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I. INTRODUCTION 

Rec entl y S i n~h and Pa thri a ! l /, and Shapiro and Rudni ck / 21 

have devel op ed sys tema t ic a pproache s t o the de r i vat i on of c r i 
ti cal f i n i t e-s i ze sca l i ng prope r t i e s of t he f u l ly fin i te sphe 
rical mode l wi t h nea r e s t ne i ghbou r i nt e r ac tions . It s eems de
s i rab l e t o extend t he ex isting mathematical t ool s t o dea l 
wi t !l the case o f ~ n a r bi t r a r y ferromagne t i c pa i r i n t e r ac t i on 
po t ential wi t l: nn inver s e power l aw decay a t l a r ge d i s t anc e s 

d a,r of t he fo r m r- - whe r e d i s t he d i men s iona l ity o f t he 
s ys t em and a > 0 is a pa r amet e r . The t hermodynamic pro pe r ties 
o f t he s phe r ica l model with s uc h an int e r acti on wer e s t ud i ed 
by J oyce ' :\1 (see a l s o (4 / ) who found t he c r i t ica l ind i ce s t o 
be a-dep end en t in d i mens i ona l it ies d ~ (0 , 20 ) . It would be 
i n t e r e s t i ng to ob t a i n t he a-d ep end en ce of t he f i n i te- s i ze 
sc a ling fun ctions , a s we l l. 

The f i r s t ma j o r s t ep t owa r d s t he dev elopment of sy s t ema t i c 
f i n i t e- s i ze t ec hni que ap pli ca b l e to the me a n sphe r i ca l model 
witl] an a r b i t r a r y inver se power law f e r roma gne t i c i n t eract i on 
was made i n /51 , where t he fi ni te si ze scaling for m o f t he 
equA t i on for t he sphe r i ca l f i e l d was der i ved . In t he pre s ent 
work, a new anal y t ica l t echn i que i s sugge s t ed , which a l l ows 
one t o handl e the fi nit e - s i ze corr ec t ions to t he f r ee ene rgy 
den sity as wel l . 

The main i dea cons i s t s in the r ep lac ement of t he t wo mathe
ma t i cal i dent i t i e s 

00 -x 
-Zl e

In(1 + z) = ( dx(l - e ) -- ( ! . ! ) 
x0 

and 

00 

-I -x
(1 + z) = ( dxe

-zxe ( 1.2 ) 
0 

/ 1/ wi th Rez > - I , us ed i n the me thod of Si ngh and Pathria , by 
mor e ge ne r a l i dent i t ie s ( see Appendix A) 
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( dx (1 _ e -ZX) Ga (x)In (1 + Z a) ( 1 .3)xo 

and 

(1 + Z a )-1 (dxe- ZX F (x), ( 1 .4)o a 

respectively, where 

G (x) aEa (_xa ) , a (1 . Sa) 

a-1 (aF a (x) x E a, a - x ) , a > 0 . 	 (1 . 5b) 

Here Ea(z) = E:a 1 (z) and Ea (3(z) is the entire function of 
the Mittag-Leffler type/6! ~efined by the power series 

zk 
E a, (3 (z) k : 0 (a > 0) . (l. 6)

['(ak + (3) 

The use of identities (1.3) and (1.4) with a=a/ 2 and 

-2 2 2 -2-+ 2 
Z = Y (n1 + '" + n d ) = y In I , 	 ( 1 .7) 

where 

~ 1 ! 0- No 
y = (-) o <0- ~ 2 , ( I .8) 

Po- 2 T7 

allows one to easily calculate d-dimensional Fourier trans
forms of the summands in expressions like 

(N) -d -+ -1 a 

Ud. 0- (~) = In (cb / P U ) + No -> L In[l+(lnly) ( 1 .9) 


n -<.: SN.d 

and 

W (N) (cb) 	 ... -1 a -1~-1 N-d L tl+(lnly) ]d.C! o 	... (1 .10) 
n (; SN.d 

where the summation is carried over the set (No odd integer) 

No - 1 d=l_NO-=.lS 
N.d 2 "", 0, . ...• ---I 	 ( 1 . 1 1 ) 
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The further asymptotic analysis of sums (1.9) and (1.10), 
which enter into the expressions for the free energy density 
and the equation for the spherical field (cb is a linear func
tion of the latter, see Eq.(2.9) below), respectively, may be 
accomplished with the aid of the Poisson summation formula ! l ! 
and the Ewald summation technique ! 2! in a complete analogy 
with the case of nearest neighbour interactions, which for
mally corresponds to (] = 2. 

In the present paper it is found convenient to expound 
the new method in close parallel to the approach of Singh and 
Pathria ! l ! . This is expected to facilitate the extension of 
other available at U = 2 results to the case of 0 < a < 2. 

In Section 2, the notation used in the description of the 
model is introduced and basic expressions for the free ener
gy per particle and the equation for the spherical field are 
given. The method of derivation of the asymptotic form of 
sums (1.9) and (11.10) when No -+ 00 andcb -+ 0 so that cbNg re
mains constant, is expounded in Section 3. Section 4 contains 
a derivation of a new finite-size scaling form of the equation 
for the spherical field. The main result on the finite-size 
scaling function for the free energy per particle is obtained 
in Section 5. Some mathematical aspects of the suggested tech
nique and new consequences of the general results obtained 
here are mentioned in the discussion, Section 6. The proofs 
of identities (1.3) and (1.4), and so~e other necessary pro
perties of the Mittag-Leffler type functions are given in 
Appendix A. Appendix B contains a brief re-derivation of a 
different representation of the equation for the spherical 
field obtained first in!5! by a Laplace transformation tech
nique. 

2. THE HODEL 

We consider the ferromagnetic mean spherical model! 7! in 
a fully finite hypercubic geometry with periodic boundary 
conditions. The model Hamiltonian is defined on a d-dimensi
onal torus TN,d = \1, ... , No I d of N = Ng sites where No is an 
odd integer, and has the form 

1 ...... 
J{NC!u \) 	 L J( I r - r'l) a ... u-+, HLC!-+, (2.1)

r 2 ....,. -+... r r -+ r 
rr, r 

~"here r, r' ~ TN, d ' a (; R 1 is the spin variable at si te ~ 
J(lE I) is the pair interaction potential, H~ Rl is an exter
nal magnetic field. 
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The part~t~on function of the Gaussian model with Hamilto
nian (2.1), in the canonical Gibbs ensemble with temperature 
T = ~-1 and spherical field s is defined as 

2
Z N (K , L , s) = rN d a1 .. , daN exp! - (3}{ N ( I 0 -; I) - s ~ a-> I, (2.2) 


R r 
r 


where 

K = ~ j (0) , L = ~ H. (2.3) 

The exact evaluation of the multidimensional integral in (2.3) 
is readily achieved by using the Fourier transformation for 
diagonalization of the ~q~adratic form in Hamiltonian (2.1). 
The fourier transform J(q). of the in~era c tion potential, 

., 

J(q) = • ~ J(irl)e-Ie.~. q = 217~ / No' n c; S N, d ' (2.4) 
e, S N d 

defined for convenience on the d-dimensional torus (1.11), is 
assumed to have the long-wavelength asymptotic form 

......... ..... ;t ... a ... 

J(q) ~ J(u) 0- Po !q l l. lq l -. O. a > 0, (2.5) 

which corresponds to the inverse power l aw behavior 

-. .J(,; _ ~'1) _ ,-or -',,-d-a 
I ,- r \ r-r'l ->00,0 ,> 0. (2.6) 

at large separations r -;' The asymptotic form (2.5) deter
mines the leading finite-size corrections t o the thermodyna
mic properties. 

The thermodynami c potential per particle for the Gaussian 
model, 

1 
aN(K, l, s) = - -- In Z N (K, l, s) , (2.7) 

/3N 
is given with sufficient accuracy by its long-wavelength ap
proximation 

l2 1 eN)~aN(K,L,s)::: .LlnPoK -- + '2 u d.a(¢) ' (2. 8 ) 
2 217 2K¢ 

where UeN) (¢) is the d -fold sum defined by Eq. (1.9), and 
d.a 

¢ = 2s / K - 1 
(2.9) 

is a parameter related to the spherica l field s. 

4 

The free energy per particle for the mean spherical model, 
!N(K, L) is defined through the Legendre transformation 

(2. 10)/3 f N (K, l) sup [~aN (K, L, s) - s]. 
s 

The supremum in the right-hand side of Eq.(2 . 10) is a ttained 
at a point s = sN(K, L) which obeys the equation 

a
/3 -- a N(K , L, s) = 1 , (2 . I I ) as 
or explicitly, 

eN) _ L 2
Wd (¢) - K[l - ( - ) ], ( 2 . 1 2 ) 

,a K¢ 

where the d-fold sum W(N) (¢) is defined by Eq. (1.10).
d,a 

3. GENERAL ASYMPTOTIC ANALYSIS 

We need asymptotic expressions for sums (1.9) and (1.10) 
when No-'oo, ¢ ... 0, so that Y (see Eq.(1.8)) remains finite. 
The tech n ique suggested here is based on identities (1.3) 
and (1.4), the application of ,oJhi ch to the summands in (1.9) 
and (1.10), respectively, allows one to factorize the d-fold 
summation. Thus we obtain the representations 

--2 /a d
U(N) (rf;) 

d, a In ¢ + r dx ! 1 - [Q N (x rf; )11 (3. I) 
oo 

and 

R (N) 
d.a 

(6) -1
P 

a 
-<p1 r dx [Q N 

o 0 

--2/a
(x¢ 

d
)1 F a ' 2 

I 

(x), (3 .2) 

-
where ¢ = c/J / Pa and 

( N -1)/2 2 
o -a(2 17 n/ N )o (3.3)Q N (a) l e 

No n =-(N - 1) / 2 • 0 o 

Th e asymp tot ic analysis o f (3 .3) when No ... 00 £ollows stan 
dard p ro ce dur e s . Fir st we de f ine a per i od ic function of 
n C;; Z1 wi th pe ri od No by setting 
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217n 2 
a) = exp[ -a(N~- ) l. 2 ' --2- ] (3.4)

No 
g(P) (~~ n f: [ _ N~ No 

and 

g(p) (~~(n+kNo); a) g(P) (_2..~; a) k ~ Z 1. (3.5) 
No No 

Then we have the Fourier series expansi on 

(p) (217n "" 21Tikn / NO g(k; a) ,g --' a) L e (3.6)N ' o k=-"" 

where 

No / 2 -217ikP / N 
g(k; a) 1 

( dp e o g (P) (_~~~; a) 

No 
 -N o /2 

(3.7) 
I _lh

1 ~ dOe-ikO-a02 = (417a)-lh e- k2 / 4a Re¢(1Ta 1h + --ika )2 .21T _ 17 

Thus, by inserting (3.6) into (3.3) we obtain 

00 

Q N (a) L g(fNo;a). (3.8) 
o f =-00 

where 

A _lh lh 
g(O; a) = (41Ta) '¢ (17 a ) (3.9) 

and, when f ~ 0 , 
2 

i<ENo ;a) = (417a)-I/z e -e N; / 4a Re¢(17a lh 1 'eN _112+ --1 . 0 a 
2 

_ II (3.10) 
_ (41Ta)-12 -e 2N 2 / 4a e 0 

since for all a > 0, 

112 l'fN -lh 2 
1!7a +-1 oa l ;:: 1TNo l f l .... "", No ... "",e ,.fO, (3. 11)

2 

and the error f unction ~(z) tends to unity exponentially fast 
as Iz I .... in the considered sec tor of the complex z-plane.00 

6 

By i nsert i ng the asymptotic f orm (3.10) int o (3.8), one 
obtains 

Ih - lh "" _r2N 2/ 4a 
(a) :: C4 rra) ¢( rra ) + (4 17a) L e 0 (3. 12) QN

0 P=- oo 

where the pr i me in the sum denotes that t he term with zero 
summati on i nd ex has been omitted. 

Next, at rais i ng (3.12) t o the power d, one makes the ap
proximation 

1h
[ Q NO(a )] d ::'(417afd/ 2 ![cfJ(17a )]d + ... };' d e- l r I 2 N ~ /4al, (3 . 13) 

£ f: Z 

which f o ll ows if in all terms of the f orm 

lh ....£ , 2 2 , 
[ cfJ (1Ta )] me- I I N o / 4 a (3. 14) 

... 
wi th Ism S d - 1 and I eI I- 0 one repl aces the error func
tion cfJ (17a

lh 
) by unity. This app r oximat i on is legitimate sin

ce the exponent i al in (3.14) effictively cuts off the contri 
bution from smal l values of a. 

The use of the asymptot i c expression (3.13) in equations 
(3.1) and (3 . 2) complete s the sepa r at i on o f the leading fini
te-siz e effects from the bulk con tribution: 

(N) (N) 
(3. 15)Ud,a (cj;)= Ud,a(cj;) +8U d,a(cj;), 

W(N) (cj;) = W (cj;) + oWeN) (cj;). (3 . 16)
d, a d, a d, a 

Here the corresponding bulk terms are 

_ 00 -{d / 2)_d /a Ih _ -(l /a) d Ga/ 2 (x) 
Uda (cj;) = ln cj; + (dx!1 - (417x) cj; [cfJ(17X cj; l] 1--- (3 .17) 

. o x ' 

Wd,a (cj;) = 
(3. 18 ) 

= (41Tx)-(d/ 2)p-1 ;(d/a)-l rdxx-«J./ 2t '<JJ( 17X Ih ;-(l /a))]d F a / 2 (x) , 
a 

o 
and the leading finite-size correct i ons are given by 

aU (N) (cj;) :: 
d,a 


1 
 (3. 19)-(dl2) - dl a L ' dx x -(df2)e -J l ie 12 x }:: - (417 ch. ~£f: Z d 0 x 
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BW (N) (4;) :: 
d,a 

(3.20) 
-(d / 2) 00 2 2 -;, I 2 -1 

-1 - d/a -1 ~ ( -d!2 -TT Y It x F ( ) 
X:: (477) Pa1; -.k dxx e 	 a/2 • 

Er;;.Zd O 

4. 	ASTIfPTOTIC FORM OF THE EQUATION 
FOR THE SPHERICAL FIELD 

The asymptotic form of Eq.(2.J2) as No ... 00,1; ... 0, so that 
4;Ng = const, has been studied in ,15! by using a Laplace trans
formation technique equivalent to the use of id'entity (J .4). 
It has been shown there that when a < d < 2a, the solution 
4; = c;ON(K,L) of this equation, in the finite-size scaling 
critical region defined by the finite values of the scaled 
variables 

Xl 	 = Pa Kc ( 1 - K/ K c I N ~-a, 
(4. 1 ) x _( K ) _If. (d+a) ; 2 

2-Pa c LNo ' 

has the asymptotic form 

-a 
4; N (K, L) :: P(1 N 0 g (x 1 ' x 2) , 	 (4.2) 

where g ~ g(xl.' x!?) is the solution of the equation (see Ap
pendix B): 

-1 	 ~ -a -. a -1 - 2 
g -g ~' (2TT '£) [(2TT e:) +g] =-x 1 -(x 2 / g) (4.3)

l r;;. Zd 

with 

C d.a 
x 1 = x 1 + --------. (4.4) 

(277 ) a na / 2) 

Here a new representation of the equation for the sph~ri
cal field (2.12) is derived which is a direct extension of 
the equation due to Singh and Pathria ! l! . To this end we make 
use of the integral representation, see Appendix A, 

-1 ( 2 -3 ! 2 00 2 1 
F / (x)=(477) x (dttaE (_t a 

)e, -t ( 4X (4 . 5) a 2	 a,o 
o 
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and transform expression (3.20) to 

OWeN) (1;) = 
d,a 

d+l 
... 	 -d+a ... (4.1':0)

-1 - -"2 (~-'::"')d-an,:I--=-2) -. k'TTP	 (2TTlf !) wd a (2TT I ely),a No 2 E r;;. Zd 

where 

00 
Wd .0 (z) ( d, ,a ( 1 + , 2 )- ( d + 1) / 2E (_,az a ) (4.7)o 	 a,a' 

At 	 a 2, by making use of the fact that 

112 
sin x (4.8)E 2•2 (-X) --112 --  x > 0, 
x 

and by integration by parts in Eq. (4.7) with account of the 
integral representation of the modifi ed Bessel function 

Kv (yz) = (2z ) V TT - '12 y - v f( v + ~ ) 	 rd t (z 2 + t 2 ) -\I - '12 cos (ty) , (4.9) 
o 

(y :. o. :arg z I < -;. ) , 

one verifies that expression (4.6) reduces (up to a slight 
difference in notation) to the well-known form ! l! 

( N)oW d, 2 (c;O)::: 

=( 2)-1 TT-d / 2 ( _~_)d-2 I' (TT ,e)- (d-2) / 2 ,-. (4.10)
2P No {r;;.Zd y , K ( d_2)!2(2TT ~ E ! y). 

In the general case of 0 < a < 2, the equation for the 
spherical field (2.12) in the finite-size scaling critical 
region (4.1) now follows from (4.6) and the known expression 
for the bulk term 

Wd (1;)::K _p-1 D :;d/a-l 
'f' 	 (4. I 1 ) ,a cad, a • 

It 	reads: 

9 
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-+ 	 -d +0' -+d-O' (d-l) 1 2 -u ( d+l ) -+.:.___ ",,' dr	 (2111 ep Wd, 0' (2" Ie l y) 
2 11 	 2 e~Z 

(4. 12) 

) d-U 2(2 )-20- Dd,O' (21TY =- X 1- x2 11Y . 

In 	the 1 imi t y -+ 0+ one may use the approxima tion 

-+ -d+a -+ 

~ (211 1 e l) wd (217 ej y) = 


-+ d ,0' 
e~ 	z 

(4. 13) 
-0' 11% y-o217 d/ 2 

-	 y 0'-1 ()r dr r Wd, 0' r
(2uld d 	 - -;~~f2 r( d+ S'

r<--) 	 o 
22 

where integral (A.16) has been used. Hence 

oW (N) (A)::: -I N -d+a(2 )-C y -+ 0 + (4. 14)d,O' '+' Po' 0 11Y , 

and equation (4.12) reduces to the asymptotic form 

2 (-20' ) -0'x 2 2"y) + (2"y - xl' 

which has the (positive) solution 

0' _ 1 -1 2 % 
(2TTY) 	 ---Ixli [(l+4I x 1 I x2 ) + 1) (4. 15)

2 

when xl -+ - •00 

An approximation in the limit y -+ + 00 is most readily ob
tained from the initial expression (3.20). By substituting 
there the asymptotic form, see (A.14), 

_ 0' . 0'11 a -0' / 2-1 
FO' / 2(x) - 211--sm(r)r(2")x , X -++00, (4.16) 

and integrating, one obtains for 0 < 0' < 2, 

"w (N) () -1 -d+a 0' -20 
u d,a c,5::'PaMd,O'NO 2 (217Y) ,y-++oo, (4. 17) 

where 

-d / 2 U 0'11 a d+a -+ -<I-a
Md 	a 11 -- sin(--) r<--) r<----) ~' I e I ' (4. 18) , 217 2 2 2 -+£(;Z d 

It should be noted that this result cannot be continued 
smoothly to the case a = 2, since then F0' / 2 (x) falls of e x 

10 

ponentially fast, 


x
F 1 (x) = e-	 (4. 19) 

and, correspondingly, from (4.10) one obtains in the limit 

y » 1: 


(N) -1 -d+2 -1 (d-3)/2 -211Y 	 (4 20)
oW d, 2 (cP) ::. p 2 N 0 (411 ) dye , y -+ 00 • 	 • 

In any case oW~~~(cP) does not contribute to the leading asymp
totic form of the eqation for the spherical field, which in 

the limit under consideration is 

d-a (4.21 )D (2 11 Y ) :: x 1d,a 


Hence 


(211y)d :::D-c/(d-a) xa/(d-O') x 1 -+ + 00 , (4.22) 

d, a 1 ' 


5. 	ASYMPTOTIC FORM OF THE FREE ENERGY PER PARTICLE 


It is convenient to transform the bulk term (3.17) with 

the 	aid of the identity (see Appendix A, Eq.(A.18» 


00 -1 - 2/0'

lncP 	= - (dxx [G / 2(xcP ) - Ga / 2 (x)] (5. I)

a 
o 


to the form 


Ud.a(cP) =Ad,a -Bd,O'(cP), (5.2) 

where 

00 -1 -d / 2 1/2 d 
Ada= (dtt \l-(411t) [<fl(1Tt)] !Ga/ 2 (t) (5.3) 


, 0 


and 

_ d/2 00 -d/2-1 V: d -210' ]
Bd,a (cP) 	 = (411f (dtt ['<fl(11t 2)] [00 / 2 (x cP )-G a / 2(x). 

o 	 (5.4) 
By 	 using identity (A. 1 1) one directly verifies that 


d 

dcP 	 Ud,a(cP) = Wd,O' (cP) , (5.5) 

I 
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~nd, therefore, from Eq.(4. II) one finds 

- (1 -d l a 

Uda(d»::Uda(O) +p~Kcc/J --Ddac/J • (5.6) 


, ' v d' 

The finite-size term (3.19) may be transformed with the 
use of the integral representation, see (A,7), 

-liz <Xl -u2 / 4x 
Ga! 2(x) = (4/TX) r Ga (U) e du, (5.7) 

o 

to the form 

i) U~N; (¢) 

(5.8) _ N-d a2 d rr (d -1) ' 2r(..::....:._~l ~ 2' (2rr ' ; I) -d U (2rr I;! y) 
o 	 ~ p(;Zd d,a 

where 

2 -(d+l) ·2 (1 (J 

lId,a (z) r d r( 1 + r l E(1( - r Z ). (5.9) 
o 

One may notice tha t at a = 2, 

E2 (- r 2 z 2 ) ,. cos(rz) , 	 (5. 10) 

and, witl! the aid of the integral representation of the modi
f ied Bessel funct ion (4.9), e xpression (5.8) reduces to the 
fo rm 

.... -d · 2 • 
OU (N) (c/J) ...;?,rr (_rry )d ~ ' (rry e) K d ' 2 (2rry P l. (5. I I ) 

-d / 2 

No
d,2 	 e.; z d 

knmffi (in a sLi ghtly different notation) for the mean spheri
ca l model 'vith nearest neighbour int e ra c tions I II . 

Thus, by collecting the results (2,8), (3.5), (5.6) and 
(5.1 I), one obtain~ for the thermody nami c potential per par
ti c le of the Gaussian model with spherical field s given by 
(see Eqs.(1.8) and (2,9» 

s 2. K [1 + p I .!rr y ) a I y -Cixed. 	 (5. 12)
2 (1 \ N ' o 

12 

the followin g asymptotic expression 

_ 1 1 P(1 K L 2 No a Pa K ( 2rry r!3a N(K,L.s) -2Ud ,a(0) + 21n~ 	 --- (--) + 

2Pa K 2rry 2 No 


(5. 13) 
-d a -1 d d (d -1) / 2 d + 1 .... - d .... 

-No (-)(d Dd a(2rry) +2 rr [(-2-) -+L' (2rrlel) u d,a(2rrlej y)J.
2, 	 e~zd 

Finall y , in the finite-size scaling critical re g i on (4. I) 
the free energy per particle of the me a n spherical model, 
defined by Eq.(2. 10), takes the f orm 

1 1 Pa K 1 -d
!3 CN (K. L) :: 2" U d, a (0) + 2"ln -2";- - 2" K + NO Yd, a (x 1 • x2) • (5. 14) 

where the finite-size scaling function Yd,a~1,x2) is given
by 

2x
___~_ + (~_ aYd,a (xl,x2) (2rry)a 2 2dlDd.a (2rry)d 

(5. 15) 
(d-1) 12 d 1 .... -2 ~ 


-(4rr) fl--+-)[ a l' (2rr . n u (211 P y) ~ 

2 • d d,0

PI;;Z 
a -+ -d-a 


... y .... l ' (2rr e ) w d (2rrf y) I. 

f c:; Zel . a 


where y = y(x 1.x2) is the solution of Eq, (4.12). This equa
tion generalizes the corresponding results of Singh and Pa
thria l ' to the case of arbitrary 0 < a --: 2. 

With the use of Eq.(4. 12 ) one can write (5.15) in an alter
native forr. 

Yd,a (x j .x 2 ) 	 x22 a D g d/ a (x 1. X 2) _ 
2 }- --- 2d d,a 	 . 
-'-,(X!oX2) - 2 ,;(x,.x2 ) 	 (5.16) 

(d-l) / 2 d + l -+ -d 

-a ( 4rr) n--) 2.' (2rr n u C P l/a


2 .... d d, a . g (X l .X 2 »· 
e,- z 

Let us consider now the asymptotic f orms of Y a(x .x )
d l 2

as Xl .... :t oe> • I n the limit y -+ 0 + ( xl .... -00 ) , we use'the appro
ximation 

13 



17 d/2 _ 1 .... -d 	 2 00 

ud,a (2171 £i y) -r--- ( drr -1 u .... I' (217 \ £1) 	 (d/ 2) 217 y d, a (r) :::(2~)d£(; Zd 
(5. 17) 

17% 
:: (417)-dl 2 	 ,--d--- ln .!.. + const 

n~) y 
2 

where it has been taken into account that 

( drr-1 E (_rO,o) -In(217y,)E (_(217y,)a) + const o a 
217 Y 

(5. 18) 
::: - In (217 Y,) + const. 

Therefore, 

(N) _ -d 1 ) Y .... 0+ 	 (5. 19)au (¢) - - N o(Jn-- + const • 
d,o 0 Y 

when xl .... - 00 ,and the leading asymptotic form of Yd,o (~, x2 ) 


x 2 fini te, becomes independent of a : 


2 lh 
1 (1 + 41xl 1x2) + 1 _ 1 2 Yz + --In[ _____~--J. (5.20)

Yd 	 a (x 1 • x 2 ) - - - (l + 41 x 1\ X2 ), 2 	 2 21 xli 

In 	the limit Y .... OO (X1 .... + 00 ) the term 

(N) -d -a 	 (5.21)Y .... 00,aUd,a (¢) ::. -No M d,a(17Y) 

does not contribute to the leading asymptotic form of 

Yd,D' (X1,X2) which becomes 


_ d-a D-a/(d-a) d/(d-a) (5.22)
Yd, a (x l' x 2 ) - 2d- d,o xl' xl .... +00. 

We note again that the asymptotic expression (5.21) cannot 
be continued smoothly to the case a = 2, when it becomes expo
nentially small: 

(N) -d (d -1) /2 -217Y (5.23)
aUd,2 (¢)::: -N 0 dy e 

However, the as)~ptotic form (5.22) reduces at a 2 to the 
knmm expression / 1 ' . 

6. 	DISCUSSION 

In the present paper the a-dependent scaling function 
Yd a (x l' x 2) for the free energy per particle of the mean 
spherical model with an interaction potential falling with 
distance r as r -d-o when r .... oc , has been found. A convenient 
representation (5.16) of Yd,o (x 1,x 2) has been obtained, which 
involves inte gral transforms, see Eq.(5.9), of the simple 
square-integrable over (0, (0) function 

vd (r) = (1 + ,2 )-(d+l) / 2 r (; (0, (0), 

with the Mittag-Leffler kerne l Eo (_,ozo); Such transforms 
are a particular case of more general transformations with 
Mittag-Leffler type kernels 

(3 - 1 i¢ a all 
, E a,(3(e 'x). X > 0, 2Q17 5: ¢ ~ 217 - F a17 , 

in the class of square-integrable over (0, (0) functions, the 
mathematical theory of which has been developed/ 9 / • The sug
gested new analytical technique may be successfully used to 
generalize a number of results on the spherical model with 
different geometry and boundary conditions/ 1/. 

Here we point out that some new information about the cont
ribution of the long-distance asymptotics of the interaction 
potential to the formation of the critical bulk singularities 
of the mean spherical model can be derived from our results. 

Hhen t = (T-Tc) / Tc .... 0, the singular part, c<J)(K.O) 
of the zero-field specific heat per particle is given by 

. 2 
(s) 	 _ 2 2 -2a+d a 

(K,O) - -Po Kc No ---Yd a (x 1 .0). (6.1)C N ax 2 ' 
1 

The differentiation of the scaling function (5.16) with res
pect to xl' by taking into account Eq.(4. 12), yields 

a 	 1 
Yd a (x l' x 2) = - g (x l' X 2 ) • (6. 2)

ax l' 2 
Therefore 

c (s) (K 0) ::. _ ~_ 2 K 2 N -2a + d a 
N' 2 Po c 0 a~ g(x1, 0) • 	 (6.3) 

15 
14 



In the limit x1->-00 one may use Eq.(4.15) to obtain from 
(6.3) : 

12K2 N -20" +d , I -2c ~S) (K, 0) "2 Po' c Xl .... - OO • (6.4)0 , xl . 

Hence, the singular part of the specific heat just below the 
critical point behaves as 

( s) _ 1 -d,. -2 

c N (K, 0) - '2- No :t . t ~ 0 (6.5) 


independently of the interac tion potential parameter a. 


l.Jhen xl -> + 00, the use of Eqs. (4.22) and (6.3) yields 


c(S)(K,O):: ___~__ . N-2o"+d ( K ) 2 
0-o / (d-a ) (:?a-d)/(d-o) 


N 2(d-a) 0 PO' c d,a Xl ,(6.6) 


i.e., just ahove the critical point one obtains in the leading 
order 

c~) (K, 0) := - __a__(p K )d ' (d-a) O-da l(d -a) t(2a-d) / (d-a), (6.7) 
2(d _ a) a C ,a 

t ' 0+. 

The known value of the cr itical exponent as for the singular 
part of the specific heat follows from Eq.(6.7): 

20' -d ----. a < d < 2a. (6.8)as d _ a 

Thus we see th a t the l ow-temperature branc h of the singu
lar- flai"t of til e hul:< ~rl:L·i.f:c hf'at, c~)(K, 0 ), i s <lsym r t o '

ti cally built out of a (vani shi ng in the thermodynamic limit ) 
function, see Eq.(6.5), wh i ch does not depe nd on the decay 
parameter D' of the interact ion potential. 

An analogous situat ion is observed in the case of the mag
netic susceptibility X N(K,l). By differentiation of the mag
netization per particle, 

__ H --1 mN(K, L) = - ~ /3 f N (K, L) (6.9)aL f(O) cP NP 
a 

with allowance for the dependence of cPN on H through the equa
tion of state, see Eqs.(4.2), (4.3), one obtains 

N~ x 2 ag (x l' x2 ) 
T)( N (K, L) ------[ 1- ------ ----J . (6.10) 

P Kg(x 1 ,x 2 ) g(x l .x 2 ) aX2 a 

Therefore, for the zero-field susceptibility in the limit 
xl .... - 00, one finds, by using (4.15), the following leading
order expression 

a 

)( N (K, 0) ::. 
No 

-A~IXl l Xl >-OO. (6. 1 I) 

Po J(O) 

Hence 

(6. 12))( N (K, 0) :: f3 cit IN ~ . t -. 0 - , 

i.e., the low-temperature branch of the bulk zero-field sus
ceptibility per particle is again asymptotically built out 
of a (diverging in the thermodynamic limit) function that 
does not depend on the decay parameter a of the interaction 
potential. 

In the limit x 1 .... 00 from (4.22) it follows that 

)(N (K, 0) :: N° (p ](0))-1 0 Ij j (d-a) - u j (d-O') (6. 13)o a d,D' xl' 

which implies that the singularity at the critical point from 
above is characterized by the a -dependent critical exponent 
y=a/(d-a): 

a / (d-<T) -d / (d-<T) -a / Cd-a) + 
)(N (K,O) =f3 c O d,a ( PaKO) t , t .... 0 . (6.14 ) 

It is interesting to note that the low-temperature asymp
totic expressions (6.5) and (6.12) hold true even in the ex
treme case of the infinitely co~rdinated Husimi - Temperley 
mean spherical model with N = No spins. 
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APPENDIX A 

The Mit tag-Leffler type functions are entire functi ons of 
finite order of grcJ'o' t h , defined by the powe r series /5 1 

"'" Zk 
2 -- a > o. (A. :)

Ea ,,8 (z) = k = 0 [(ak+(3 ) 

In particular, the fun c tion Ea(z) = Ea, l (z) has been intro
duced by Mittag-Leffler. A rather compl e te study o f these 
func t ions can be found in the book 181 (see a 1 so 161) • 

Here we are interested in the properties of fun c tions CA. I) 
when 0 < a < 2 and {3 ~ O. 

To de r ive identit y (1. 3), one may start with the known in
tegral 

-t a 1(dte E (t z) = _ _ _ _ (A.2)a 1 _ z 
o 

which conver ge s in the complex z-plane to the l e ft of the li 

ne Rez l / 
a 

= 1, !argz i ~ ~ arr. By setting here z = _p-a, p > 0, 

and t = xP, one obtains the Laplace transformation/9/ 

a-l00 
- px a p( dx e E a (-x ) Re p > O. (A.3) 


1 + pa 
o 

Equation (1.3) now follows by integration of (A.3) over p 
from zero to z. 

The identity (1.4 ) may be derived f~om a more general in
tegral 

( dte -t t {3-1 E ,{:3 (ta y) 1 (A.4)ao 1 - y 

which is readily obt a ined by means of term by term integra
tion \,/ i th the use of series (A. 1). By set ting in (A. 4 ) Y = 

= - Z -<I, Z > 0, and t = xz, one obtains the Lap lace transfor
mation / 10 / 

Z a- {:3
00 -zx {:3 -1 ( a )r dxe X E Q -x -'---- - . (A.5)a, /J 1 + Z ao 

Hence (3 = a yi e lds Eq. (1.4). 

18 

Particular cases (1,1) and (1. 2) follow from general iden
tities (1.3) and (1. 4 ), respectivel y , considering that 

zE 1 (z) = Ell (z) = e (A.6) 

The integral representation (5.7) is equivalent to 

a Y2 "'" 2
E a (-t ) = (rrt) - (duE (-u 2a ) e -u / 4t (A.7)o 2a 

whi ch may be obta ined by means of term by term integration of 
the series representing the integrand. 

In order to derive the integral representation (4.5) we 
\.,rri te down 

-112 00 a a _t2 / 4x 
(4rrx) { dt t Ec:r (J (-t ) e 

o ' 

lha_~-1/ 2a (k+l)x (k+l) 

= (4rr ) 
-Y2 

2 .L) (A.8)--nc:r(k:-l))---n ; a{k + 1) +
k = 0 2 

k Iha k 0/ 2 
a/2 2 __x....,_____ = x 

(-1) Eo/ 2. a/ 2 (-x 0/2 ) • 
= X k = 0 n .la(k + 1))

2 

~he differential relation (5.5) follows fr0m the identi 
ties 

00 k ak 

d a-1 2
__[za E J::~.L~-- = Za -1 E a a(-za) (A. 9)dz a, a + 1 (- Z a )] z k =0 nak + a) , 

and 

ak 
a ( a _ 2 (-1) k _z___ = 1 - E a (-z a) • (A. 10)Z E a, a+ 1 -z ) 

k=l [(ak+ 1) 

Hence 

ad a -1 ( A. 1 1)- ~ Ea (_za) z E a, a (-z ). 
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In the der iva ti on of as ymptotic expansions (4.16) and 
(5.21) we have used the leading asymptotic behavior of 
Ea (-x a) and Ea, a (- x a ) \vhen x ~ 00 which follows from the l emma 
be 1m,'. 

Lemma l S! . Let 0 < a < 2 , (3 be an arbitrary complex number 
cud y be a rea) number obeying the condition 

~- a 11 < Y < min! rr, a 17 I . 

Then for any inte ge r p ~ I the following asymptotic expressi
ons hold when · z > no : 
I. At ,argz l ::;y. 

P Z-k 	 1PE (3 (z) _ 1 (1-{3) ' a 1 ' a 
a. - --z l 

..- rft3-~k) + C( lz l - - ). (A. 12)
a e 

k ~ 1 

2 . At y ;; 'a rgz ; .:: rr. 

-k
P z -p-1 

(A. 13)E fl (z) 1 ------ + C ( z! ), 
n. k ~ 1 r(f3-ak) 

Notice that since 1(0) fr om (A . 13) it follows tha t "" , 

a X 
- 2£1 	

(A . 14)x oc a ~Ea. a ( _x ) ::: -.... • 1 . 
n-a) 

By integration of EC]. (A. II) one gets 

t 	 ( A. 15)r dz z 1 - a a a (-z n ) = I - E ( - t a ), 	 a' 
o 
Passing here t o the l i mit t - 00, wi th account of (A. 13) one 
finds 

00 

1-a Q (A. Ir dz Z E ( - z ) 1. a,a 
o 

As a direc t con se qu ence of CA, 16 ) one obta in s for any t > 0 


00 1 -a a - 1 
( dx x E a , C1 ( - x t) = t • (A.1 7 
o 

20 

The integration of Eq. (A. 17) over t from ¢ > 0 to one yields 
the identity 

00 -1 1 a a

-In ¢ = ( dx x f dt X E a a ( -x t) 


o 
 ¢ , 
(A. 18) 

a 	 r dxx-1 [Ea (_xa ¢) -Ea (_x a )], 


o 


where use has been made of the relationship 

k k -1 ak 
d a a ( -1 ) t x a a 

a - E (-x t) 1 	 -x E (-x t)a,a (A.19)dt a k=l [(ak) 

APPENDIX B 

For the sake of completeness, a short derivation of equa
tions (4.2) and (4.3), obtained first in /51 , is given here. 

One starts by noticing that with the aid of the d-dimen
sional version of the Jacobi identity (see, e.g. /1 / ) , 

2 1a1e: 11 d / 2 - ~ Ie I 2 a1 e ( --) 1 e (B. I)
e(;; z d a e~ z d 

the finite-size term (3.20) may be cast l n the form 

(j W(N) (¢) = 
d,a 

-+ 	 2 -2 (B.2) 
- -1 ~ f I Y 11y2 d / 2 


-1 ;;-1 N -d I 1 + ( dx [ l' e L. 
 - (--) 1Fa/2 (x) I • Po 0 -> d 
o e c;. z 	 x 

The integral in the right-hand side of Eq.(B.2) may be iden
tically written as a sum of two terms, Ii (y) + 1 2(y), where 

IG->1 2 -2 2 d/ 2 	 a / 2-1 
~L y ~ x

I 1 (y) ( dx [ _, l ' d e - ( -) J[ Fa/2 (x) - -----J. 
o e c;. Z x 	 fCo/2) 
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001 _ (d 0' / 2"1 x 1~ 1 2 2 .1(0' / 2) xx (2' e- l- Y- 71y2 d/ 2 (B.3)I 2 (y) o e<.; Zd - (-X-) 1 . 

Now, by making 	use of the identity (1.4), \.;re see that 

0' / 2-1 

xe 
_x leI 2 

Y 
- 2 

[ F (x) _x___1 
--> 2 ' d d 

0' / 2 na/ 2)£ I;; Z 0 ( R.4) 
a -> -(J 	 .... -1 a -1 

= Y 	--> 2 ' d l ei «Ie l y ) + 11 
£ ~ Z 

and, taking into account the small argument a1s ymptotic beha
vior of F 0' / 2 (x) , we may set 

00 	 0' / 2-1 
71d/ 2 y d (dxx-d/ 2[F / (x) __x ______1=_(271y)d Dd ' (B.5) 

o a 2 nO' / 2 ) 	 , a 

whereby the constant Dd,a is defined. 
Next, 1 2 (y) may be written as 

2	 2 
1 	 a 2 1 

12 (y) r f; / 2) 	lim ! --> 2 ' (" dxx / - _x leI y 
8 .... 0 e;;.. z d 8 e 


(B.6) 
a 


d/ 2 d -(d-a) 12 -1 _ -_"!._-C 

- 71 y (dxx 1 - [(0' / 2 ) d,a 


o 
where Cd,a is the Hadelung type constant/ 51 

--> 2 --> -a dO'''' 2 ... -q 
Cd a = lim ! 2 ' n~, 01£ 1 )Iel - ( d r n -, ol rl ) Irl 1.(B.7) 

, 0--> 0 1r;; Z d 2 Rd 2 

get / 51 Collecting the 	results (B. 2) to (B.7), we 

C d • a
( N ) -1 d-a - a -1 

Wd,a (rb)-:! Wd,a (rb) + PO' No l(rb N o ) + ------ + 
(271 f nO' /2) (B.8) 

_ a ' --> -a --> a - a -1 
+D (J;N a )d/ a-1 - rb N --> 2' (271 1£ 1) ((271 1£ D + rbN 1 \ . 

d,a 0 o r ~ Zd 

22 

Now 	 Eqs.(4.2), (4.3) follow by substitution of (B.8) and 
(4.1) into (2.12) and by taking into account Eq.( 4 . 11) . 

The finite-size temperature shift is identified as / 51 


C d,O' 

( N 
 = - ( p a K ) - 1 N -d +0" 

c 0 --U------. (B.9)(2" ) nO'/ 2) 

REFERENCES 

1. 	 Singh S., Pathria R.K. - Phys.Rev., 1985, B31, p.4483; 
1985, B32, p.4618. 

2. Shapiro J., 	Rudnick J. - J.Stat.Phys., 1986,43, p.51. 
3. 	Joyce C.S. - Phys.Rev., 1966, 146, p.349. 
4. 	Joyce C.S. In: Phase Transitions and Critical Phenomena, 

Vol.2, C. Domb and M.S. Creen, eds. (Academic Press, New 
York, 1972). 

5. Brankov J.C., Tonchev N.S. - J.Stat.Phys., 1988, 52, 
p. 143. 

6. 	Bateman H., Erdelyi A. Higher Transcedental Functions, 
Vol.3 (HcC raw-Hill, Ne",York, 1955). 

7. Lewis H.W . , 	 Wannier C.H. - Phys.Rev., 1952, 88, p.68 2 . 
8. 	Djrbashyan H.}I. Integral Trasformations and Representa

tions of Functions in a Complex Domain (in Russian). 
M.: Nauka, 1966. 

9. Humbert P. - C.R.Acad.Sci., Paris, 1953,236, p.1 467. 
' 10. Agarwal R.P. - C.R.Acad.Sci., Paris, 1953, 236, p.2031. 

Received by Publishing Department 
on Oc tober 2 1, 1988 . 

23 


