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Lвt U8 cons1der а square 1s1ng latt10e with annвaled bond 

1mpur1tles. Жhе 1mpur1t1e8 af!eot the magn1tudв or the 

magn1tude and the в1gn о! the exohange 1nteraot1on J o 

between ne1ghbour1ng splns 1n the latt1ce. Жhе value о! 

the new 1nteract1on due to the 1mpur1t1es 1в denoted Ьу J. 

ТЬе exact dependenoe о! the рЬаве trans1t10n temperature 

оп the 1mpur1ty ooncentrat10n 1n th1s modвl Ьав been 

obta1ned Ьу Lushn1kov (1969) ln the оаав о! temperature 

independent lnteractlon J. 

Recently the author (Grozdev 1984, 1988) dlsoussed ln 11 
11 

deta11 the oppos1te саав о! а temperature - dependent 

1nteraot10n J(Ж) 1п two forms: 

J(T) = i kT ln 1o(OCJo/kT) (1) 

and 

J(T) = ~ kT 1n[S1nh(o(J/k!)/(dJ/1cТ)], (2) 

where 10 1в the mod1f1ed Беssе1 funot1on о! order ~ero, 

Т 1в the absolute temperature, k 18 the Bo1tzman oonstant 

and d 1в an arbitrary (but f1n1te) faotor. ТЬе f1rst 

!оrш (1) arises naturally 1n а decorated 1att1ce model о! 

а mlxed system о! 1slng and с1а8810а1 р1enах spins (Falk 

1980). ТЬе seoond form (2) ar1aes 1n an analogoue mode1 

о! а m1xed system о! 1slng and three d1mens1ona1 01а8а10&1 

veotor sp1ns (d08 Santos et al.1986). 

In th18 Letter we cone1der.another !оrш о! the tempera

ture-dependent lnteraot10n due to the annea1ed bond 

l111pur1tles 1n the square 1a~ng latt1ce, 

1 slnh [(2в + 1 )O(J/kT1 
J(Ж) = '2 k! 1n --..:=-----~--...:. ( ,) 

(2в + 1) slnh(oCJ /kТ) 
о 

.... ~=-~- -~ l' , -.:::;:. --'""';(1 J O!)::~-::·:~, '. '", '! I~. : •• , 
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wh1ch ах1веа in the Ising model decorated with higher Ising 

8pina о! magnit~de в (Уашада 1969, GOn9a1vss and Hor1guch1 

1984). Bocaus8 the express10n under ths logarlthm e1gn 1n 

equat10n гээ 

вв(х) == 6in~[(2fJ + 1)XJ/[(28 + 1)s1nh х) (4) 

1в ап еуеn funot1on о! х and Вв(Х) ~ 1 for 1111 :х =~J/'d. 

and s == 1/2, 1, 3/2, ••• , only two di!!erent phya10al 

sltuatlonn шау Ье oonoldered: (1) when the 1deal latt1ce 

18 ferromagnetle (J > о) and the lmpurlty сЬanвев the o 
magnltude but not the slgn о! Joi (11) when the ldeal 

1att1ce 18 antlferromagnet1c (Jo<O) and tho 1mpur1tles 

lntroduce а p081tive interactlon ln the 1attloe. 

Using the Lushnikov method (1969) (for detal1e вее 

Grozdev 1984) lt 18 оа8у to obtaln the Ьавl0 equatlons, 

whlch в1уе the exaot dependence о! tho phaeo trans1tlon 

temperature Те оп the lmpur1ty oonoentratlon О (deflned аа 

ratl0 о! the numoer о! 1mpuritlea to tho numoer о! bond8) 

ln both tho оавов. In the t1rot оаве (1) we Ьауе 

1- Q + 1 - О ~ о. (5)
12 - 1 - exp(-2x!d) 1/Вв ( Х) - {2 + 1 

In th~ eeoond саве (11) we need two equat1ono to descr1be 

the dependenoe о! То оп О, 

fi._ о + 1-0 =0 ( бв) 

4 12 + 1 - exp(21x/dl> 1/ ве(Х) - fi 

!or small ooncentratlons (ant1!erromagnetio lattice at 

С а: о) and 

{i_ о + 1-0 11:0 (6Ъ) 
4 12 _ 1 - exp(21x/oel) 1/ gs(x) - 12 + 1 

!or large concentratlone (!erromagnet1c 1att1oi·at О :о:: 1). 

Equat1on8 (6а) and (60) mU8t Ъе 801ved together 1n order to 

obtaln results for а11 concentrat10ns. 

Весаиэе ~! the transcendental nature о! the basic equations 

(5) and (6), we must turn to numer1cal calculatlonB, For 

the саве (1) (J > О and J(T):>O) уе Ьауе Bo1ved equatlono 
(5) at 8 = 1/2 and ~ == 2, 3 and 4 ln order to reveal ()(


dependence о! the solut10n. For в = 1/2 the'hlgher I81ng
 

sp1n reduces to the ord1nary Is1ng spln and 1nstead the
 

ежрrеsslоns (3) and (4) we Ьауе
 

J(T) = ~ kТ ln COSh(<<J/kТ) (7)
 

and ,
 

в1/2(Х) = coeh х, ( 8)
 
I~ 

ае 1n ord1nary decorated Is1ng lattlces (5yoz1 1972), The 

results are plotted ln the form kТc/Jo against О in !lgu

re 1 (solld curves). For comparlson with the саее о! 

constant 1nteractlon dче to lmpurl t1es (Jо"> О and J :r:: p'Jо' 

where ,= constant) the oorrespondlng Lushn1kov ourvea 

are also plotted (dashed curves). Тnе values о! р are 

6hosen to в1те at О • 1 the 8аше !с а8 1n the саве under 

cOn81der~tion: р '" 0.57 !or iA с 2" Р = 0.86 !or С( .. 3 and 

р = 1.15 tor ~. 4. It оan Ъе seen in tlgure 1 that the
 

so11d curves rеsешЬ1е the approprlate dashed curves,Indeed
 

the ourves are еовсаче downwarde for smal1 сх and р <1 and
 

upwards !or large о( and ft > 1. Ev1dently, there 18 а
 

boundary value о! cf at whlch the solid cur"t'ee сЬanве
 

the1r behav1our. The oorrespondlng boundary value for the
 

dashed curves 18 р = 1. Us1ng th1e value о! р, уе 8stlшаtе
 

,the boundary value о! "- ав about 3.47. Wlth 1ncreas1ng о( 

up to 3.4-7 and Р up to 1 the сопоеntratlon dependence о! 

з2 



the' phaee transitlon temperature ln both савва Ьесошев 

weaker (for ft = 1 there 16 по conoentrat1on dependence о! 

~c ln the Luahnlkov савв) but wlth further lncreaslng о! 

d в.nd J3 thi8 dependencв Ьеоошев аваln stronger. ТЬе 

ground state о! the Byetem with lmpurltlee 18 !erromagnetlc 

ln both савве. Each curve ln figure 1 eeparate8 tho reglon 

о! exlstence о! the ferromagnetl0 рЬаее from the reglon о! 

3' 
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Flgure 1. ТЬе рЬаее tranB1t10n tвшреrаturе Те ав а !unctlon 

о! 1mpur1ty concentratlon С ln а !erromagnetlc (Jo;> о) 

square Is1ng lattlce. ТЬе Bolld and dashed curves, Bhow the 

reeulte !or the еввев J(T} = ~ kT ln coeh(o(Jo/kТ) with ci = 

а, 3, 4 and J = }J w1th f = 0.57,0.86,1.15, reepect1o
 

vely.
 

<,2 f

exlstence о! the d1eordered рЬаво. Butthe !erromagnetl0 

reg10ns under the 801id curvee are reduced !or ~< 3.47 

and broadened !or ~ > 3.47 1n oompar1Bon to the co~re8pon

d1ng ferromagnet1c reg10ne under the daehed ourvee. А8 was 

p01nted out Ьу Grozdev (1984)(80е aleo Grozdev 1988), 

this e!!ect 18 а dlrect coneequence о! the temperature 

dependent charaeter о! the exchange lnteraet10n J(T). 

Qua11tat1vely the еаше p1cture,as 1n !lgure 1 we obtaln 

Ьу numer1cal 1nveet1gat1one о! equatlon (5) 1n the са8ве 

в = 1 at d = 1, 2. and 3, s = 3/2 at d. = 0.5, 1 and 2, 

etc. In order to demonstrate the е - dependence о! the 

eolut10n о! equat10n (5), we .show 1n f1gure 2 the Те ver

вцв О CurVS8 for g1 ven о( (. 2,) and 8 = 1/2, 1 and 3/2. 

We turn now to the саве (11) (J < О and J(T) > о) for o 
which one сап expeot an'1ntereet1ng рЬаее d1аgrаш оп 

acoount о! the compet1t1on between negat1ve and poe1t1ve 

1nteract10ns ln the model wlth 1mpur1tles. Equat10n8 (6а) 

and (6Ь) сап Ье solved numerlcally at each'value о! о( 

and 8 but !or 111ustrat1on 'we oonslde+ here only the савев 

в • 1/2 (solld ourve ln !1gure 3) and в • 3/2 (dashed 

curve in !lgure 3) at в1уеn о( (. 2). ТЬв dash-dotted ourve 

1n the ваше f1g~re в1уев the reeult о! Lushn1kov (1969) 

tor the оавв when the impurity revereee the В1gn о! the 

1nteraotion J w1thout ohang1ng 1ts, magn1tude (J <: О and o o
J • - ТЬв 8011d curve 1n !igure 3 &180 repreeenteJ o). 
8chematically the behaviour о! the рЬаев trane1t10n tешре

rature оп the 1шрur1tу concentrat1on in the оавее о! J(T} 

1n the !оrш (1) (Grozdev 1984) and (2) (Grozdev 1988) with 

CI. = 2. 
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Аll curves 1n f1gure 3 eeparate the reglon о! exietence 

3 f- о! the ordered рЬаве (the ~t1!erromagnetlc one under thelr 
2s ::: 2 

к Те 

J o I -> I ( 

J
I 

s 
I <, 

2 

s=~~ 

.----L---_I

I , о; 2 

L 
о 0.5 с 

Flgure 2. ТЬе рЬаве transltlon temperature ~c ав а function 

о! !трих!ty concentratlon С !n а ferromagnetl0 (J о '/ о) 

equare Ialng latt1ce. ТЬе curves show the results for the 

саве о! J(T) in the form (3) with 8 а 1/2, 1, 3/2 and dz 2. 

F!gure 3. ТЬе рЬавв trans!tion temperature То &8 а functlon ~ 

o!'!mpurity concentration С in an ant!!erromagnetlc (Jo~O) 

square Ising lattlce. ТЬе Bol!d and dashed curves ehow the 

resu1ts for the саве о! J(T) !n the form (3) w!th ~= 2, .'1;
в = 1/2 and 3/2, reapectlvely. ТЬе dash-dotted сихуе repre

Benta the Lushn!kov resu1t for the саве J = -J ' Here theo 
ferro- and antiferromagnet1c regl~nB are abbreviated ав F 

and А, respectively. 
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le!t-hand branches and the !erromagnetic one under thelr 

rlgnt-hand branchea) from the reglon о! ex!stence о! the 

d180rdered рЬаве. ТЬе crlt1ca1 concentrations С 1 = СО = 
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(2 - J2 )/4 and С2 • 1 - СО are ооmшоn for а11 свгтев , There 

1в по phaвe trans1 t10n for С 1 <:: С .(, С2 1n Lushn1kov' в 

свве о! tешреrаturе-1ndependent 1nteraot10n dueto the 

1mpur1t1eB. But re-entrant рhеnофеnа сan'Ъе observed from 

the рЬаве d1agrame ln the саве о! temperature - dependent 

1nteraction due to the 1mpur1t1sв. Indeed, there арреахв 

an interval о! concentrat10nв to the r1ght о! the p01nt 

01 = СО 1n the савв s = 1/2 and 0(= 2 (the sol1d 9urve 1n 

f1gure 3) and an 1nterval о! concentrat10ns to the 1eft о! 

the p01nt 02 • 1 - СО 1n the савв в = 3/2 and ~ = 2 (the 

dashed ourve 1n f1gure 3) for' wh1ch two рЬавв trans1tlon~ 

ие роввlЪ1е. Another consequence о! the temperature 

dependent ch~aoter о! J(T) 1в the reduot10n о! the ferro

magnet1Q (ant1ferromagnet1c) reg10n and the broaden1ng о! 

the ant1!erromagnet1c (!erromagnetlo) reg10n under·the 

so11d (dashed) curve 1n compar1aon to the oorrespondlng 

reglons under Lushnlkov's ourve 1n f1gure. ,. 

'One oan ехр1а1n the ex1stenoe о! two k1nds о! рЬаве 

d1agrams (at g1ven r;( and d1fferent 8) Ьу the s-dependen.oe 

о! the ef!ect1ve interaction (3). Ibdeed, 1t 18 еаву to. 

show that the normal1zed e!!ectlve 1nteraot10n J(T)/DCJ о 

18 equal to 8 at Т = О and smooth1y deorea8es to 1ts 

asymptotic value о! zero w1th 1ncreas1ng Т. Thus the 

effect1ve 1nteract10n due to the 1mpur1t1es 18 ferromagne

t10ally 8tronger for h1gher 8 not оnlу ~t 10w temperatures 

but 8180 1n an 1ntermed1ate temperature reg1o~ where the 

re-entrant phenomenaar18e. In Yamada'8 model, an analogo

us effeot 1в aocord1ng to the 1ncreaa1ng freedom о! deco

ratlon ар1n тах1аЫе8 (Hor1guoh1 and GOn9alves 1983). But 

'8 

1t must Ье remarked that а рЬаее d1agram at given s сan Ье 

ohanged from one kind to another Ьу approprlate choos1ng 

of 0(. 

It 18 interest1ng to point that our resulte ахе сотра

tible w1th the results of Каваl et al.(1969) obta1ned for 

the generalized vers10n о! the so-oa11ed "exo1usive double . 
~ 

Ьоnd model". О! course, the "annea1ed" d1eorder 18 not 

norma11y found 1n rea1 m1xed magnets (Stinchcombe 1983). 

But recent1y De' Ва11 (1980) Ьае adapted 8uccessful1y an 

annealed bond-decorated Is1ng mode1 ав а s1mp1e8t qua11ta

t1ve model о! real amorphou8 ant1ferromagneta which show 

re-entrant phenomena ае deacr1bed above. F1na11y, we 

Ьеl1ете a!ter Rapaport (1972) that our exact reaulte are 

very 0108е to those for the correapond1ng more rea11st1c 

quenched model. 
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Гроздев К.И. Е17-88-812 

Влияние магнитных примесей на температуру 

фазового перехода в двумерной модели Изинга 

Найдена точная зависимость температуры фазового пере

хода от концентрации подвижных примесей внедрения в дву

мерной модели Изинга. При наличии примеси между ближайши

ми спинами и~еальной решетки обменное взаимодействие всег

да положительно и зависит от температуры так же, как 
( .. 

в случае декорированной модели смешанных систем изингов

ских спинов И изинговских СПЙIIОВ величиной в. Обсуждены 
особеНIIОС~И фазовых диаграмм системы с примесями в обоих 

случаях ферро- и антиферромагнитной идеальной р еше т ки , 

Работа выполнена в Лаборатории вычислительной техпики 

и автоматизации ОИЯИ. 

Препринт Объединенного института ядерных исследований, Дубна 1988 

Grozdev K.I. Е17-88-812 

Effcct о Г Mnr;netic ТпгрптГт Ген 011 t}1C РIЩАС 

'l'rlI1lHit1.011 Тсшре гп спте' Гп l1 'I'wo-Пil1юпнiОl1l11. 

Ising Ъпт с Гсе 

А two-dimensional Ising model with annealed bond impu
rities is studied exactly. The exchange interaction bet
ween spins due to impurities is taken to,be temperature( 
dependent and positive аэ in а decorated model of а mixed 
system of Ising spins and higher Ising spins of magnitude 
в. The peculiarities of the phase diagrams of the system1; 
with impurities are discussed in both савев of ferro- and 
antiferromagnetic ideal lattices. 

The investigation has Ьееп ,performed at the Laboratory 
of Computing Techniques and Automation, JINR. 
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