~

1'N-2 "N-2 ()(N-2 °N-1 "'N 

0 ()(N-1 [5N-1 ()(N-l r~N 

YN tiN ()(N 

6 

We have diagonalized numerically the dynamic matrix [l 

using EISPACK rou.tines for the number' of -':Itom!::. F18 ~ N ~ F219 

where F = 2fJ84 and F = 10946 are t.he Ei.bonacc i numbere . 
1S 21 

TI1e obtained numerically eigenvalues ~\ have been used 

fur-ther to calculate the heat c;;ipaci t.y 

NC(TRED) _ '~i /T l~ ED 
( 18) 

N k . - Vi
B 

where £:. =0 . 10 v . = TREv=l\.BTIEmax 
and 

. 11max 1 

E =h 0 ,where (2 denotes the max irnal value of n .. 
max ~ max I 

Fig.3. The heat capacity ([: of the model (I) plotted as a 

function of t.he reduced temperature T for the indica-RED 

ted values of z( 1.0,5.0,10.0,25.0,50.0 ); h=O and the 

number of at.oms N 'iIi the chain is F19=4181; for z=1.0 the 

results obtained for N=F and FZ1 are presented ,too.
19 

TRED 

lOa. 

7 



r
 

Z=25.0 

4.0 
Z.= 10.0 

3.0 

2.50 

2.0 

T
as a funct. ion ofFig.4.The derivative r= 

T for the va Lues of z equalRED 

0.0, n.5,1. 0,2.5,5.0,10.0,25.0,50.0; N=.F 19' h=O. 0 . 

4.	 Numerical reeu.lt.e .3.11d d LE;CUt.;:='; inn 

TIle t.emper'ature dependenc i ee of the heat. capac i t.v <[ ,"mel 

difference of <[ with respect. t\~ TRED in Figs. :3-6 £Ol­

model I and in Figs.7-9 for the model II
 

presented', respective Ly .
 

From the re6ll1te; of r:,IJr cc>mp1Jt.I"~I· r-;imll!,"I.r,i.'.·m; Uv~ fr- l Iooingr 
f.3CtS and trends concerning bot.h I.he- m(lrJ..,,~ I Fi .:H"'~ immF.::diately 

appa rerrt..7.0 
1. At suffi.c ient.Iv low t.emcerat.uree the heat capac i ty <[ 

" Z.= 50.0 i s a linear function of the reduced temperature. There ex i st.s 

6.0 
the rnagni, tude of TRED belr) \-1 whi.ch 

I'	 ( 19)
<[ ( TRED) = r' (Z , h) TRED ' 

where r is a constant depending on the model parameters Z .3Jld5.0 
h (cf.Fig::.:.3-9) , 

RED 

tCl 

the 11 

1	 10-2 TRED 10-3 

the 
Fig.t>. The same as in Fig.4 for N=F and 0 ~ h ~ 19,z=1.0are J.( 0.35. 
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funct.i.on of the reduced r.emper-at.ure T fClr the indicatedRED 

values of the parameter of qlJ.,3Ed per i od i.c i ty z=l. (1.:2, b.::J, (I ('mel 

10.0; h=O and the number of atoms i.s F19 ;a t-. ::::=1.0 the reeul te 

obtained for N=F and N=F are given. too,
19 20 

In Figs. 4-6 and in Figs, 8-9 the calculated values of rare 

presented for the models I and I I, r8ET'-:c'ctively, The plotc: 

show that I" is almost .independent. of temrJE:ratur,=, at, Tf!ED ..: 

10 
-'! 

"-' . M~reover, in Figs.4-6 and 8-9 the begirU'ljjU! (r ) and
B

the end (FE) of each plateau is .ind icat.ed bv tho:' calculated 

vs Iues of r, Notice that in the r~gi,xl {..f T-'Iateau the 

paramet.er' 
(20)9=2 ( r E - r B ) /(rE-trp,) 

des'.Tibinp-: the relative slopes of J~ i:=:', If~sE; than 0.3 ~i{.. 

10-" 10-3 10'2 10-1 T 
RED 

Fig. 7. The heat oapacity ([ of th;:; ID'YdfO: 1 (I I) p J.ot.ted 

10 II 



.: 

-t 

I 

I 
11\ 

! 
i 
\ 

.! 

TRED 

'0 

10-1 

3. The vari.at. ion of the mode l s parameter Z and h 18ad::: tC) 

t.he temperature region in which <[ depends ll!l'.::;:~rIv (In T8ED 

shifts to a lower rt~f"'.il.'!l ,·f thF- reduced temper.3.t,u.re if t.he 

the quantitative changes of <[ and r. 111':.' h~at ,·;:\p.~-i"i t.v 

increases with. z (o f , Fig:::':1,4,7,S ) .:uld·r d i min i sbe-s with 

law. 

par'ame ter .L2: growing up (cf. Fig:=.:. 4,8) . 

t 

12 

increasin.g of h (cf . Fig:::. ~'" ~j l , In addition WP. observe that. 

d<C 
Fig.8. The difference r= ---­ plotted as a funct.i.on of 

dT
RED 

TRED for indicated va Iuee of z( 0.0,1.0,2.5,5.0,10.0); h=O 

and the number of atoms N=F19; for z= 1. 0 the results 

obtained for N=F18' N=F19 (.. )and F20 ( .) are 

presented,t.oo. 

2. At high t.emlx"r.Olt.l.lrec:. i ,e. at. TREI) :, 1 the heat. 
\ .. 

capac i tv <C approaches the va lue given by the Dulong-Pet.i " 

la, 'II' , .., « _, I !, I, ! I !! " 

2.0 

3.0 

r
 
23001 r 

2.200 
<, 

"'=h=o.Or f 
2100 

1.9885869 1.9919264 
S200~ I / \ 

h-S·l0- 2 

I I / 
1.900 

1.800 

h • 25.10- 2 

10'3 

1700 

1.5 

1.4 
10-t. T

RED 
Fig.9. The same as in Fig.S for N=F and 0 h 0.35.

19 

We have e tud i.ed C1.LS(J the finite size effects in <C and r. 

G:.rnr'·3. r i :::(Jn of the Co lculated reeu l t.s for various numbers of 

atoms N in the chain in Figs.3,6 and in Figs.7,S for the 
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models and II are ~ shown, respectively. Ar:; has been comment.s ..J.t1aJek hel ped wi.t.h come of the numerical work. 

expected the linear dependence of <C on TRED is observed in Comput.at.ionz w:~re done at tbe Laborat.orv of Computing 

the wider low-temperature region for the larger values of N. Techn iqueu and Automation of the -Joirrt Institute for Nuclear 

HeBe.:, rch .Th~se results confirm our first comment given above. 

Finally, let us interpret the obtained numerical results 
~I 
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