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In the present work the expression for wave packet mean-square 

radius is obtained and investigated for quite a general U(1) nonli
near Schrodinger equation (NSE). 

Earlier i~vestigating similar expression V.I.Talanov /1/ has ob

tained the condition of se~f-focusing laser beam propagating in nonli
near media, and V.E.Zakharov /2/ has get the condition for collapse 
of spherically symmetric Langmuir wave packets in plasma. 

In what follows ou~ concern will be with the behaviour of l1Schro

dinger type systems l1 near the steady states, under both trivial 
(drop like) and condensate boundary conditions. 

I. Let us consider NS6 

.\..~*- +L'f _ Ju ~ 0, 
(1) 

o ~ 

2
where ~ -:::: \ "V \ is the density of "particles". 
Being U(1) symmetrical this equation, in general case, possesses the 
following integrals of motion 

E =:: ~ { \'1';\t-t\J JJ~ 

(2 )f'--\ = j \\{' \t d -:: ' 

r ~ r - p= J ~1'f·G~~d'\'-6"o-J'\I·\jJ1d: j~J; 

We shall focus on the dynamics of well-localized (ia space) 
"wave packets", BO as 

B JX-, 2 f d;' 1.. C<) 0)• 

l..;vi:)·_:sl~·, ~',..l, ci i cnaL B is proportional to wave packet lIlea..-square 
radius ~ = ~ \,"2.,> AJ • To study its behaviour in time we shall find 
the second time derivative 'of B and two conservation laws are enough 

for that 

'h~ : ~ ' . I . ". "" . .. ' 

~.,""'.,~O j. 
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--L -+ dl'l> '\ = 0


'O-t v 
(4) 

~. '"
 
~ T ~ T\cQ =0)
 
~-t. r-C>Xe 

('d -:yr-;; ) (d\)
where T"t. 1 = ~ \ ~Xlo. 'f Ar;;:;x~ It' + 2.- d g f .-U) S-'£e . 

Differentiating B once over t 

, • ~ . -, r-31> 2. -;" --. (' 4..., .........
-">:l..

B = J X j d)l; "'. - J X ~\J d d k = 2.. J l~ , ~ ) d x 

Analogously, using (4) we obtain 

i ~ - 'L :tJ«,T) J;Z = - 2 ~ 'x,"':;X~ "I,~JX'~ 2-J<;~'l...dj;" 
or 

i= 8 )\'I'lJ' ,1";; + 'i D5(~~ ~ ~ u}rK" (5) 

, Another form for B will be also of use in terms of energy integ
ral 

'E> = '6£0 ... 'I ~ (1:> :~ ~ - It> ... 2.'yU )Ji:' , (6) 

where D is space dimensions. 

II~ Drop-solitons 

For more visual pr-eaenta tdon of wave packet behaviour we apply 
to mechanical analogy, i.e. we treat the time behaviour of functional 
B as the behaviour of a "particle" in an external field, the radius 
of "wave packet" as the distance between the "particle" and the ori 
gin. Then B is proportional to the acceleration of the particle*). 

*) When boundary conditions are trivial. In this case one can choose 
"il!.itial velocity" r be zero because of the Galilean invariance 
(see also /3/). 

2 

We call B=O the"stationary point"(equilibrium position), and let the 
particle be there at t=O. Deviation of the particle from this position 
leads to the ~hange of acceleration sign (Fig. 1) • 

t':,=O (a.) 
~.->. 
---i> ~ o ro (~)<'-7-----------.- ---------_ 

Fig.1 

If' at the moment t 1=0 :8 '> 0 (:8 < 0) when r ) r o (r < r o) and 'sign 
of inequality concerves in the process of particle motion {Fig.1a), 
then the position B=O proves to be unstable. In other words "external" 
force takes particle away from equilibrium position. If on the contra
ry in the process of the particle motion the sign of accel~ration chan
.ge s , i.e. "external" force returns it backward (g~/~v-<O), then 
the position B=O is -stable (Fig. n.), In the language of "wave packet", 
in the former case it either collapses or disperses depending on the 
initial conditions. In the latter case packet is stable (remains loca
lized near r = ro)~ 

.( n. 
1. U =-V\~ (see also /3/), where 4> = \'V \2.. In this case 

expression for B has the form 

i -= 2>E ~ ~ ~ '2..~ :l>(v\-i.)12.l>-1." ~ ~~'c'~-1.c!r 
estimating integral we get 

.. Nn. 
~ = -~E + '4~ {'2-:!>(n-1.)! ;Yh.- 1 := 8E: T~. 

The stationary potrrt S I t.1 := rv
J 
B(..n:= 0 is stable when E:.<.O ,~ >0 

, 

and'stable stationary packets exi~t, if 

1"-~<.'\+~ (1)-=1 1 '1\ -:: 2. ) .
 

When T <. 0 there are no stable station.ary packets.
 

2. \J -= -cA~- 4: ~2 + ~<t'J. 
Such cho i ce of function U corresponds to the equation 

2\. 'fi +- A 'f. + cJ.. ~ 1- ( \ 'f1 - \~ 1'f ) '-t := D ( 7 ) 

with the energy integral 

£.. = 5\ \~ to\ 2. - d.. \ 'f \ 1 - t \'f l 'f ~ t \if \b. ~ d. b~ . 

The expression for B assumes the form 
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(8)~ = &F - 2. (b-2.) S·~2.d\. -t- ~ (i:>-1.) S~-~JI>r 
or, evaluati~g integrals, we obtain 

N2.. N~ (9)B. ~ ~F .-2.(\>-2) - -t ~ (t>-1-).
-V :3 \['L 

where 
, 

F = ~ { \ ~r\1. - ~ e:p2. ~ ~ <?~ 1d 1)r . 

Under the perturbation ·v ='fa -t-oV ~oliton-like solutions 

(SLS~ will, be stable if the ratio OF:./c,/ is negative. We consider 

(9) for dimensions D=1,2,3. 

D=1, 80/8 V c. 0 -S1S are stable always 

D=2, ~ ~/'8V -<. 0 -3LS are stable alw~ys 

" N2. )D=3, . '?) p> = - 2. ~ (-\,b~ - i '8V', (10) 
. '4 0 -? \1 0 

Here SLS would be stable if ~V'o = a.'l.> ~/-j6 , wh.ere CA.'l. is weighed 
square amplitude of packet. 

It is worth to use the mechanical analogy not only for modelling 
the wave packet time' behaviour', as it was done above, but for evalua

ting its stationary amplitude as well /6a/. 
Since solutions are given up to a phase Go, we put it zero, 

th.ereby passing to the packet rest frame 

~Go f'\'f= '(t e , where \;;/0 = 0 J ~ = 1'" (11 ) 

In the stationary case equation (1) with allowance for (11) looks li

b<'" 1 \.( ... (12) 
ke 

-T <1 ~ - + 01... '<1 = - y4't;, ~ '5;1; ~ 5' 

Multiplying (12) by d' ' we obtain 

b -1 v • (13 )t 1\ l -( + h' - ~ ~. + ol~ 1 J - -\-<\' 
Call 

"U'" = d...O'l.+ t~'i_· ~C6. 

Equation (13) describes the motion of mechanical particle in an 
external field under the action of a friction force.

•From the form of function V,", one can conclude, that particle-
like solutions exist if d....(. 0 • The relief of function \J~ (<t), for this 

ease is represented in Fig.2. 
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Fig.2 

Let put \J~ (~) .: 0 • By solving equation 

oL(~t-i-ta'-S(1Ei=O' (14) 

we obtain the intersection points of \J"" ('t) with the axis Oy 

'<\ ',2 = ~ (\ 2. ~ '\ - 1~ \01..\ i) J dO = 0 . (14a) 

From the radical in (14a) one can see, that at \ott= 7'16 the point 
'<:\
,
a. is just a ccatac t point of the function U M with th.e OY axis. 

When lot-II.. ~,curve crosses the axis OY in points 1 and 2. When ~')~6' 
there are.o crossing points. Therefore the conditiong of existence 

of particle-like ao'Lut Lona (PLS) are d.,,(.O, O~ld\.£. {6 • 

Th.e points of extremum are 

~ ~,'4 = ~ l t\ j:: J '\ - L{ lei;\') , do = 0 , (14b) 

~ 
whence \0. \ <.)fA.( 

From formulae (14a) ror limit values of ~ we obtain an esti

mation for the amplitude: 
when 10-.\ cc ~ '11 ~ 2.loe., ( ~'\ is out of our interest) 

\J.' ~ ~ \.( ~ (14c)AJ
""" -tf. '(J 2. -...... "if. 

2Combining conditions in (14c) gives O<.a <. 3/4 when D=1. In the 

above we have got tAe conditions of SLS stability: a2~ 3/16 (see(10)~ 
We call {a2 >= 3/16 tlte poiJlt separating regions of "stability" and 
lIunstability" of' SLS, tlle critical amplitUde value. Substituting it 
in Eq.(14a) with allowance for conditiond of PL3 existence, we obtain 

the stability region for parameter ~ 

0.08 <. \cJ,. , .( 0.1815 . 

The threshold value of ~ one can also evaluate usil1g the computer 
data of /4/,/5/, see Fig.3. Recall, that the weighed mean-square va

5 
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lue of amplitude <a '> = 3/16 = 0.433 then the proper value of ampcr Let If-t.= O. Then the equation (19) is 
litude for estimations one can put f2 (a ),giving o<.cr = 0.03 (seecr 
Fig.3) what is in good agreement (for such a rough estimate) with 

'1. 
(21)~)()(. -+ ~ ~ + 'f \.{' =. - b - i 'f 

.\;-\t2. x xresult 14/ (~~ 0.025) also given by the Q-theorem, dN _ 0 (see /6/1 
or1	 ~-

a. '7 .t--- - - -- - - - - - - - o. il	 d { 1. ~ 2. '2. P l) t 1>-1 1:r; "f)( "t W ~ ;- "-t - '\.-\(\. ( '\ ;- ~ J = - 2.. -x- ~.If. (22 ) 
O.~ 

We introduce following notations 
o. '-6 ~'}
 V3 2. " . 2.. f) ) .... \JM,C() 2" ~ -T t l~ - 'L1f\.. ('\ -t ~ 1. )	 (23a) 

1. . 20.41 EM -== 2.. ~ 1" \JM 
(23b) 

1 +:=----~~ )-"( 1:>-1 • '1 
'0<, .. O.O!.	 ::: (23c)- -, . 

Fig.3. Stationary nodeless solutions to Eq.(12) for few values of oL· 
F~~ 1:. 

In order to pass from our model (7) to the model of the Ref. ~quation (21) is just the equation of motion of a mechanical par
't 2. r. 'l. 

/4/, /5/, one should make a substitution Q= 0(. 'Y '? "" Vote	 ticle in the external potential UM under the action of the friction 
force Ff r• 

TAe condition for particle-like solutions to exist,as one can3.	 Model with the satu~able nonlinearity 
see from (23a), is (.4) <, 0 • The function liM = U ~) is plotted in

M(Let us choose the function Fig.4. From formula (23a) we find the point 

U= ~ ('\ + ~) - ({ - "",'2.) cP with '\'= \~\'1.. (15)	 l:L _ ~ I 

~ c - (24)
\-\w \ 

It corresponds to the equation with the saturated nonlinearity	 corresponding to the function UM minimum. 

~~i; -t6\\, ~\V ~ '=0 (16)
 
"1 1" l~l't
 

with the, energy integral 

E = ~ { \*~\~ 1" ~-VL ('\-t '\'J, - ~ ~ J bv- •	 (17 ) 

~ 
Proceeding from function 'f to ~ 

Lwt 
( 18)~ = ~(r,-t.)e '0 

instead of ~q.(16) gives 
Fig.4 

\ \f 1 ( 19 )I.. '-r-l -to A'-t' ;-,,~ ~ -\- 'of \. = 0 •	 ','ihence the limi ta t Lon for par'ame ter W appears iw\ c:it aad 
"\-t \~ 

hence conditions of PLS existence is W J.... 0, \w\ <. 1.One can write the free energy in tAe form 
Now we investigate tAe stability of the PLS to equation (16). 

F = ~ - WN := ~{l'¥... \1.-+ ~(~-T'l')_('Hw)~)Jbr • (20)	 The magftitude B is now of the form 

Examine the conditions of PLS existence for equation (19). To do it 1 i =: ~\= + ~ 5{D ~ "1" 2.(1+W)~-lt>-e>-) €n.('\ + tt» l.d b~ (25)
.1.,.CP J more visual, as above,we use the mecAanical analogy.	 ~. 

with free ener&v 

6 7 



~ = N/V from (24) we have the estimation for the threshold 
t= -= ~.{. ~'\'r\2._ ('\i-W),\> -T~(,\*q» 1db~. (26) 

.. \	 (1/2)(N/V) t'\,
I ().:l '> 1+ ( 172 )( N/V) .-..; 0 • 23 • 

We estimate in (251 the integrals as follows: N.:¢,V , q> = N/""'I_' 

where ~ is volum.e average (weighed} vaLue of q:. • Then we write 
; III. Solitons in the condensate(25} in the form 

i = ~F +t.\\r f 1'> N/y ~2.(t\;-~)1\\ - (~+2)4"t( '\+,~} ~. (27) 
Ii' Self-localization of Schrodinger wave packets in drop statement 

1 '\+ NM"\r V ~ :I
I has be~ considered. 

Introduce the perturbation 'V,=\ro+~"V • Then expression (27), with 'J, We app'Ly the similar method to investigate Loca Lf.ze d solutions 
'I 

allowance for ~ F = 0, assumes the f'orm	 in condensate, i.e. under nontrivial boundary conditions. As examples 
we take the models ~~ and ~?- 'V~ in condensate statement. Integ..	 l ~l~/v)2 o (\:).t'L)%} I 

~~ : 1\ 'L - (~"T2.Yu.'\.. ('\.'+ N/V') -+ , ~'V. (28) 
('\+NI'1") '. '1-+I-.)!v 

For PLS of the equation (16) to be stable, the expression in cur
ly brackets must be negative, i.e. ~~/SV <.0. 

When D=l, th~ condition ~f stability for (28) is 

_ ~ R...,\.. (. '\ + )(.) + ' )( (~ + _l(_) <. 0 (29) 
X;-~ X+i. 

where X -- ~/V· 

Let Xu... 1. , expaading (29) in series of X from (28) we have 

~ii -\ 2 (JO)bV -= - (Q)( •
 

Wl\en X 'y> 1, from (29) one gets
 

~-~~X'(Q. 

Thus,	 when D=l,PLS of (16) are stable. 
Let D=2. WkeJl. X.I...t.... i.. from (28) we have 

~i 4 x2. • 
RV = - ~ 

When X"'>,> !., tlle coefficient of £v is equal to 

«; - 4 ..eli\.. X 40 

rals of particle number and energy should be given now by 

N ~ S{,,- \\f \2 ~ dX	 (]1) 

t= ::: S{\*x\~ -t ~ ~ d x	 (]2 ) 

for being finite and 

'1.\'f\ ~ i ) X --"> :!.oo	 '- (]3) 

( I\ - \'f \'1 ) 2. {'t'~- W\cd<2.l)
\J = -,	 (34)I 

{ (\*\'1 _{. ?{ \'4'I~ - AJ ('f ~,- 'f s ~ \M.oeke ), 

according t~e boundary conditio~s fixed. 

Bot~ the models possess, solutions ~hat describe dens~ty cavity 
moving tltrough th.e condensate "bubbles"., 

,PerfQming as above we i~trodu~e a :unctional 

~ .,	 ~ l'\ -\ '·n2.)~2.d .... = ~ ,(,(,1.') (35') 

proportional the middle square of de~sity cavity dimension. 
Differentiatiag twice wit. respect to time we get 

I 
J
 

(J6)
 
therefore, in tl\is case also PLS are stable. 

Viken D=3 for small )( <'4 i. from (28) it follows i = 2. N <.1(-2,> -+ 2..rJ <, ~ r '>
 
or for
si = 1.. D(2. , I
 

&-V 2

t A=. ~ -2tJ.( ';'2') -=: _ ~t= -T 1 {.-t- \~\'2.~2- J..)(i.e. PLS are unstable, and wllen )( ')') i , f	 4 ~ , (37) 

t6-s	 e~k<.O (I -4 ('2.1-A,> ) i -\ - \\\>\2.. 12.d.x 
t.ey become stable. Ia t.e point N/V = 0.3 t.e magnitude of ~B c.an il 
ges t.e sign, i.e. th.ere is a tAres.old for stability. Since a 2= \~\~= 

98 
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where 

~ (" - ·~ )
l	 

()8)it
F=E

(1-A-~) N , lIS - is the bubble velocity, 
~ 

The upper line as above corresponds to 
lower to the 't' l_ ~ '5 -rnod.e L, 

Just from these expressions (37),(38) 
-between the models: the signs of the second 

By use of the knovm solutions 

I ( ~ U 'l.. '\j'l
"\'	 -= ~ -t '"'" -oe.- '), -'t .. 7: i de- = 1 - L; 

in	 the first case and 

S"2 c-""-\ 10.): .. ) _ '.: ,,- '- t c.o~ 2r ~~A 'l. -t'\fl.\V 
( 40)r~-A	 4 ' 

1\)"1
~'1.=I\-A-T.\ .,L~A'~"" .,. c..I.,. 2." \ r
'\ = ~ \.x - '\S-i: ) 

in the second case /7/ we get A=O. 
A rough*) analysis of expressions (37) shows kinks (39) to be· 

stable of tile ~:!l -model and tAe total region '\J"~ (0,'1.') in accordance 
with t.e result'S of /8/, and bubbles (40) (A,. 0) unstable whic. for 
'\5 =0 corresponds to the result of /9/. 

VI.	 Resume 
We saw in the above that the usage of functionals leads to a 

good agreement between semi-quantitative results and numerical ones. 
It is also important that only two conservation laws are sufficient 
to derive the functionals under consideration that allows one to gene
ralize the techique described involVing other soliton-like solution 
bearing equations. In particular in the case of Klein-Gordon equation 

the charge densi ty ~ = t (~ ~ _~ '+'~ ') comes instead of '§l 

The ~uthors are indepted to Professor V.G.rJakhankov ~or statement 
of the problem and to Dr. Yu.P.Rybakov for drawing our attention to 
paper /7/. Ve are also grateful' to Prof. V.K,Fedyanin for discussions I 

Iand	 attention GO the work. 

*} More precise analysis is supposed to be pUblished elsewhere. l' 
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one can see the difference '1 
terms are opposit~. 
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()9 ) 
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