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I. INTRODUCTION 

The QED models describ inl the two-level atoms interacting 
wi th the radiation fie l d 11. I attract due attention not only 
for their mathematical simplicity and elegance, but also be­
cause they actually describe the physical reality and can be 
verified in experiment (see recent experiments with Rydberg 
atoms in high-Q cavities /S - 7/ ). These are the reasons why the 
Jaynes Cummings model/S I and its various modifications and ge­
neralizations, are still in the focu s of interest. 

Ie the present paper we want to reanalyze the dynamics of 
the system of N identical, but distinguishable, two-level 
atoms interacting with the radiation field, when at the ini ­
tial time (t = 0) only one of the atoms is in the excited sta­
te and all others are in the ground state. The field is suppo­
sed to be in its vacuum state at t = O. 

/9 1This problem was treated earlier by Stroud et al . • They 
discussed for the first time the effect of the radiat ion trapp­
ing (in the framework of the semiclassical approximation) . 
This effect consists in the fact that the presence of the 
N - I unexcited atoms in the cavity prevents the emission of 
the whole energy of the excited atom. The emitted energy gets 
shared equally by the field and the N - I initially unexcited 
atoms. 

Later the model was analyzed in a completely quantized fa­
Dori / 101 shion by Cummings and Ali They showed that the inte­

raction of N atoms, in the equivalent mode position, with the 
singe- mode resonant field leads to the radiation suppression, 
i.e. the photon never gets a fraction greater than liN of the 
energy 	and when the initially excited atom definitely traps 

N - I 2 •
(---N--) part of its energy. 

Successively, Cummings 1 111 presented the exact solution for 
the spontaneous emission of a single atom which is initially 
excited in the presence of N - I initially unexcited atoms, 
interacting with M modes of the field. The model was solved 
under the condition that the atoms were at random space posi­
tions. In this case the radiation suppression was observed 
when the number of the accessible modes M was less than the 
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number of atoms N. lfuen M \",as bigger than N the radiat i on 
suppression di d not persist. Particular l y, i n the fr ee space 
case the radiat ion suppression effect i s preserved only when 
t he near- continuum l imit is accompanied by l e t ting N approach 
infinit y . Recently, the physical origin of the r adia t i on sup­

/121 •pre s sion ba s been giv en by Ben i v egny and Messina By con­
str uc t i ng tbe N collect ive modes of t he atomi c sample t hr ough 
wh i ch t he actual interac t ion with t he f ield t ake s place when 
only one exc itation is present in t he system, they show t hat 
t he r adiat ion suppression is a cons equence of the i ntera t omic 
coherence i nduced v ia t he elec t romagne tic field . 

I n the present paper we will study t he dynami cs of t he s ys­
tem of N two-level atoms i n the free space. We will s how tha t 
in spite of t he fa ct that the number of f ield mode s is suffi ­
ciently larger than the number of atoms and the f ac t tha t all 
energy is tranferred into the radiation fi e ld as t ... 00, t he 
trace of the radiation suppression can be observed . 

In Section II, we will desc r ibe the mode l - ac tual ly we 
wi ll s t udy the Lehmberg model / 131 • Then, in Sec tion III we 
will solve the problem, when at t = 0 one of the atoms is in 
t he excited state and the others are i n t he ground state . 
Using t he Wigner-Weisskopf approxi mation (WWA)/l4, lSI we wil l 
der i ve compact analytical express ion fo r t he probab i l ity to 
find any atom of the system in the excited stat e . Sect i on IV 
is devo t ed to the discussion and conc l us i ons. 

I I. THE MODEL AND THE EQUATION OF MOTI ON 

We will suppose the system of N ident ical non-overlapping 
~ ~ ~ . 

t wo-level atoms, at positions r , ... r N , coupled to al r 2 
near-continuum electromagnetic field via the electric dipole 
interaction. In the rotating-wave approximation the model Ha­
miltonian is: 

-+ -. 
A N ik f j 

A A A+N 1 (J) (j)A A 

H = L - h cu as + L h cu -+ a-+ a-+ + L L (bA -+e 3"k a + + h.c.) , ( I)
j= 12 0 k k k k j=lk It 

where ;~j) ; ;~) and ;~j) are the Pauli raising, lowering and 
inversion operators of the atom at the po s i tion ; J ' respecti­
ve l y. The two states of t he atom are separated by the ene rgy 
bcuo = E+- ~_. The coupling cO'ps~ant Ak between t he atom and 
the mode w~th the wave-vector k ~s supposed to be equal for 
all atoms. Finally, a~ and ai are the creation and annihila­

• -+ [ A A+ 1 ~ )t~on operators for the k-mode ( a ... , a -+ = ... ....0 
k q k. q 
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Due to t he fact that t he exci tation number oper ator 

N A(J) A (J) .... + ....Ii La 0' + I 3"k a"k1 + - .... 
k 

i s the i ntegra l of mo tion the time-dependent Schrodinger equa­
tion 

d .... 
ih - 1'1'( t ) > = H I 'I' (t) > , ( 2 ) 

dt 

f or the state vec tor 1'1'(t) > can be solved for the ini t ial 
condi tion s we are i n t ere sted in. 

The solut i on of the Schrod i nger equation strongly depends 
on t he space posi tions ~ of the atoms . To make the calcula­
t ions a s easy as poss ible and the results transparent, we will 
cons i der t he d istances between t he atoms equal . This actually 
can be t rue j us t for N:S 4 in t he 3-dimens i ona l space. Never­
the less, the re sults given below can serve general l y as a sort 
of t h e fir s t approx imat ion for the atomic systems wi th N > 4,

-+ ~ 1 • ~ ... when 1 r 1 - r j = r + p lj • Of course, ~f 1 r I - r j 1 ... 0 for a ll 
i, j, then t he results are. valid for any N. 

It i s f urther as sumed that the system of the a t oms is small 
enough t hat the relat i vi stic (time-of-fli ght ) effec ts may be 
ignored . I n other words, we will impose the res t r ic tion tha t 
the t ime r equired for a light signal to cr oss t he system i s 
smal l i n compari son to the time r equ ired fo r appreciab le chan­
ges i n t he atomic l eve ls (for a more detailed di s cus sion 

/lSI ) . see

I II . DYNAMICS OF THE N-ATOM SYSTEM 

First of all we briefly des cr ibe the dynamic s of the two­
atom system wh en at the initial time just one of t he a t oms is 
i n t he exc it ed s t a t e . The result (presented here i n the ~NA) 
wi ll be gi ven in a closed analyt ical form for the am~l itude 
of the prob ab i l ity to fi nd t he atom at the pos it i on rj in the 
exc i ted s t a t e. 

Le t at t = 0 the a t om at the posi tion ~ be in the exci t ed ... . . 
s ta te ; the atom a t r2 be 1n the ground state and the f~e ld be 
in it s vacuum state: 

l 1J1(t = 0» = 1+ -; 0> , (3) 

where the s ymbo l +(-) i n t he first (second) place of the r.h.s. 
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0f (3) denotes the exc ited (ground ) state of t he a t om at the Here ~ o is t he electric pe rmittivity and D12 is the elect­
position ~(r2) a is for the vacuum s tate of t he r adi at i on ric d i pole ma t rix. 
field. If r ela t i v i s t i c e f f ect s are ignored, then we can take 

The solution of t he Schr od i nger equation (1) wi t h t he i ni ­ Nf, r ) and [«(,r) equa l to their constant value a~ ( = Wo 
tial condition ( 3) is: (th i s cor respond s to the WWA / l4 15 1 ), so that: 

I'I' ( t) > = exp ( - i E + tI h ) [C 1 ( t ) \ + -; 0 > + C 2 ( t ) \ + -; 0 » + I':;.(f,r) -+ /':;. ( w ' r ) ;;~( w o' r ).::.\ ( W o) == (.1':;., (9a)o 
(4) I+ ~ exp(-i(E + h w -+ ) tlh ) D -+ (t ) \ - - ; 1 .... > , r(f ,r ) .... ~(w ,r ) f(w ) == ( . r , (9b)k - k k k o 0 

where I':;.(w ) and r(w o) are the Lamb shift and the radiationo 
where the amplidute of the.... prj>bability C l( t ) (C2 (t » to find linewidth in the Hi!:,;ner-Heisskopf theory 1 14,15 1 of the sponta­
the atom at the position r 1 (r 2 ) can be written i n the energy neous decay of the single atom in the free space. Due to the 
representation as fact that I':;. (wo) is small, we can for a while neglect terms 

proport ional to I':;. • So, us ing the HHA the functions C 1(t }. (5) 
i 00 l(%~)t f-wo -A(f,r = O) can be found immediately: 

C (t) = - r d( e
1 2 . 2 2 (Sa)

IT__ «(-W - A «(, r ", 0)) - A «(,r) 1 -f't -f'~t r6 
o C 1 (t) = '2 e (e + e ) , (lOa) 

C (t) =; e-f't (e-f'6_er~t), (lab ) 
00 I(WO-f) t 2

A(f.r =0)C 2 (t) r dfe (5b) 
2 IT -00 (f-wo-A(f,r = 0))

2 
- A 

2 
(f,r) and for the probability to find at least one of the atoms in 

the excited state we have 
and 2 

1·2f(1+I')t 
2 -> .... I(t) = ~ \C (t) 1 2 = ~e·2f(1.t)t + -e ' ( 1 I ) 

\,\ .... \ ·!kr .... -+ j=1 j 2 ·· 2 
A ( f,r) ~ k e r=r -r r = I r \ . 1 2k (- W -> + 10 

(6 ) 

k The results presented here for two atoms can be generali ­
zed to the s ystem of N atoms which are localized at equal dis­

. . . ! 16 1 
In the contlnuum llmlt the function A ( f, r) can be calcu- tances (\rl -rj I = r; for all i '" j). As mentioned in Sec.II, 
l ated explicitly: this condition can be fufilled just for N S 4. In the opposi­

te case, the solutions given below can be interpreted as anA ( f, r) = I':;. ( f , r) - i I' ( f, r ) . (7) approximation of the exact solutions. This approximation ma­
For the "Lamb shift" I':;.(f, r) and the "line-width" r(f , r) we kes sense if the linear extensions of the s ystem are less 
have / l61 

than the wave-length of the resonant mode. 
-+ 2 If we suppose the atom localized at r1 to be excited ate2w~ \ D12\ 

k t = 0, then the probability amplitudes for Cj(t) areI':;. ( (, r) = P r d G) k 6 n2 h c S 1 '~(f ,r) , (8a) 
(V .... - ( o k N-l -f(l~)t 1 -nl+(N·1)~ ) t 

C (t) = -- e + -e ( 12a ) 
e2(3\0 \2 1 N N 


r(f,r)=~«(,r)r(( ) ; r(f) 
12 

(8b) 
 ~enl.f,) tC (t) = ... = CN(t) = ~e-nl+(N.l)f,)t (12b)6 1T Eoh c S 
2 N N 

and 
sin( r

where t ( (, r ) ------ . N 2 1 .2[(1+(N.l) < )t
I( t) = I. \C (t ) \2 = N - 1 e· f(1.f,)t + - eff (13)

j = 1 j N N 
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IV. DISCUSSION AND CONCLUSIONS 

From expressions (12) and ( 13) we can conclude that in the 
free space for finite Nand r I O t he radiat ion suppres sion 
r eal ly disappears as predicted by Cummings / lll . The r adia­
tion suppres sion d i sappears i n t he sense t ha t after some time 
( t » l/r) all atoms pa ss t o the i r ground state, i . e. 

lim IC j (t ) 12 ~ O. 
t .... oo 

and the whole energy is transferred into the radiation field. 
Nevertheless,there is a t race of t he effect of the rad i a tion 

suppression - from ( 12a) it is seen that the initial ly exci­
ted atom does rad iate with three different rates and 

(N ; Il part of the energy is radiated with the smallest r a te 

2r (1-~ ) . If the d i stances between t he atoms go to zero, so 
t hat ~ -+ 1, t hen this fraction of the ene rgy wil l be "trapped" 
by t he i n i t ial l y excited atom. 

It i s ver y instructive to analyze express ion (1 3) f or t he 
probabil i t y to find at least one of t he atoms i n the exci ted 
state . This expression give s us informa tion about the gl obal 
energe t i ca l balance in t he sys t em and demons t r ate s that t he 
col l ection of N t wo- l eve l atoms (localized at equa l d i s tances) 
with one exci t ed a t om a t t = 0, effectively behave s like a 
sys tem of two i ndependent, non i n teracting even via e. m. fie l d, 
"f i c tious" two- l eve l a t oms i n t he free space. The se two "e f f ec­
t ive" a toms a re charac ter ized by d i f f eren t damping cons tants 
(r1 == r (1 - 0 and r 2 ~ r (l + (N - 1 ) 0) and with differ en t 
Lamb shif t s (Ill == ( 1 - of) and 11 2 = 1lC1 + (N -1) ( » . Each of 
these atoms radiates a di fferent fraction of t he energy - the 

"f i r st" (N . ~ 1) and second ~ part of the whole energy. It is 

seen t hat the "f i r s t " atom is effectively "respons ib l e" for 
the r adia t i on s uppre s s ion. 

The best way how t o see this is to study t he spec t ral pro­
perties of the rad i a t i on f rom our system of a toms. The spec t ­
ra l line 41( "' ) defined as 

Um < 11'( t ) I ~ i :!; a.. Ill'( t) > = 1 2..Idw~ ( w ) , 
TTt .. "" k k k 

is t he sum of two 	Lorentzian contours, each of t hem is charac­
ter i zed by the parame ters Il l' r 1 : 
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N -1
~(w ) -_. r 1 1 re 

+N «w - Wo +Il/+ r12) N «w-w + 1l )2+ r; ) . o 2 

Here we exp l ic i t l y wri te al so the Lamb shi fts becau se they in­
dicate t he frequen cy sp l i t t i ng of t he r adiat i on f r om the "ef­
f ective" atoms. The spectra l l ine ~(w) fo r ( = 0.75 i s given 
i n Fig .l. The narrow peaks ( for N = 2,4) in t he pic ture cor­
respond to t he s uppre ssed radiat i on and can be d i stingui s hed 
from t hat part o f t he r adiat i on wh i ch i s emitted with the 
high ra t e r2 proport i onal to N (wi de peak, which is we ll seen 
i n Fig.2 for N = 2). For comparis on t he spectral l i ne of the 
radiation from an i sol a t ed atom i n the free s pace is plotted 
i n fi gure 2 too. The rad iat ion suppression i s more transparent 
as r .... O. In Fig.2 the s pectral l i ne ~(w) is plo t t ed for (= 
== 0.999 ( t his va l ue of of corresponds, fo r i nstance , to inter­
atomi c di s tances i n t he c r ys tal and for Wo proport i onal to the 

10 15 optical f requency - s-l). In thi s cas e fo r N = 2 two peaks 
can eas ily be di s tingui shed and the narrow peaks become very 
sharp. 

~=0.75 
~ = 0.999- I3 I 

N~~l 3~ 

~ 

N= 2 

N =1 
N = 1 

"" 
o 	 O.S 1.0 1.5 o 0.5 1.0 l.S 

W/Wo W/Wo 
Fig . 1 . SpectY'a l Line ~(w) f oY' Fig. 2. SpectY'Q l line ~( w) f oY' 
N =1, 2 and 4 when of = 0 . 75 N =1, 2 and 4 when e =0 . 989 
and r == Il = O. 2 w 0 • and r = Il = O. 2 wo . 
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We can conclude that by studying the spect r a l proper t ies 
of the radiation from the s ystem of N atoms prepar ed a t t = 0 
in a fashion def i ned earlier, we can find the trace of the r a­
diation suppression effect. ~ve have demonstrated this claim 
assuming the atoms to be equally separated. In general, the 
effect persists also if the separations among the atoms are 
not equal in the sense that the system of N identical atoms 
with excitation number equal to one radiates more slowly than ". 
an isolated atom/ 17 / • However, in the c ase we have studied 
the radiation suppre s sion can be seen in the clearest way. 
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C[ 

BY3eK B. 	 EI7-88-699 
o gHHaMHKe B036~eHHoro aTOMa B npHcYTcTBHH 

HeBo96~eHHhlX aTOMOB B cBo6ogHOM npOCTpaHCTBe 

I1ccJtegoBaHa gHHaMHKa CHCTeMbl N gByxypOBHeBbIX aTOMOB 

B cBo6ogHOM npocTpaHcTBe B cJtyqae, Korga K Ha q aJthHOMY 

MOMeHTY BpeMeHH TOJthKO OgHH aTOM HaXOAHT CH B B035y~eH­

HOM COCTOHHHH. IToKa3aHO, qTO XOTH qHCJtO MOA noJt~ 9HaqH­

TeJtbHO 60Jtbme, qeM qHCJtO aToMoB,H BCH 3HeprHH npeo6pa3Y­

eTCH B nOJte H3JtyqeHHH npH t ~ ~, B09MO~HO 06Hap~HTb 

CJteACTBHe 3q,q,eKTa "JtOBymKH" H9JtyqeHHH. 

Pa60Ta BbmOJtHeHa B TIa6opaTopHH TeOpeTHqeCKOH q,H9HKH 

OI1HI1. 
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in 	the Free Space 

The dynamics of the system of N two-level atoms in 
the free space is studied, when at the initial moment 
just one of the atoms is excited. It is shown, that tho­
ugh the number of the field modes is sufficiently lar­
ger than the number of the atoms and all energy is trans­
ferred into radiation field as t ~ 00, the trace of the 
radiation suppression can still be observed. 
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