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1:.: I l1tг о d u~t jл.!l 

Т ti з ге 16 аn e xtenc ive 11te r a t u r e de6cribing the 6catter1ng ргоЫет 

f or t h e Schro e d i nger eqtlat10n '11th а random potent1a l (6ее 

e . g. [I ] . Chapte r VI I for the r e1evant геу 1еw and reference6). Th1 e 

рг оЫет 16, however , о! а grea t i n t e r e e t f o r the D1rac equat10n ае 

"е 1 1 . Rea60n s t o 6 t udy it a re the f o11 0w1ng : f 1r6 t 1 t 1е dee1rable 

t o c o mp r e h e nd wh a t comp1 1cat10n or а nеw a6pec te тау арреаг for а 

tw o -ba nd 6p c ct r um . a nd 6econd . there 16 а с 1 а 66 of phye 1c a 1 

p robleтe con ne cte d '11th the propagat10n of ' ehort randoт 1 три 1 6ее 

through гев и 1 аг med 1a wh 1c h r e d u c e to the D1rac e q ua t10n ( wr 1tten 

1n а т оу1n в coord1nate 6Y6 t e m) '11 t h а r ando m po1 n t 1nte ract 10n 

po tent1a1. 1n part1cu1ar e t u dy1ng а no n1 ine a r ab60rpt 10n о! а 

в ъоопав ъ Гс асоцв Ы. с 61вnа 1 Ьу а вцре гсопёцс ъо г , " е аггlу е a t аn 

e qua t l on [2 ] 

- i v( О' -rn ~ t АО' '/1 + ff p (x ) '/I = E '/I . (1)
z аХ х 

whe re р(х) 1е а r andom potentia1. v 16 the part 1c1e ve10c1 ty 1n 

the 1abora t ory coo r d l na t e e Y6t e m. 6 16 the ve1 0c l t y of t h e 

refe r e nc e fra т e c on ne c t e d '11th the a c ou6 tic "ау е (the e ound 

ve 1oc1ty ) , ~ = в /у a nd O'x'O'z аге the Paul i mat r 1ce e . Fo 11owing [ 3 ] 

"е wou1d са 1 1 (1) t he t l1 t e d D1rac equa t10n . We would moreover 6ау 

that (1 < 1 c o r r e o p ond o t o the weak1y t 11ted са ее and (1) 1 to the 

otrongly t11ted c8Be. r e 6p e c t 1vely. 

1n the one-dlmenolonal d100rdered 6Y6teme the ecatter1ng р гоЫет 

р1аУ6 аn l mporta nt role. The c o r r e 6p o nd 1ng 6catter1ng 

character16t1c6 behave 1n а 6pec1f1c таnnег reflect1ng 1n euch а 

"ау the wel1-known fac t о! 6tate local lzat 10n .For 1netance the 

t r a n 6m166 1on coeff1 c 1e nt for the Schroedlnger equat10n t u r n 6 out 

to Ье exponentlal1 y 6таl1 ав а f u nc t 10n о ! the length о! the 

d160rdered oeg ment . Moreover the 6catter1ng cha racte r 1 s t 1c s a r e 

d1rectly related to воше k1net 1c quantlt1e6 о ! euc h eY6 tem6 . For 

гпв ъапсе the e 1ec t r1c a 1 conduct1v1ty о! а d1eordered 6egment о! 

1ength 'ь 1в glv en Ьу t he we ll-known I,andaue r formu l a 

G ='}..2 <T1)F (2)
L h <R1>F 

wh 1 1e 1t6 therma1 c~nduct1vity equa16 to 
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fТ2k Т 
__F_ < Е 2т ). (3)=KL 3h i 

Неге < ) F , B denote s the a ve r a g i ng over епе гау with the weight 

~FB 
-~' where n 1 в the Fermi (Во в е) fun c t i o n and TL,RL аг еF •B 
the transmiss ion a n d r e f l e c tion c oef f ic ien t s о ! the segmen t 

respectively . (The derivatio n a nd di s cus s i on of t hose f ormulae с ап 

Ье found for ins tance i n [ 1].) ТЬ е abso r p t ion r ate of the s ound Ьу 

а superconductor i s d ctermi ned , апаlоаои в lу t o ( 2 ) ,(3 ) Ьу а 

[огтиlа [2] 

Q) Q) 

Q = 1N(EF)~2 J ~~; JdE RL(E)(c+-с_)[пF(с+) - nF ( C_ ) ] . 

-00 -00 

Неге N(E is the density o f states оп the Ferm i l eve l and С± агеF) 
the dispersion lаив for the unperturbed equation (1 ) ( f o r ~(x)= o) . 

The scattering a nd the c o r rcsp on d i ng spectra l proble m f or the 

equation (1) with а Markov -typ e potential has Ье еп considered i n 

Re f . 3. The main res ul t s o b ta i ned in [3] are t he fol l owing : in the 

we akly tilte d с аве the т е ап transmiss i o n coefficient f or the 

disor dered ba rr i e r of the len a th L is e xponential l y 611а 11 fo r 

lara e L . Непсе аll statcs о! t he infinite SY8 tem a r e 10 ca lized and 

i t s s p e c trum i8 pure p o i n t опlу. I n other words i n thi6 саве t h e 

s t r uc t ure o f the so l ut ions to t he we a kly ti lted Dirac equation 

wi t h а r and om potential q ual i t a t ively r e s e mble s the s truc ture of 

so l u t ions to the Schr oed inge r equation If!th а random po tent ial 

(вее for instance [1]) . оп t h e other hand,fo r the strona ly t i lted 

севе the ref1ec tion i s r eplaced Ьу а partial transformat i on of 

waves betlfee n two s catte rina сЬаппс l в wi th а меап dis balan c e 

coe f f i c i e n t beina exponen t i a l l y вта l l . For infin ite s ys temall t he 

s tates are delocali zed and the spect r um i s a b s olute 1y c ontinu o u s . 

Опе о! the lIювt рорц Гв г вопе Гв о! the random potential i s а 

potent i a l ge n e r a t e d ьу point scatterers randollly distributed ove r 

the axis . This po t e n t 1a 1 s e rves ав а basis [ог тап у e xactlY 

so l vable mod e 1s о ! one-dimensiona1 dlsordered s ystems . In а r e c e n t 

pape r [ 4 ] [о г l ns t a n c e t he p r o b a bi 1 ity density о! t he transmission 

сое f fiс 1е пtи i n the Schroedingcr сае с иае obta i n c d c x p l ic i tlY f o r 

t hj" Vv ten t l Rl i n the high епсгау limit . 

1 п t he p re~A~t г а рег ие study the propertics o f the tiltcd Di r ac 

pq"" t 10n ( 1 ) with а po t c ntial ~f'>(x) gencratcd Ьу random point 

~c~ t. te r e rc . Др, ~ i reRdy me~t ioned this problem ar i 6es in part i c u1ar 

иЬ сп i nvcctigating thc t rancm i s s ion o f r and om sequcnc cs of 

extremp. ly 6h ort impu16es through а regular medium a nd is 

i n t e r e 6 t ing from the mathematical ав исl1 ав from the physical 
1

poin t of vi c w . Th i s is partially connccted with thc fact that the 

point p~J te nti als which are for the Dirac equation more 

c omp lic atc d t hat for the Schrocdingcr опс remain still роогlу 

understood. А particular attention is paid to the scattcring 

problc m. Wc c ompu tc thc probability dCn6itics for the transmission 

and tгапвfо гmаtiоп cocfficicnts in thc high-cncrgy limit in both 

t he weakly and s t r ong l y tilted савее . It сап Ье вЬоип that the 

spe c t r a l properties of the ргоЫст оп thc иЬоlе line а ге [ иllу 

a nnl og o u s t o tho se for the Markovian potential already di s cusccd 

впд ие wou ld not d e s cribe them Ьеге . 

? Stat i st i ca l properties of the transmission c oefficient in the 

~дokly "til 't e d с.а вс 

т г, thc weakl y t i lted саве ие write the solu t ions t o the equation 

(1 ) оп t h e righ t and оп the left side of the disordered s egment 

( U. ZO) l п the f o r m 

11'+( ) 1\1+)е ip+z + 11'_(о ) Iu _ ) i р - z , z < С 

1., ~ { 
11' (z )Iu )Cip+(z-zО) + ~ (z )I u .eip_( z - z О ) • Zo ) О+ О + - о 

Then the tran s f e r matrix Т connecting t he s e solu t i ons 

'1'+ ( " 0 ) '1'+ (0 ) ] 
( У' _ ( zO) ] = Т ( '1'_( 0) 

1 For тоге e xte n sive physical motivat i o n вее [ 2 ] . 
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and fulfilling the current cons ervat i on lая 

1~+ (z) 1 2 _ 1~_ ( z)1 2 = c onst ( 4 ) 

looks ав follow5 

1/2 1) 1/2(У;1) exp(i"ot) (У 
-2- ехр( 1,,~) ] 

( 5 ) 
1/2Т [ r 1

(У;1) ехр i( ~ -"~ ) (-i-) 1/2
ехр i(~-" ot ) 

It 1в to Ье noted that in contrast to the Schroedinger a n d 

nontilted (~=O) Dirac equations the transfer matr1x 1п t h e t11ted 

саае dependa оп four (rather then three) parameters . The point 1в 

that in the first two савев there exist а simp l e p r oc e dure that 

tranaforma а given solution into а linearly 1ndep e nden t опе . ТЫа 

tranaformat10n is е1уеп Ьу а !!1трlе сотрlех c on j uga t 10n 1п the 

Schroedinger са!!е , wherea!! f or the non-t11ted D1rac e q ua t 10n 1t 1!! 

81ven Ьу the charge conjugat10n ( сотрlех conjugat10n combine d 

w1th а !!1multaneous tran8P081t10n of the сошропеп ъ е ) . ТЬе 

ехгв вепсе of the8e оре гв е гопв reveal!! 1 t!!elf ав add1 t1ve 

constra1nts оп the T-matr1x elements , 1 .е . , there a r e оп lу three 

independent parameters left 1п the!!e савев . There 1в, however . по 

!!uch ап operat10n for the t11ted D1rac equat10n . 

ТЬе point 1nteraction potent1als which сап Ье natural1y thought ав 

а ..hort-range l1т1t о! the potential!! in (1) а lво сопвегуе the 

current ( the corresponding o pe r a t o r i.. .,elf-adjo1nt ; вее the 

App ..ndix). ТЬе T-matl'ix JlЬ1сЬ descr1Ьes the ev~'llltlon ~,f the 

vector 

{;:] 
IIЬеп pa88ing through the scatterer 18 obvioullly parametrlzed in 

the ваме lIау . In order to dist1ngu1!!h the T-matr1x correspond1ng 

to опе point scatterer from the T-matr1x dellcr1bing the IIЬоlе 

segment (o,zo) яе 1I0uld и!!е ап 1ndex 1 labelling аll 1ts elements. 

Th .. particle transmiss10n through the disordered segment (O .zO) ill 

described Ьу the correspondin8 T-matrix . 1 .е . Ьу ita elements У. 

"01' ,,~. and х . ТЬе parameter r 1в в1мрlу connected 1I1th the 

4 

t ransm1s 5 10 n c oeff1cie nt Т
 

r = 2 /Т -1 .
 

Therefore i n order t o f1nd t he probabili ty den!!ity w( r l z o ) of
 

r (z O) it 1в enough to integrate t he proba bility density
 

II(Tlz) =lI(r'''ot,''~ ,~lzo )
 

ove r t he remain1ng variables "ot,,,~.and ~: 

lI (rlz) = J II(Tlz ) d"ot d,,~ d~ . 

Tak 1ng into account the current conservation lаll ( 4) 1t i!! natural
 

t o parametrize the vector (:~) а5 follolls
 

_ (I-J) 1( .. +,,) _ ( I+J) i( .. -,,)
~+ - 2"" е ~_ - 2"" е . 

Here I(z ) = 1~+(z)1 2 + 1 ~_ ( z ) f 2 is the яауе i n t e n sity and 

J (z ) = ,~+ (z ) ,2 - I ~_(z) ,2 = const. is the conserved current . ТЬе 
dynam1c!! of the var1ables 1 ." is s epa r a t e d and is described Ьу t he 

fol l o111ng equations (c. f. equation (7) in [4]) 

l(zO ) = rI O + ~ ,1 I~ _J2 coв( ~) ; ~ = ' 2"o +"ot-"~ 
(6 ) 

21"(Zo)JI2 2 e (ZO)_J = e 1 ( "a+"~-~){( r2 - 1 ) 1 /2 1 0+(lg-J2 )1/2 ( rco" ~+ 1s in~ ) } ' 

IIhere 10=1 (0) and "0= ,, ( о ) . It сап Ье еае 1 1у еееп that t h e 

Jacob1an ~fil . "» equal!! to 1 and Ьепсе t he рЬаве v o l u me d ld" i .. 
0' ''0 

conserved under the transfor mation (6) . 

Let us поя 1n t roduce the probability density о! the pair 1,,, at 

p oint z under а f1xed current J: 

WJ(r lz) d r ; г = {I,,,} , d r = dId" . 

Then W solves the i n t e g r a l equatio n J 

Wj( rl z) = J 6(Г-ТГ о ) w(Tlz) WJ(ro IO) d T dr ( 7 ) 
O' 

Here Т i s an operator de f 1n e d Ьу the system (6 ) with z = zo and 
wi t h the para meters Y ' ''ot' ''~' ~ corresponding to the T-matrix of the 

s e8m e n t (O ,zo)' 
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Let the disorder Ье caused Ьу po in t impurities иЫсЬ a r e 

independe n t 1y and uniform1 y d istributed оуе г the s e g me n t (O,zO) 

wi th а шеаn den s i t y n . ТЬ еn the probabi1ity denBity WJ(rl z) 6о1уе6 

аn equation иЫсЬ { о11оив {гош (7) ( вее [1 ] and [ 4] for deta i1B) 

ОЖ+ 2 "w + n( W - W) = О. 
~z 2 ~'P 

where 

р = р+(Е) - р _ (Е) and W = W( 1 (1 . 9 ) l z ) . ( 8 ) 
0 

1n the high-energy 1imit р --+ 00 ие сап f i nd t he Bo1ut i on о! t hiB 

equation ав а BerieB in the роиегв о! р-1 ТЬе z ero o r de r 

approximation iB 'P-independent. i .e . , 
(9 )W(O) = W(O) (1 [в ) 

J J 
and t he non-trivia1 equation {ог i t сап Ье obtained fгош the 

condition о! the е хз въепсе о! а 2n periodic Bo1utions of firBt 

order a p p r o x i ma t i o n equat ionB. 1t Ьав t he {о гш 

2n 
1 оЖ( О)n =J (1Iz) 2n 1 J W (О) ( 10( I ,'P )l z) d'P - w~O)(llz) , (1 0 ) 

J"z 
О 

Оп the other hand. uBing (6) ,(7) and аn obvioUB c ond it ion 

W ) =6(y-1) i t i B Bimp1e t o вее t ha t i n t he в аш е 
1(0)(yI0

approximation ho 1d B t he f o 11owi ng equation 

w(O)(ylz) = w ( 0 ) (y l z ) 
1

Taking J=1 i n ( 10) we сап вее t ha t the Bought probabi1ity density 

w(O)(y lz) во1уе6 аn i n t e g r a 1 equation 

2n 
1 bw(O) (ylz ) 2~ J W(0)(rY1 -« у2_1 )(У~ -1»1/2сОв2'P lz)d9  w( O)(Ylz).
n ~z 

О ( 11) 

Here а11 the argumentB о! the unknown funct ion are greater t han 

оnе and i t iB therefore natura1 (1ike i n t he Sc h r oe d i ng e r с еве 

[4]) to seek the Bo1ution i n а {огш о! аn integra1 оуег t he соn е 

functions [5] 

00 

- ( О )w(O) (ylz ) J w (tlz) Р -1/2 +it(y) dt. 

О 

1nserting thiB repreBentation into (11) and u6 ing t he addition 

the vc e m { аг the Lcgcndre functionB we find 

! ";(O ) ( t l z ) 
= [P'1/2+it(Y1) -1 ] ~ ( O ) ( t l z )n ltz 

and finally 

00 

~,( о) ( у Iz) Jp-1/ 2+i t (y ) t th(nt) ехр {nz [ P- 1 /2 + i t ( У 1) - 1 ]}dt · 

О 

ТЫа i mp1 i e B. in particu1ar , that the inverBe 1oca1ization leng th, 

wh1ch 16 dcf1ned а6 а (Be1f-averaged for z --+ 00 ) decrement о! 

t~e t r a n BmiBB 10n coeff1cient оп а given rea1ization 

1-1 = - 11ш z-1 1n T(z) = - 1 i ш z-1<1n T(z» 
z---+ 00 z --+ 00 

сап Ье i n the ЫаЬ energy 1imit ехргеввеё uBing the density о! 

Bcattercr B a nd t he transmiB Bion coefficient for оnе о! them оn1у . 

-1
1 = -n 1n Т l' 

ТЫ в f ormu l a coinc 1de B with thc corrcBPonding f ormu1a i n the 

Schroedinger caBe. Thu 8 the differencc betwe cn the Schroed i nger and 

Dirac с ев ев 18 dct e r mined comp1ete1y Ьу the fогш о! the enorgy 

dependence o f thc parameter у иЫсЬ d CDcribeB t ho Bca t t e r1ng оп а 

е1nа1е point 8c a tterer. 

Э. ТЬе point 6cat t e r e r 8 for the Di r ac equation . 

ТЬе genera1 for!! о! the T-matrix о! the poin t всаъъеге т in а 

weak1y t il ted Di rac equat10n 18 g ive n Ьу t he formu1a (б) .Тhiв 18 

1n а full аагеешеn t иith the exi8te nce о! а fou r par a meter fam i1y 

о ! 8elf-аdJоint ехъепвлопв о! t he Dlrac operato r иhi сh i8 the 

na t u r a 1 candidate for the point int e raction Hami 1ton i a n8 [ 6 ]. 

1n order t o obtaln а concrete depende nc e о! t he T- ma t rlx ele ment8 

оп t ·he ene r gy не сопв шег f l r 8 t t he equat l on (1) и ! th а 8Qua r e 

иеН potent ia1 

[х ] < 11

/1'Р(х ) ={ ОО (12) 

О [х ] ) а 

Ta&ing the 1 i mi t ОО -+ т, а -+ О, 2аО о -+ &0 = COn8t t he matrix Т 

(б)соггеароnding to the pot e n t ial ( 12 ) Ьесоше 8 equal t o 
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21k О 

. sh280 • sh 80 ch
Т =	 eY (1 -~2)e- 2 i ",_ {' . [1 -	 80 ]1

] [	 2-sh 80 ch 80 ' - c h 80 j' 
( 1 З ) 

whe r e 

"'± = 2V(~±П) , cth 280 = К/КО' Ко = ~ ( 1_п2)1/2 . 2 

The s ing1e scatterer ref1ection coefficient R1 = 1 - IT 11 1 e q u a1s 

to 

R = [ 1 + (Sh228 sin2 kO ] -1]- 1 ( 14 ) 
1	 0 y(1_~2) 

and яе get for the 1oca1ization 1eng th 

228 21-1= n 1n (1 + sh 0Bin	 ~ )' (15) 
у( 1-~ ) 

Using а natura1 def1n1t1on of the 1ntegra1 

J 
е

6(х) ~(x) dx =! ( ~(+O) + ~( -O) ] 

-е 

the po1nt perturbat10n descr1bed Ьу the T-~atr1x (13) сап Ъе 

wr1tten down ивlnи а term 

k06(x)P~ , (16) 

whe r e Р 1е а d1agona1 matr1x of а form 

tga_ 

р = а ( 17 ) 
[ О 

t~a+]• 

а+ 

In the саее of а weak scatte r 1n. (а± « 1) Р -. 1 and 

К о 
Sh 22e

R = r--2-Z O v (1 -П ) 

In the 11~1t саее n -. Ф, .0 - . о a nd n.~-. 2d ие g e t fro. (15 ) аn 
expre s s 10 n for the 10ca11zat10n 1ength wh1ch c orr esponds to а 

whit e nо1ее potent1a1 and wh1ch яае p rev10us1y publ1shed 1n (2 .3] 

8 

2 
2d Е о1-1 = (18 ) 

Y ~(K-E ) 2 (1 _(~2 ) 2 
О 

Frcw (13).(14) 1t fo110WB that 1n the саве 

k o = ОП 

Y( 1-~2) 

the po1n t sca ttere r Ьесотев r e f 1e ct1on1e s s ( R = о) . ТЬе 

corresponding T- ma tr1x equa1B t o е хр( - 2 i", )0 яЫ1 е the potentia1 
( 2n+ 1 ) n 

(12) i s fo r "'± ~ 2 descr ibe d Ьу ( 16) , ( 17 ) . Let us stresB 

that this fact 1в а prope rty of t he ti1t ed Dirac equation . In the 

unt i 1ted сав е, п=о, the ref1ectio n1eB B potent i a 1 correBponds to а 

T- ma t rix which 1в e qua1 to ± 1 яЫ 1е the potentia1 itse1f equa1s 

е! ther zero o r in f i ni t y. respect·ive1y . The inveree 1oca11zation 

1c ng t h (15) а1ео equa1s to zero . COn Be q uent1y че сап c o ne t r uc t а 

random potent1a 1 wh1ch 1е made from t he ref1ect10n1eee scatterere 

and fo r яЫсЬ еуеn 1n а t yp1c a1 "10ca1 1ze d" яеак1у t 11ted саве а11 

the s tates я 1 1 1 Ье de1 0ca11zed. ТЬе Bta te structur e 1е ext r e me 1y 

в 1тр1е : оn 1у the рЬае е of the wa vefunct10n сЬаnиев with the 

coord 1nat e, Ье1nи а random un1form1y d1etr1buted quant1ty from the 

1nte r va1 (О .2n ) at each point х. Le t us note that the mechanism of 

the а Ьоуе deecrlbed ref1ectlon1ess potentla1 1в comp1ete1y 

diffe r e n t f r o m the тесЬ аnlвт of the s o -ca 11e d Bargmann potentia1s 

(8 ] . 

ТЬе structure of the se1f-adj01nt extenslons for the D1rac 

e q uat10n яав prev10ue1y 1nyest1gated in the work (6]. There were 

in pa r t 1cu1a r d1st1ngulshed two оnе parameter fam111es which are 

i n воше ееnве ana1ogous to the p01nt ecatterers of the type 6(х) 

and 6'( х ) i n the Schroedlnger equat1on . In the са в е of а weak1y 

t l 1 ted Dlrac equat10n the T-matrlcee correepond1ng to these 

ec a tte r e r B have (in the basie ~+' ~_) а f orm 

т = 1 + !f-e±280 (= . ±1) " ( 19 ) 
+1 , -1 

He r e t he uppe r and 10wer в1аnе correepond to the ecattere r of the 

type 6( х ) a n d 6 "(х). respective 1y . Their Schroedinger ana10gueB are 

( 1n the ваше Ьав1е ) the f o1 10w1ng : 

9 



1 , ±1 ) (20)
Т 1 + ! ( k / k)±1

O [ ±1, -1 

Compar1n~ поя (19) with ( 20) and t ak1n~ 1nto account (1 3) яе сап 

аее that i n both саве в the pertu r bat i on s of t h e type 6 (х) Ьссоте 

in f i n 1 t e 1y strong for Е -о Ко (К -о О) яЫ1е t he p e rtu rba tion s 

o f the t ype 6 ' ( х ) tend t o zero . In t he ЫсЬ energy 11m1t, 

however , the behav10r о! these p e rturbat10ns 1п the Schroed1nger 

and t11ted D1rac equat10ns Ьес отев qu 1t e d 1f f e r e n t . In the 

Schroedinger са ве the perturbat10n o f the 6 type Ьесотев 

1n f i n 1 t e1y яеак яЬ11е the 6 ' t ype Ьесотев 1nf1n1te1y strong . Оп 

the other hand 1п the t11ted D1rac equat10n both the perturbat1ons , 

6 a nd 6 ,tend t o а f1n1te 11m1t ав К -о ~ яЫсЬ equa1s 

Т 1 1 lt [1' ±1 )
~ = + 2 v О +1, - 1 . 

Опе сап 1nt r o d uc e t h e 6 -11ке potent1a 1 d1 r e ct1y а1во to t he t11ted 

D1ra c equat 1on. ТЬе wa vefunct10na Ьесоте по я d1scont1nuous 1п the 

po1n ts Х=Х ! where the s catterers a r e 1oca1 1zed and the 
c o r r e s p o nd1mg 1ntegra1 1в def1ned ав {о1 1оя в: 

Xj +O 

J 6( x-хj)I ~( х » dх = ~ (1~( x j + O »+I~( xj-O») 
xj-O 

ТЬе equa t10n ( 1 ) яЫсЬ descr1bes the syste m w1th scatterers о! а 

6 type Ьав а form 

(21)-iv( oz -~) ~ + Аох ~ - v 2 k O 6(x-xj) p~ ~ = К ~ . 
j 

where projector p~ 1в g1v e n Ьу 

(1 _~2~21-~
-2 2p~ = [ (l _~2 ) 1/2 l+ ~ 

]. 
2 2" 

For the ref1ect1on coeff1c 1ent correapond1ng to опе po1nt 

scatt e r e r of 6 type we find 

lt 2 
О

К + Ко К + К о ) 
2 

. 
R1 = 4v 2 ~ [ 

l() 

Непсе t he j nve r s c 10ca11zat1on 1engthi s equa1 for k « У to
O

2 
-1 nk O1 

- 4 у2(к2 _к2 ) 
О 

and 1в 1п the n -о ~, К О -о О, nK~-O 2d lim1t considerably 

d i f f e r e n t fгош the ехргев Б1оп (18) . ТЫв т еапв t h a t 1n the D1rac 

сав е t he point pot e n t i a 1 in (21 ) апа Гояо цв t o t h e 6 func t 10n in 

the Schroed 1n g e r equat10n in the вепве that 1t g1ves the sallle 

T-matr1x 1п t h e b a s i s ~+'~_ and the po1nt potentia1 (16) obta1ned 

ав а short r a nge 11ш1t of square яе11 potent1a1 (12) and 

g ene r a t 1ng t h e яЫ te no1se potent1a1 correspond to two d1ff e r ent 

{ат1 1 1 ев о ! se1f- adjo1nt ехвепвговв . In the S chroed1n~er саве , 

ho wever, t h e sc {ат111ев co1nc1de . 

4 . Stat1st1c a1 propert1es о! the transformat1on coeff ic1ent 1п the 

st rong ly t i 1 t ed саве. 

In the a t r ongly t 1 1t e d саве both the free so1ut1ona p r o p a gate 1n 

one d i rec t10n опlу . ТЬе so1ut1on8 of the equat10n (1 ) оп t he 1e f t 

апд оп t he r 1ght в1де о! the d1sordered segment ( O, z O) 

respect 1ve1y a re connected Ьу the tranBlll1ss1on matr1x Т 

",+ ( 0 ) ] _ Т [~+(zo) ] 
[ ~_(O) - ~_ ( zO) 

яЫсЬ Ьав а form 

1+1') 1/2 2"1-1') 1/2
( 2" exp(i9a ) ( ехр( i9(1) 

Т = 1/2 ].[ 
2"1+1') 1/2

(22) 

-( ~) exp(i(>"-9~» ( eXP( 1(>"-Ра » 

In such а яау а W8v e о! the f1rs t type яЫс Ь 16 lnc1dent оп t he 

rlght end·of the d1sordere d scgment(~_ (zO ) = О ) 1в p a r t i a 11y 

tran8forllled 1nto the wa v e о! the second t yp c . ТЬе dlfference of 

the 6Quared modu1 1 о! t he free 601ut1on6 оп the r 1ght 18 

proport10na1 to the quant1ty r. ТЬс transformat1on 16 absent for 

1'=1 яЫlе for 1'=-1 the Bo1ut1on8 of the f1rst type аге comp1ete1y 

transformed 1nto the s01utions о! the весопд type . It 18 therefoL'e 

11 



natural to call r the disbalance coefficient of these 

transformation. 

Analogously as in the chapter 2 we introduce a probability density 

w(r,9a,9~,~lz) which being integrated over the variables 9 , 9n, ~ a 
gives the probability density of the disbalance coefficient. Since 

in the weakly tilted case the conserved quantity is given by the 

intensity 1~+(z)12+1~_(z)12 = 1= const. and not by the current 

J(z) = 1~+(z)12-1~_(z) 12, it ia natural to parametrize the vector 

(~+'~_) as 

~ ( Io;J )1/2ei (I<+9) 

[.: 1· [ ( \J ('."0-., J. 

The dynamics of the pair (J,9) is separated and is determined by 

2 2 2 )1/2
J(z) = rJO + (1-r )(1 -JO) cos~, ~ 290+9a-9~( 

(23) 

(1 2_J( z) 2) 1/2 e 2i9( z):: ei(9a+9n-~){-J (1-a2)1/2+ (I2-J~) (rcos~+iein~)} ,
o 

The Jacobian 15f~~::~) is again equal to one and the phase apace 

measure is therefore conserved. 

Let us introduce further the probability density of the pair (J,9) 

at a point y=zo-z whiCh corresponds to a fixed "intensity" I 

"I(tly) dr , r = {J,9}, dr = dJ d9 . 

Then " solves an intearal equation 

"I(rly) = 16(r~TrO)w(TIY)"I(roI0) dT drO ' (24) 

where T is an operator given by the system (23). 

If the disorder is caused by independent uniformly distributed 

scatterere localized on the eegment (o,zo) with a density n then 

the probability density WI(rly) solves an equation 

12 

c7W II. c7W
dy + 2 ~ + neW - W) 0, 

{ 
 where (analogoue!y to (8» 


p P_ - p+ ' WI = WI (JO(J,9)ly). 

The equations and solutions of the zero-order approximation in the 

parameter lip are in the high-energy limit obtained from (9) and 

(10) changing J +-+ I and z +-+ y respectively and taking J (J.9)O
from (23). Moreover we get from (23).(24) and from the condition 

W(~)(JIO) = 6(J-l)' 

that in the zero-order approximation it holds 

w(O)(rly) :: wiO)(rIY)' 

Therefore the integral equation for w(O)(rlz) acquires a form 

2n 

ctw(O)(rly) 


dy :: ~n I w(O) (rrl-(1-r2)(1-ri»)1/2cOS29IY)d9 -n w(O)(rlz). 

o (25) 

All the arguments of the unknown function are less than one. It is 

therefore natural to seek the solution as a series in the Legendre 

polynomials: 

w(O)(rly) = ~ w~O)(z)PIt(r). 
k=O 

Insertina this series into (25) and using the addition formula for 

the Legendre Polynomials we find 

-'V(O) 

! -- It. = [P (r ) -lJw(O) 

1 
n ~. k 1 It 

and finally 

m 
w(O)(rlz) = z= ~ Pk(r) enz (PIt (rl)-l) • . (26) 

k=O 
irom thi~ expression it fOllows that the mean value of the 

disbalance coefficient is exponentially small for large z. 

-2z/l 1 2]<r> = e , n[1-Pl(r l
1

13 
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It 1в therefo r e natural to cal l 1 the ro 1x 1na lenath . In the weak 

Bcattering саве. у 1 = 1 - 2 Н 1 , R1 « 1 the m1x1ng length oqua le to 

- 11 ~ (nR )
1 

and the probabi1 1ty de ne1ty ( 26 ) 1е t rans f o r med 1nto 

(0)( I ) _ \' 
а> 

2k +1 Р () - k(k+1)z/1 
w y z - L~ kY е • 

Approx1mat1ng the p01nt potent1a1 Ьу а equare ие11 potentia1 with 

а ehr1nk1ng eupport ие find an exp11cit [огт о! the T-matr1x 

[сое 
28 

0 .S1n8~coa80т " . "210_ {' .[ .хр ( ± )- 1] 

y(~ -1) e1n8 81n 800c0680 , п· 
k 

O Еandwhere а± = 2Y(~±1) ctll280 = - А{р2 _1)1/2 

For the tran6format1on coeff1c1ent ие get 

2 2 2 k O (27 ) 
y(~ - 1 ) 

Н 1 = IT121 = e1n 280 e1n ~ 

иh1сh y1e1de 1n the weak traneformat1on 1 1m1t ап ехрт-еввГоп (ог 

the m1x1na 1enath 

228nk~ e1n 01-1 = 
2 ? 

co1nc1d1ng w1th thoee obta 1ned or1g1na11y 1n [2,3] . Fo r 

k 
O = nn

y(~2_1) 
the traneformat1on1e8e trans1tion R  о (27) th rough the

с 
part1cu1ar po1nt ecatterer оссиго . 

Let ие note at the conc1ue10n that (ог а eound 8 1gna1 иЫсЬ 18 the 

8equence о! extreme1y ehort (po1nt) ри16ее j U6 t а8 [ог t he wh1 te 

no16e 61gna1 [ 2 ] the rate of non11near ab6orpt1on Ьу the 

8uperconductor 16 e86ent1a11y ЫаЬег that t hat о! а pe r 10d 1c 

81gna1 о! а f1n1te 1enath and 16 pract1ca11y 1nde p e nde n t оп the 

01ипа1 root lDean 6quare amp11tude. 

Ap pend 1x 

Не ге we make c o mme n t e оп воте mathematica1 quee t 10ne conc e r nin a 

the po int i n teractio n in t he ti1ted D1rac e q u a t 10n. Нате1у ие 

c o no t r uc t the oe1 f - a d j 0 1n t operatora (Hami 1 t onians) иЫсЬ 

СО Гi"!"Iюпd to the four- pa r a mete r [ат11у of Т matr1cee (5) and о Ьои 

t ha t they r eprc ecnt sho rt range 11т! te о ! the operator6 

c o r respond1na t o ( 1 ) w1t h 10 са1 potent1a1e ~. 

А . Conetruct i on о! the Ham11tonian8 

Lct и8 etart w1t h а f r e e t1lted D1Iac operator иЫсЬ 1 е def1ned оп 

t he Hi 1bert врасе ~ = L2(~)ec2 Ьу the differentia1 e x pres010n 

Н = -1у(а -~) dd + Ааz х х 

It 10 81тр1е to ргоуе that Н w1th D(H) = { f Е ~ ; f е Ac(~)ec2 , 
Hf Е ~ } 1в а eo1 f a d j o i n t operator for а11 ~ Е ~ . In order t o 

COn8truc t t he Ham11ton 1a n 1ead1na to t he T-matr1cee ( 5 ) ИВ fоl10И 

the 8tandard pro c edu re иhiсh 1в ueed иhеп dca11ng и1th potent1a 18 

e uppo r t e d оп 8et8 и 1 th а lDea8ure zero [7] . ТЬе f1 r et 8t e p 18 to 

гем оу е t he 1n t e rac t1on p01nt Ьу d ef1n1na а rC8tr1c t e d operator Но 

Н о = Н I C~( ~\{n} ) ф (;2. 

ТЬе opera tor Н о 18 6 ymme t r 1c b u t 1t 18 n o t 8e1f - a dj01n t . А d1rect 

1nope ct1on s hои в t hat 1t Ьаа for ~ ~ ±1 def1c1ency 1nd1ce 8 e qua1 

to ( 2 . 2 ) . ТЬе 8ec ond etep 18 to conetruct а11 8e 1f-ad j 0 1n t 

e x t e ne10n о! НО иh1сh Ьесоте t he n the cand1datee for t he Р0881Ые 

Ham11ton1a n о ! t he 8yetem. Весаи8е the def1c1ency 1nd1ce8 о! НО 

e qua1 ( 2.2 ) ие h a ve for ~ ~ :11 а four parameter fam11y of 8исЬ 

Ha m11ton1a n 8. I t 18 not d1ff1cu1t to еhои that t here 18 а 

one- to- o n e c orr e 8 po nde nc e Ьеt ие еп theee Ham11ton1an8 and the 

tran8fe r matr1ce e (5) . In orde r to 111uetrate 1 t ие re8tr1ct 

ош-веГчев to the one par a meter e ubf a m1 1y (19) on1y . А8 a1ready 

ment10ned th1s fam11y 1в 1n the саве of the 6 -type scatterere 

deecr1bed (о гта11у Ьу the equat10n (21) . He n c e 1n order to f 1nd 

the согтее ропёлпв [ат11у о! Ha m11ton 1an e 1t 1е enough to f1nd а 

8e1f-adj01nt rea11zat10n о! t h e heur 1e t 1c e xpre e e10n 

h = - 1v ( a -~) ~ + Аа - УА 6{ х) p~ z d x х 

14 
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Theorem 1 : ТЬ е 6e1f- ad j 0 1n t rca11 zat10n of the operator Ь>. 1е for 

П .. :1" 1 g1ven Ьу 

d
-iv ( оz-П ) ах + АохН>. 

D(H>.) = { f = ( f f ) Е ~ . f Е AC ( ~\ {O } ), 1= 1,2 вnd 
1, 2 i 

Z1f1(O+) - _ х ( 1 _п2 ) 1 !2 [ f (О ) + f (О )]Z1f1(O _ ) + - 2" 2 - 2 + 

>. ( 1 _п2 , 1!2 [ f ( О ) + f (О »)Z2f2( O_) + Z2f2(0+) 2" 1 - 1 +
w1th 

З1 = ( ~ - 1V) ( 1 - П) • З2 = (~ I 1V) (1+П) э : 

Proof : Let цв f 1r6t prove that the opera t o r Нх def1ne d Ьу the 

1nd1cat ed bound ary cond 1t 10n6 at t he or1a 1n reprc6cnte a c tua 11y а 

ee1f adj01nt e xte n610n о! НО' We know from the genera1 theory 

[7 ,8 ] that апу ee1f adj01nt e xten e 10 n o f НО 16 determ1ned Ьу tw o 

1ndepcndent boundary c ond1t10ne a t О . I t 1е therefore cnough t o 

8Ь ОЯ that t he ue e d bo un dary cond1t 10n e nu111fy t hc boundary fo rm 

b(f ,g) ~ (f. Но* а) - (а, НО* {) 

( he r e ( • ) denotee the eca1ar p roduct 1п ~ ) . А в1тр1е 

ca1cu1at10n 1eade to 

b(f .f ) = 1 V(1 -П)[lf1(0+)\2_lf1 (0 _)12]+ 1 V ( 1 + П ) [ lf 2 (О_)1 2-lf 
2(О+-) 1 2] 

and t he гев с 18 ver1f1ed Ьу 1n ee rt 1ng the bounda ry cond1 t 10n8 

d1 rec t1y 1n to Ь( , ) . ТЬе operator Н>. 16 Ьепс е ee1f-adjo1nt . In 

o rder to 6 ЬОЯ t ha t 1t repre6ent6 the r ea11zat10n o f the heurlet1c 

operator Ь>. ме uee the fo rmu1a 

xj+O 

J 6( x- х j ) I~ ( х» dх = ~ ( I~(xj +-O ) >+I~(xj -O)>) 
xj -O 

and lneert 1t l n t o the equat10n 

- 1v ( o -п ) ~ + Ао ~ - v>' 6(х) P~~ = Е ~ • 
z ах Х ,. 

An 1n t earat10n Ьу parte 1eadB then to the bounda ry cond1t10n6 

wh 1ch determine D(Н л)· 

В.ТЬе ehort-range appr ox 1mat10n 

We еЬ оя поя t ha t t he p01nt 1n teract10n Ham11ton 1ane яЫсЬ 

яе obta1ned арр1у1па the von Neumann 'e theory repre6ent а 

ehort- r a nge 11 m1t of Ham11t on 1an e w1th 1 0са1 potent1a1 . We я11 1 , 

howeve r. not d1 6cu6e here the aenera1 с аве Ьесвцее the 

corre6Pond 1na proof 1е very 1опа and techn1ca1. For thi6 rea60n яе 

re6tr1c t ou r ee 1v e 6 t o а part1c u 1ar one-parameter fam 11y of 

Ham11t on1a n6. яЫсЬ c o r r e eponde to the с Гавв of heur1et1c 

operatore 

d ( 1 . - 1 )
Ьа - 1 ( оз-П> ах + Аох + а -1; 1 6(х)' 

We еЬоя that Ьа are 6hort-range 11m1te о! Ham11ton1an6 of the type 

d 1 ( 1 . -1 )
Не = -1(оz -П) ах + Аох + & -1; 1 У(Х!е) 

w1th V be1na а 6mooth Bhort-ranae potent1a1 

V • C~(~ ). 

Let UB поя равв to the prec1Be mathemat1ca1 formu1at1on6 о! the 

above BtatementB. We lntroduce а one parameter {ат11у о! 

6e1f-adjo1nt operatore На яЫсЬ repreBentB а Be1f-adjo1nt 

rea11zat10n о! the heurlBtlc operatorB Ьа : 

+АоНа = -1(Оz-П) 
d 
ах 

х 

D(H ) = { f =(f , f • ~, { 1 е AC(~\{O}) ; 1=1 ,2 and 
a 1 2)
 

z1f1(O _) + z1f1(O.) = ~ +
(f2(O_) { 2(О.» 
- аz2 f2(O _) + z2f2(O.) = +2" (f 1(O_) { 1(О. » 

wl t h 
аа 

&1 = ~ + 1(П-1) З2 = 2" + 1 ( П+ 1 ) 

( I n order t o вЬоя that На actually repreBents the Be1f-adjo1nt 

rea 11z at1on о ! Ьа опе Ьае to {о1 1ом step Ьу step the proof о! the 

Theorem 1 .) 
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Theorem 2 : 

На = N R 11ш НЕ 
., -+ о 

1oI1th '" в1уеп Ьу 

1 - 1 ( u, (l+Т ) у ) 2 ( А .1 )'" - m+m 
L ( IR ) 

10Ihere и(х) = IV(x) 11/2, у ( х ) = IV(x) \ 1/2Bg n (V(x » and Т iB ап 

Hi1bert-Schmidt operator оп L2 
( 1R) w1th а ke r ne 1 

Т(х ,У ) = i~~ у(х) Bgn(x-y) u (y) 
2( 1- ) 

( N. R. 1 i m meanB the 11mit in the погm-гево1vепt topo1o&y a nd 

(	 ; ) 2 denoteB the sca1ar product i n L2 
( 1R ) . 

L (IR) 

The proof of th1B Theorem 1в rather 1опв and яе ap11 t 1t the refo re 

into вечегел 1ешшав . Our f1rst step я111 Ье to t rans fo rm t he 

operatore На and НЕ 1nto а more conven1ent form. 

Lemma 1 : The operators На and НЕ аге un1 tar y e q u i va 1e n t t o 

Н = - i ( u -~ ) ~ - Аu z'" х dx 

D(H",) = { f=(f Е SIt, f Е AC(IR\{O} ) ; i =l, 2 and
1,f2) i 

f 1 ( 0_) - f1(0+ ) = ~ ( f 2( 0_) - f 2( 0+ » 

f (0_) -
-
z2f2 (0+) = 

i a 
+ f 1 (0+»2 ~ (f 1(0_ ) 

and 

d 2 ( 1
Н = - i( u -~) -- - Au +- g] V(x/") ' 
с у dx z., О 

reBPect1ve1y . The un1tary шарр1п& 16 1п both савев 11 1уеп Ьу а 

cOnBtant matr1x 

1 ; - 1 u = (1/2) 1/2 [ ] .1 ; 1 

Proof: Dlrect ver1f1cation 

From	 th1B Lel1ma 1t {о11оя6 that 1п order to prove the Theorel1 2 1t 

18 

18 e nough t o prove that 

Н", = N R 1 1ш Не 
., -+ о 

1oI1th '" g 1ven Ьу the схрсеав1оп ( А . 1) . From поя 10Iе 101 1 11 work оп1у 

101 1t h the ope r a t or6 Н "" Н." . . . . We h010lever drop t he tilde 1 п а11 

exp r e BB1onB . 

Our next etep я111 Ье t o рав в f r om t he opera torB Н"" НЕ t o t he 

correeponding reeo1vcnt c a nd UBe the Kr e in 'g fo rmu 1a [7]. Fo r th1e 

purpoee the fo1101olin& Lemma turnB t o Ье ve ry he1pfu1. 

Lemma 2 : The fami1y На ; а Е IR u {ее} exhaus t s а11 Be1 f - adjoint 

ext enBlonB о! the operat o r 

d - Ьа Но = - i ( ux-~ ) ах z 

D(H ) { f =(f , f ) Е SIt. f Е AC(IR) ; i =l,2 and f (О) = О } . 

~ The op e r a t o r Но has deficlency indices equa1 to (1,1) . ТЫв 

сап Ье еав 1 1у eeen when яе eva1uate the correepond1n& adjoint 

opera t o r Но* wh1ch 1в determined Ьу 

D(H~) = { f=( f ) Е SIt, f i Е AC(IR\{O}) ; i=l ,2 and
1,f2 

f 0_ ) - f = ~ ( f 2 ( 0 _ ) - }.1( 1(0+) f 2(0+» 

Непсе а11 t he f un c t 10 ne from D( H* O
) аге a1re ady c o n e tra ined Ьу опе 

boundary cond1tion at О , иh1сh y1e1da that the def1c1ency 1nd1c e e 

of Но mU Bt Ье e q u a 1 to (1.1) . (note that D(H* O) .. D(HO) and the 

indicee аге therefore not zero) Conaequent1y Но hae exac t1y опе 

pa r a me t e r {ашl 1у о! ae1f-adjo1nt extenaiona . ТЫе f al1i1y l1uat , 

howe ver , co inc ide with Н", becau ee D(Ha) с D( H* O) for а11 а Е IR • 

l no 1ol 1nll tha t Н", repreeent Be1f-adjo1nt ехвепв ьоп о! Но ие сап 

арр1у the Kr ein ' 6 fo r mu1a a nd obta 1n the co r re6po nd1n& re601vent . 

In order to a vo 1d comp 1 1c a t e d e x p re6e 1one 10Iе r e etr1ct ourse1ve6 t o 

t he саве ~ < 1 and 10I е ca1cu1at e t he r e Bo1 ven t оп1 у fo r the 

BPect ra1 paramete r equa1 t o zero . 

19 
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Н1 1Ьегt - Sсh ш 1dt o p e r a t o r s w1th kerne1s 
I&mш.a э-;.. 

н- 1 н-1 + 01 If 1 э с {21
01 

2( 1-~2 ) { 1-~-OI~ 

where If 1 э с { 21 1а а r a nk- one o pe r a t or 

I { 1 э с { 2 ' : f --+ { 1 ( f 2 ; f ) 

иНЬ 

(1sgn ( x ) - ~] ех р ( _ ~ I x l ){ 1 { х ) 
[ sgn( К) (l _~2) 1/2 

:: [~6gn{X) + I ~2 _1 ] ех р ( _ ~Ixl ){ 2{х) sgn{x) (1 _~2)1/2 

1н- 16 ап 1ntegra 1 opera tor w1th the ke r ne 1 
-1

Н ( х,у) = 
elln(x-y)~ [(1sgn(x-y) -~ ~I X -y l = /т1 ] ехр ( - (l_()2 ) 1/2

2{1-~ ) 8g~(Х- У ) ()Sgll( к -у) + 

~ D1rect eva 1u a t1on shows that for а 1 1 9 ~ ~ 

н- 19 Е D(H )
а 01 

and 
н н- 19 :: 9 
а 01 

~ QL tha ТЬергот ~ We sup po s o that ~ ( 1 and t ha t V ~ О . I n 

o rder to lnd1cate expl1c lt1y the dependence о! the ree o 1ven t оп 
-1 -1 - 1 t ho para meter 6 ие и 1 1 1 write Н (~) , На (~) a nd Не ( ~ ) i ns tea d о!
 

-1 -1 -1
 
Н ' На and Не . I ntroduclnll the еса11П8 IIroup 

U ; {( х) --+ ., -1/2f(x/e)e
- 1 

ие f 1nd f o r Не (6) 

1(6)U y~{1н- 1 ( 6) :: H-1( ~ ) _ 1 H- + v~н -1(е~ )~v) -1 ~VU~ lн -1(~) = 
е е е 

:: н - 1 ( h ) - Ае ( 1 + ве ) - l Се • 

whe r e у(х) = у (х ) 1 /2 , ~ (5 ~) and А , В сО' аге 
е е . 

А ( х , у ) = H-1(~,x,ey)~y(y ) 
е - 1 

В (х , у) = y( x ) ~H (e~,x,y)~y(y) 
е - 1 
С е( Х,у) = y {x )~H (~,ex,y) 

(H-1(~ , x, y) denotes the ke rne1 о! H-1{~) , c . f . Lешша З.) . 

Tak1ng пои the е -+ О 11m1t ие f 1nd t h a t t h e operators Ае 'Ве 'Се 
conver8e 1n п огш t o А ,В,С, where А and С are r ank-one operators 

w1th ke rne 1s 

1 [ ~sgn(x) -~ ;0 ] ~Ix 
А (х,у) 2 (1 _~2) sgn(x) ; 0 ехр ( (1_f)112)~ у(у) 

i v {x ) ,68П(Х2~ ~[~6gп(х)-~.
] ехр (- 61 х! 112)С (х ,у) = 

О ; О (l-~ ) 

and the operato r В 16 deecr1bed Ьу 

В(х.у)= 1 [ ~(x)ean(x -y)y(y) -y(x)y(y)~ ; :].
2(l _()2) О ; 

We obta1ned 1п euch а иау that the uп1tогш 11ш1t о! H~l ex1sts and 

1е equa1 to 

~~1~ H~l :: H-1(~) - А (1 + В )-l с . (А.2) 

ТЬе 1aet etep 1п the proof 1е to 1nvert the operator (l+В). Th1e 

сап Ье . Ьоиеуег. еаеl1у done l! ие sp11t the operator В lnto two 

parts 

В = В 1 + Т 

w1th В 1 beln8 а rank-one operator 

81 :: 1 [ у{х)у(у) • О ].
2(1_()2)1/2 О , О 

We 8et then 
(1+8)-1 :: [1 + {1+т) -l в 1)-1{1+т)-1 

(Note that а rank-one operator сап Ье 1nverted expllc1t1y.) 

Insert1ng thi s formula into (А.2) and c ompa r l ng the resu1t with 
-1the formu1a for На we obtain the assertion of the Theorem . 
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ТЬе coupling с о п е Ьапъ 01 16 а qu1 t e i r r og ular func t 1ol1 o f tho 

po tent1a l V. I n orde r to 111u6trate t hi e pecu1 1arity яе mult iply 

t he po tent ia l V Ьу а c onatant ~ . In сцсп а яау а Ьссов..e s а 

function of ~ 

х -1 
a{~)=-2(1+~)(и,{1+~T) v) 2 

L ( IR) 
ТЬе funct 10n OI{~ ) 1в, however, not e mooth. It Ьав e i ng u la r 1 t i e s 

яЫсЬ a re loc a lize d at point6 ~K for яЫсЬ - 1 /~K i 6 аn eigenvalue 

o f t he operator Т . Оп the othe r ha nd Т ia H1lbert-Schmidt and the 

behaviour o f ita eigenvalu ea i6 very well Itnопn [ 9 ] . Applying 

reault6 from [9] пе get the followlng a 6Bert l o n : 

Le t N { Л ) Ье the number o f a ingu1arit lea of the func tlon OI(~) пЫсЬ 

a re localized i n аn i n t erva l [ О, Л] : 

H ( ~ ) = # { ~ Е [О , Л ] ; a- 1 { ~ ) = О } • 

ТЬеn 

1 i m N{Л) ~ I V( x) dx 
л-+",-Л 2n o-~2) IR 

То 111ua trate the behavlour of OI(~) in more deta i l я е с Ьооее V( x ) 

in а equa r e пе 1 1 fo r m 

О ; x1l!![O ,1 ] 
V(x) = { 

V ; х е [ 0,1 )
O 

a nd	 decompoae OI(~) wit h rea pe c t t o ~ 

1 2 (	 1 n n +1 nOI(~ )	 = - 2(1+~) [ ~ ( u, v) - ~ u ,Tv ) + . . . + (- ) ~ (u,T v ) + ... (А .3) 

For (u ,Tn v) ие get
 
( u, T2n +1V ) = о for а11 n
 

2n 1 1 1
 
n 2n+ 1 - ~ _
-2(u,T2nv)	 ] I I · · I e g n ( x 1-x2) e gn(x2-x3) ·· ·· 

( -1)	 VО [ 2 (1 -~ ) 
о О	 О 

ean(X2n -Х2n+1 ) dx 1dx2 · . dx 2n +1 

1 1	 1 

I I	 Ingn ( X 1 - х z )еgn( хz-хз) ··· . agn ( xZn-хZn+ 1 ) =dX1d x Z' .dx Zn+ 1 
О О	 О 

2(n+ 1) (22 {n +1 )_1 ) B + • 
2I 15_	 ~ '1 \ 1 

2n z 

whe r e a re t he Bernou l 1i n umbere and i na e r t i ng thia reeu1t lntoВ 2n 
(А.3) пе ge t fina 11y 

~Vo~ )
a{~) 1;~	 tg (2{ 1_~2) 

яЫсЬ 1е i n а good correepondence w1th the reau1t obtalned for the 

e hort -range a ppr o x l . a t l on of the tran6m1eelon matrix (13) . 
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