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The Jayncu-Cwmning:J moLlel of a two-level atom interacting 

wi t h a siDRl e mode of the electromagnetic field in a cavity 

has been i n r ec ent yearn tho Dbject of intensive investigatiDns. 

Stimulus for this cor:ai Ll e r a ble interest was provd ded by t he 

develDpcent Df the experi mental techniques cDncerning 

Rydberg transitiDns [1-3] which have allDwed one to test theore­

tical pred ict i omJ on th e fe a tu r e s Df the atow-field i nterac ti on 

depend i ng expl i citly on tbe quantum nature of the e lec tromag­

netio field. Among va r i ous poasible nonclassical effec ts produ­

ced by atoms i n cav i ties one finds the so-called co l l apa es and 

revivals in t he d~v elopwen t s of the populations of the at omi c 

levels l4]. M~ ys t r e and t Ubai ry [5}have demDnstrated a co herent 

fi eld Lnt e rnc t i ng wi t h an ini t i al l y excit ed atom t o br ing ou t a 

squeezed stal o [6] . A l a r ge degree Df squeez ing (nearly per f ec t ) 

has been obt a i n ed in eu c n an exact system after certain t i >:o 

int erval with increasing fi e l d intens ity l 7~ Sinc e t o produc e 

s qu e ezed e l ect r omagneti c fi e l ds In t he labDra t Dry[a -1ojis now 

poss i ble, it Lu Lr.ot ruc t t ve t o ana lyze hol'l the deg ree Df sque ezl liC 

Df the fie ld i r. te r'EJ.c tlll " wi t h a a r ng l e t " o- l e ve l a t om ".il l be 

altered . ThtJ !r, LOrhl. t i on of sque ezed vacuum ".i t h a tWD- poDton 

gene ra liz ed Juyneu -l:l.J;. !n",o mcde I (11) ba s been s tud i ed . It was 

s howD tbat lJ ,! l-' ,,,, Z.I L ,.; W I ni ti a lly r tlvDked and recuru at Ls t e r 

ti me. The hl ;rt", r t hc In it i a l aq ue es I ng i s the more r egul a r t be 

c a c I l a t L o na ue c o u.e , 

In th i H PU P ~ l ' ~ ~ tJ . u ~ i n e t be f i e ld i lli t i a l 1y Ln a r a tber 

ge r-e r a l aqueez ed a t u t e I ~ , z. > tha t lIIsy be generated by fi rst 

ac ting wi t h tI ... ,j(j 'h'o:l<:J opera tor 5 (.:) all tbo vac uum foIl 0­

wed by the d l u p l ec eu.en t ope r a t oz- Dip; [12 ] 
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(1)
\~J 27 D(\3) S(z) 10>' 

wbe r e exp (PQ+- ~. Q)Dlr) 
2exp ( ~ a+ _ ~i a~) (2 )and ~(z) ­

(The squeezed vacuulll considered by l1 1]cDrrespDnds tD 

~ .0). We will a how that nD en hancement of s queez ing at Dnc e 

after tbe Dnset Df the interac ti on DCcurs if t he atDm is loi­

t i a11y purely exc i ted or de -excited as nD initiol phase exists . 

The sys tem Hami1tDnian in t be r Dtat i ng wave appr Dximat i Dn 

ba s the fo rm 

H== l1WClT(A + 1iWR7. + h~ (RTQ+ R-QT).o (J) 

where a.+ 
and Q. are tho Bose creatiDn and anni hi l a t ion opera­

t Dr s f or the phDt Dns at frequency GJ • The tWO- l evel atDm i s 

des c r i bed by t he Pau l i rai ai ng and 1 D"ering ope r ators R+, F\­
a nd t be i nvers i on operatDr R2 

I } is t be coupl ing c ons t ant. 

We t ake f or simpllc i t y the r esona nt case W ::: W 0 • 

Let us c Dneider th e atDm priDr tD the interactiDn i s 

prepared in B c Dher ent superpositions of exc i t ed and ground 

s t a t es (131 

i¢ , \1 1 > 
~\~Qtom ( 1: = O) ! = Co S ( ~ ) Ie ) -t- e SlIYl (1) . ( 4 ) 

Here ¢ i s tbe relative pbaee between c oa I 8/ 2 ) and s i n( 8/ 2 ). 

We deno t e by I Vl> t be Pock states er t he e l ec t r Dma gne t i c field. 

Tbe dia tribut ion Pn =19'1I L == 1<n I ~} z >l:l 
ba s been ca l culat ed by many autbDrs (see for examplell4,15]) a nd 

c an be given as 

:~ 



-~ 1112 
9. = (n1 wsh lzl ) (; 21tam!\ 1,, 1) ~ 

x exp(_If" + i ~: tOHl ~ I" I r') Hn ((1~I coshI' Is,," h1,1),/,} 

(5 ) 

wbere HYl(x) i s t he Y1t~ hermite polynomial witb complex 

arguments X which is de fined as 
2 n _ X l 

H (X) :::: (-1( -e ;)C; ~ Y1 z: OJ 1) 2) . .. (6) 
n d. x " ) 

Tbe aversge photon number n is r elat ed t o t he pa rame­
1 . h2. Iters ~ an d 2. according t o n = lr l -r /.) lJYl l:z 

Tho i magi nar y values of p and 2 c r ea t e numer i ca l prob­

lems, t her ef or e , we cons i der f urt her onl y the case in whi cb 

~ and :z a r e real and pos i t ive. The i ni t i al a t om- f i el d 

stat e is then a pr oduc t of the at omi c superpos i tion state and 

tbe squeezed field 
00 

IljJ (t =o) = L qrl In> l ljJa.toml+=O» 
n = 0 

(7 ) 

Tbe wsve f unc t i on of t he tot al system in the interaction pic­

t ure is found from Hami l tonian () t o be 

l'\llt) =L
00 

9n[COS I~l.( A11 +1 [t) 1e j n) + B 
n
+

1
(t) 19 j Yl -t1») 

\1 = o + eL cjJ5Vnl~ ).(A n(t) lea-; Y1) 1" BJtJ[e , n-1»)} 
(8) 

wbe r e the c oef fic i ents A»[tJand B
I1
(t) a r e 

Anttl cos ( (~.t m) , 

.Bnm - LSlJrl (~ t fYL ) (9) 

1­

Tbe observables of interest are tbe variances of tbe field 

quadratures ~bicb give inforcatioo on squeezing. The quadra­

turee aod field operators are defined by 

Q 1 = ~ (Q++ Q) Q 2 ::: ~ (Q. - QT)
2L (10 ) 

Q = Q 1 -t LQ 2 Q"t ::: Q 1 - Lct 2 

Por convenience we introduce the relative variances 

)l
(llQo<)

2. 
- (IJ qo( coft) VQC 

s~ = 4- ({JaJL - 1 
(fj Q o< )Leot;. ) VQC 

(11 ) 

s ince, as is wel l known, for the vacuum end coherent s t a t es 

of t he fi eld one bas (lla .)~f.. vee =( L) Q. 2 r-c.o ~ IIQt A 
) ) 4­The c ondit i on for squeezing is 

So< < o. 
( 12 ) 

W not e S; ) - .1 f or an a rb i t r ary fi el d s t a t e ande t ha t 

o ' then tbe degree of squeezing ia detercined by - 5... =- >\00 ~ /0 . 
I n t erms of the photon operat ors we get for the s que ezing fac­

tor s S<>( the expressions 

Sl .2 <01"0.) + 2R~<Q2) - 4- (Re<a>t, 

S2. = 2 < QTQ ) - 2 Re <Q1.) - 4- (1m<'0.) t . 
(1) ) 

We now proceed to calculate the short-time approximation 

wben ~t « 1 f'or the f'actors So( • Using formulae (13) 

and (8) we obtain tbe expansions to order t 2 
as folloW81 

- :l,7. ) 2
51 = ( e. - ~ + L 1. (e.- \ OS e -t- 1 - sim'l.ft 5iHJ

2 cfJ) , (14a) 

1 2 . J..I l "2 )
S2 = ( el~ 1) 1" 'C 1. ( -e COS B- + 1 - 5l!Yl TJ cos cj> . (14b) 
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With L defined a s the dimensionless time L =~t . For 

inoreasing squeez ing i nitially presented in the first quadrature 

0. ' it is ne c essary that t he coefficient of l 2. (see (14a»
1 

be l ess t han zero. One can check this c oeffici ent to achiev e 
_ - 2 2/ then we ha ve minimum at 4> _90 0 a nd cos e - - e 2 

2. (-e-42 
-22 )

51= (e - 1 - C T) 
(15 ) 

The degree of squeezing increases quadratically from the onset 

of the interaction and the gr ea t e r is initial squeezing the 

smaller is its relative enhancement. This feature holds true 

in the squeezed vacuum case trobecauae eqs. (14 ). (15) show no 

dependence on the parameter ~ • As we s ha l l see from the nu ­

merical resulta presented bel ew, the mos ~ squeezing enhancement 

after the beginning of an atom-field i nteraction occurs just in 

the squeezed vacuum case. Let us conoider two limi t i ng situa­

tions when the atom is initially purely excited or de-excited. 

For the first situation we have fT/ 2 = 0 and 

( -V ) ( -u )e. - 1 « r ' -(. + 1- ) (16a)S1=
 

(e, 21.
 

S... = (e21-- -i) + T ' -+ ~) . ( 16b) 

For the second one 8h = 90° , formulae (148,b) are trans­

formed into 

-.zZ ) ( -Z:2. )S1 = (€.. - -'1 -t. t:l. 1--€. 
(17a) 

22 
S2 :=' (e2 2 _.j) -+ 7::1. ( 1- e ) . 

(17b) 

We see from Eqs. (15a) and (16a) that the re is no initial phase 

pres ent in both the s itua t ions and no enhanc e ~ l ent of tho de gree 

of squeez ing at once af t er t he onset of i nteract i on i s possible. 

The time-dependenc e of sque ez i ng factors S ~ to the fourth 

order is c ompl ica ted . In fact , in a particular purely de-exc ited 

atom case ell :: 90° • choosing phase a ngl e ¢ = 90" as 

1 before we have 
'C' 't r t -1j.2 - 2 2 ) 51 = ( e.-~ 2_ 1 )(-I- L t) -t- 3 tP P e. - 4- e i ­

-4-2 -.z:z. )1
~ (3e - 4- e + 1. , (18) 

2,1.) ) l"' 't- [ "( Ip 2 
Z A)~S2.::: (e - 1 ( ~ - 1:2. -t- '3 l!3 2 

-+ -4-" :)e - It C + " 'J . 

The ~ -dependence of factors SL appears. For a f ield initi ­

ally in a coherent state :z = 0 ~ Eqs. (18) are considerably 

s implified 

_ t 't- ~'l.
51 = 3" 

C " ~1.s = (19 )2. 3 

and our result is in a greement with the result of [16] for one 

atom in the cavity and l17) for one-photon transitions which 

show the occurence of squeezing in the development of the Q 1 

qua dr ature. 

I n Fig. 1 we present the time evolution of S1. computed 

numer i ca l l y with the aid of Eqs. (5) , (8) and (13) for various 

cos 8 equal to - 1. , - e
-21./2 ( :::: - 0.45 for 7. .0.05) 

-0 .2 , - 0.1 and 0., e taken _ 90° anywhere below. It is 

ev i de nt that for cos 9 satisfying the condition - e-22
(COS (} .( OJ 

so t he coefficient of "t't i n formula (14a) i s nega tive 

the degr ee of squeezing begins to increase to its maximum 
- .22/values . The optimum squeezing occurs at COS e =- e 2 . 
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Fig. 1. Ti me behaviourZ =- 0.05 
0.1 of 51. with t he cho ice 

of cos e (1) COSe= 
- v ' l - i ) (2 ) cos e =- e /2­

0 , 

p=O 

/ //J 
(3) C05 e =- 0 2 ) 

l1r) c.osl1 =- 0 .1 ) 
- 0.1 

lS) cose = o. ; ¢ = <30° .... 
Vl 

'2 = 0.05 j ~ = 0 .
 

- 0.2
 

-0.3 I I II 

o 2 · tt -

In Fi g . 2 we pl ot t he factor S 1. ver s us t i me f or var i ous 

va l ue s of t he field am pli t ude ~ . As has been mentioned above , 

the f i r st mini mum of t he f i el d uncer t ai nt y i n the 1. tCt quadr a ­

t ur e reaches its smallest value at ~ -.::: 0 • The l ar ger the 

i nitial squee zi ng is, t he mor e di f f i cult i t s enhancement i n the 

ea r l y per i od of the i nt er ac t i on . As t he t ime goes on, t he 

cha r ac t eris t i c behaviour of S1 exh i bi ts st i l l more dep endenc e 

on ~ • Pi g . Ja ( ~ =: 0 ) shows an a pparently random t ime 

devel opment of 51. t ha t is due t o t he thermal light-like 

s tatis t ical properties of squeezed vacuum. When ~ i ncrea­

ses, the t i me behaviour of 51 becomes similar to that obtai­

ned in [5,7 ] for the field initially in a coherent state (Pig. 

Jb). The larger ~ gives rise to s tronger squeezing (up to 100%) 

in 8 longer duration. 
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Z~ 0.05 
0.1 

- 0.1 

o 
e­ - 0.2
 

-0.1
 

Vl 

Vi 

- OJ
 

- 0.2
 

- 0.4 

I 
01 b) 

o, Z= 0.2 

- OJ I I
 

o
 2'1' - 0 1 2 't' ­
Fi g. 2. Time behaviour of S1 f or diff erent ini tial ~ • The 

ini t i a l squeezing and ma ximum va l ue achieved at the 

firs t time after the onBet of i n t er action ap pr oxima t el y 

equa l to (a) 9,5% and 27% with 2 -0 . 05, (b ) J 3% and 

40% with Z ..0.2, respec t i vely. 

O./' I I \ I 

Pig. 3. Long time 

behaviour of Sl ' 
10 20 'to ­for (a) ~ :::. O. ) 4-. ) 

1' 1O(b) P = 10 . ) 2 0. ) 30 'j 3 ~ f3 = 20 z = 0.05 

"2- :::. 0.0 5 j 
-z z 

COS e=- -e /.2 
ONld <p = 90° . 
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