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1. INTRODUCTION 

We consider a bigh-T, superconductor as a strongly correlated system 1 

with a small concentration of holes. For simplicity we restrict here to a one
band Hubbard Hamiltonian. However, the described methods are without 
essential changes applicable to more realistic Hamiltonians taking into account, 
e.g. (i) the anisotropy of the coupled Cu-O planes, (ii) two bands correspon
ding to Cu and 0 respectively (see, however, also /2 '), and (if necessary) fiii I 
electron-phonon interaction. Thus we start from the Hamiltonian 

H=-Itl I c7a cJ -jlLn1a+Ulni.n 1 •• (1i 
<Ij> U 10
 

a
 

Eliminating (in first order in t/U) from the first term in (1) the transitions 
between singly and doubly occupied states /3! we obtain 

4t 2 -> -> 1 
(2)H eff = -it! I <acJa -11 I + -- I ISISj - -nln; I,n10 < IJ> i a U <Ij " 4 J 

a 

(n I = n j r + n I.J. For simplicity, in (2) we left out a 3-sites term, small for 
small hole concentration. H err has to be used only in the restricted Hilbert 
space without d o u b le occupation.' (The kinetic term in (2) should be better 
written in terms of the Hubbard operators: c ~(1 .. )( ~ 0, c 17-> )(OCJ). 

The exclusion of double occupation can be done in seve~ ways. (i) The 
simplest method is explicit projection, i.e. to substitute in the kinetic energy 
in (2) 

c +IU c J0 .. (1 - c .T C ) c.+ c . (1 - c::'" C J., -a ) . (3)
1, -<J i, -(J 10 Ja J,-a 

This leads to a complicated 3-Fermion interaction. (ii) A second possibility 
is the slave boson technique /4'. This method, like the representation of the 
cooperators used by Anderson and coworkers (see, e.g/ o! , and also 110/ ). 

has some similarity with the method used here. However, besides the not 
very clear statistical nature of the introduced "bosons", too much fields 
are used (~~te that additionally a Lagranl,e multiplier for the cons~t is 
needed). (iii) Anderson and coworkers I I used the Lagrange multipliers 

....~.' ...~ .. ".4, ,. 
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of three constraints as the time components of an SU(2) gauge field. (iv) A fo
urth possibility, considered here, is based on the idea to derive a functional 
integral representatioriby introducing (after each infinitesimal time interval) 
a "restricted" unity, I, Le. a projection onto the restricted Hilbert space. 

In a special representation that fourth possibility was already used by 
Wiegmann /7/. It is the aim of this work to investigate systemically such re
presentation with the smallest possible number of fields corresponding to the 
restricted number of degrees of freedom, 

2. RESTRICTED UNITY BY MEANS OF COHERENT STATE 

From generalized coherent states /8/, 'l'(a) I ) , where the operator 
T (a) , giving an irreducible unitary representation of the Lie group (tl charac

terizes the group element), acts on a reference state I) , one can construct 
projection operators 

+Pta) ~ T(a) yT (a); ( ,1 ) 

x = I )( I is the projection operator onto the reference state. Integration 
over a with respect to an invariant measure d M(a) provides then a roso
lution of the (restricted) unity 1: 

r dM(a} Pta) = '] • 
(fl) 

This restricted unity is used for till' derivation of 1I functional int..gral 
representation by inserting 1 after 1',I('h inf'iniu-sunal Limo in torva I (SI'" Appl'n
dix). Strictly, what is really necessary for HII' COl1Ht.rudioll of L1l1' fllndiollal 
inl.l'gml is an operator T( a) satisfying 

( I T I (<t) 'I' «(/) I) I, 
(Ii) 

111111 a uu-usuro sat.isfyillg (Ii]. 

1"01' rllusl.rnl.ion lr-t. us consitll'r a spinlr-ss "rl'l'IlIioll" dllll'lldl'r1/,l'd by tilt' 
opl'rntolli t', I' I (Ollt' IlI'gn'l' of fn'l'doll\): 

'I I I 
i( 1/1 ,. I ""/1 I I --I( '/'" I ",/, )I' ('/1, '/' I ) " I ()) (I) (l ('I) 

Ile'I'I' t.hl' VIlC'I/lIIlI i" 1IIll'd III! n,r.'n'lll't' /'l1.1I 1.1' , 1.111' I'll pOl It 'II t.1l t'ollt.lIin Llu- 1'11'11 It'll I. 
or 1.111' Lit· IIIW'''lII 1II'1lI11lt'd Ily t', t· I (1I11d uml.y , lI11t. 11l'I'I'/'l/'lary), nrul (nllTI'" 
pOlulill"ly) l.hr: V'. ,/. ' lilt' (hlllllHiIlIIIII VllrllIl,lt'll III' 'I'lu: n·/lClillt.lllll (lIt'I(' or 
UIl' IIl1n'~t.ridl'd) ,lIl1ily ill lliVtl lI "y" pq 
I tlo/, tl,/, I' ("" '/' ) , I 0 ) ( 0 I I I I ) ( I I ~ I , 

'1. 

In the case of the lower Hubbard band the super Lie algebra is spanned 
by the Hubbard projection operators /10/ y 00, ytt, Y H , )(1'. C~ 11')(.1, 
)( H , Y ot, X 0 ., X to, Y .. 0 and unity, instead of the much simpler algebra of 
c t , c .. , c~, c! (and unity) characterizing the unrestricted Hilbert space. 

In the following we introduce only one pair of Grassmann variables 
if;, :J; + (for each lattice site and each time) in contrast to Wiegmann / 7!, who 
introduced r/J t , r/J 1 ,r/J ,0: (and thereafter a constraint). Our physical rea
soning for the minimal possible number of fields is as follows: The electron 
is either present or absent (at given site and time), this should be described 
by one Grassmann pair; then we have to fix its spin direction, this should 
be described by one c-nurnber with at least two values. We write down the 
most general expression for T with only one Grassmann variable :J; : 

-T .~ 1 t a oX 00 + G,. ),:',"'" '", ,(~ ),' • .j. t y X r , + y)( 
H + 

.0 o , 1+;; (9)
tOO t 

t 1\,/1)( + X fjt t /-3 c/J y + X I·i) /J J. ; 

an '- an + bor/Jr/J-'-, y",gtd!/;tj;', 

, -.- (10) 
I( t a 1 t- b t!/JlJ; , y c=g +dl!;t//+. 

• ! !
 

1"01' tho c-nurnher coefficients a o ' " a, , I> " g, d , g, d , 11 r , III we obtain
0' 

I l • 

conditions by l.ho unitarity requin-mr-n! [or T aurl tile requirement of tile 
rosolut.ion o[ unity (fl), 

Out. of till' lar~(' family of representut.ions WI' COIICl'lItraLe ill tile Iollu
w ing on /'lpl'cial f('pn'St'lItlltiolls hy spt-cifying tho n-fr-rr-ncr- statl' liS thl' vacuum, 
i) I o i . WI' think Lhut th is rden'll(~e state ('orrl'spolltls hdtl'r to till' (maK 
m-l.u-nlly 1101, ord('n~d) superconducl.iru; phas« than till' alltifl'rrollluliCrll'tit
n,rl'n'lIl'(' stat.I' IIsed in '7!. l lowr-vr-r it. is ..It'ar 11'0111 tilt' W'lIe'ral I.lIoory 1M thut 

1.11(' d'lll1t'll (1'1'1'["('111'1' staU' dot'S 1101 play anv pllysil'ld roll', '1'114011 WI' obtuiu 

1'01' till' I'rojl'ction opl'ral.or (-1) !.IH' Spl'('lal Ktdllllllll ('1/110111-( otlu'r /'lOIU!,jOIlIi) 

" 'I' v 0" '1' 

i" •• 0 , {I I I ot.
II I '//1/' I I I! '/' \.'" I II 1/' v I \ I I , 1/' '/1 I {I : \ 1/' I {I \ 1/' It 

1 I I 

( I I ) 

fClI ('llt'h Hitt, alld I'llt'll 111111'_ "'or II 1111' l"lloWllIg two "'plt'Ht'lItatiollll ('1II1 lu

1/ NI'! I 

\lll 
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with the resolution of the restricted unity 

+ -I./Jt/J+ 17 d¢ 00 t r ! r dl/J dl/J e r - p ~ X + Y + X 
o 17 

! " 
"': 1, 

The author is indebted to Drs.V.E .Korepin, A.L.Kuzemsky and N .M.Pla
kida for discussions and their interest in this work and he wishes especially 
to thank A.L.Kuzemsky for help with the manuscript. 
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(ii) f3 t I , fl 
! 

+ I ,	 (12b) 

with 
+
 

I - rjlljl 00 r t "
 r d 0 d"" e 1-- L P x t X +X "" =: 1 
2 f3,,~+1 

The second case precisely corresponds to the physical reasoning given above. 
Finally we write down tho substitutions transforming the original opera

tors into the fields of the functional integral (for details sec the Appendix): 

oa , fJCja' x • ~Jj .lITJ ( l:J) 

+	 an I
 
-. rjJ. II"
C ja -> X j .I j IT • 

3. DISCUSSION 

We constructed a Iunctiouul ill\'(·l.(ral fj'prpS('lItaUolI ill til(' lowor lIullhard 

hand (after taking into ac('ount virtual tran~itioml lo IIII' IIPllPr i Iubbard halld 
hy the usual canonical transformation) hal>l'd on 011(' (:fII~Slllllnn fiPld and onl' 
two-valued c-number field. At least for vvnluution hy a (·olllplIl..r lhi~ uunnnul 
possihl« runge of the field con Iigurat.ions in 0111' sdlf'nU' S4'l'ln.~ 1.0 1)4' all rulvnu 
laj.(l'. 'I'hr- dr-scription with 011 Iy 0 Ill' UrilSSlJlal1fl Iu-h l wliS forlllnlau'd w III I0111. 

int roducing a constraint between Grassmann fil'lds for II", two Spill dlrl'" 
!.iOI1I1, 'I'hr- conncctiou of our scheme with a ~allj.(l' fil'ld t.lu-o rv ill 10 hI' sl.lIIll1'd, 

In som(' 1>1'111>1' t.ho Grassmann fiPl<l '!I n-miml« AlId"pion' S ~PIllOII. t hp 
phll/i" ,I, of II has SOInl' similurity with !.III' transflll"lllt'd pllll!ll' 11\ (IU' slaw 
hO/ioll 1.I,('lIl1lqlll' I I' 

In 1I1l' ad-ion lilt' II illt'lllali('al part I\. "n and LIlt' \'P'1Il ,'olllilllot frolll II ::rr 
nro hilhwllr ill t.lll' t lra:;slllillln fi,'ld, '1'111' pml I\.,,~, ,d' IIII' lId.i' 'II ,'oIlJiIlH 1'1"111 

till' 1l1l!.i1'l'ITOIllIlIotIlI'IIf' h-rm ill II "rr I"IUI Ill' hlllll"IU'I'/,l'd Willi IPHI""'I, 10 1114' 
(lmHHIIlIlIJII I'll-Id ill UIf' usunl WIlV hy	 III I'llliS of II l lu hhunl Hlnalollovlf'h IIIIIIN 

1'0 rm ul.lon .	 Art.· r ,'vIIIIIU"1I or 1111' t : rnHlIII 1111 III 11I1.1'j,lrnl II pll ....IV hONOlIlI' tI,,'oly 

1'1'11111111". wlI"n' Ill" l'oltllll"/llId.H /1'111'111111011 of dOllhl1' OITIII'IIIIIIIII lin' I'xllI'll.v 

!.lIkl'lI illio 11("'011111 

I
 We consider the generating functional (Matsubara technique) and intro

duce a time lattice:
 

-i{3 
+ na 

Z ( T/' T/+] =, Tr IT exp f - i r dt (H e rr +	 k TJ. (t) Y . + L ya 0 TJ (t) ) J I 
ja]a J ja J JUo 

N -1 ld + -o , (I ) .1,+ 

n !/J j (t n) d Vi / t [1) e J 0 'I-' j (I 0) 1 L x 
O~O 2 f3(t)~±t 

j	 J. IT 
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Ja 
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JO	 1 
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lind 11I1II1"W111H "KI'I"WUOIW f'lr 1.1)(' nU u-r t"I'IIIS f,f IIu- Ilctioll. 
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Because of the T-ordering in (AI) the sources have to satisfy the boun

dary condition 

1/ jq(t N ) ~ -1/ jl1 (t 0'" 0),	 (A4) 

leading to (as one would expect) 

~)j(J (t N) -l,!Jjq(t o ) 
(A5)

f3 t (t N) f3 t(t o ) '
 
j ~ j ~
 

We have to mention that in (A2, A3) terms (coming from (AI, A5) 
anomalous at the lower boundary of the time interval (at to~ 0) are not 
written down. It has to be investigated in detail whether such terms and other 
(time) lattice effects are essential in the sense of Klauder 112/ or whether one 
can immediately go to a simpler continuum version. 
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BeJDiepB. 
0 <PYHKQHOHaJibHO-HHTerparu.HhiX npEmCTaBneHWIX 
,lJ,JIR HH:>KHeH xa66ap,ltOBCKOH 30Hbl C .HCnOn&30BaHHeM 
o6o6J.UeHHbiX KOI'epeHTHhiX COCTORHHH 

E17-88-510 

lf3yqancR O.ltH030HHbiH I'aMHn&TOHHaH Xa66ap,~:ta s npe,~:tene 

CHnbHOI'O B3aHMO,lteHCTBWI. C nOMOJ.UbiO KaHOHHqecKOI'O npeo6pa30Ba
HHR (B nepBOM nopR,~:tKe no t/U) B 3TOM raMHnbTOHHaHe HCKnJOwnHCb 
nepeXO,ltbl Me)K)J;y COCTORHWIMH C O,ltHHM 3neKTpoHOM H .ltBYMR 3neK
TpOHaMH Ha y3ne. llpH HCnOnb30BaHHH o6o6meHHbiX KOI'epeHTHbiX 
COCTORHHH HCcne,~:tOBaJIHCb npe,~:tCTasneHHR B BH,lte <PYHKQHOHaJibHOI'O 
HHTerpana, KOTOpbie HCKnJOqaJOT ,lt88)1(,ltbl 3800nHeHHbie COCTORHHR. 
llpe,lJ,JIO:>KeHO cneQHaJibHOe npe,~:tCTasneHHe, B KOTOpoM Tpe6yeTCR 
Ton&Ko o,~:tno rpaccMaHoso none 1/J H O.ltHO c-qHcnosoe none {3 ( s npo
creiiweM BH,lte f3 = ±1) B ToquoM COOTBeTCTBHH C OI'paHHqeHHeM Ha 
qHcno ·cTeneHeH cso6o.~:thi. 

Pa6oTa B.l>UlOnueua s Jia6opaTopHH TeopeTHqecKoH cpH3HKH O.H HH. 

Coo6ll.l&HHe 061tenHHeHHoro HHCTHTyTa R,11epHWx HccnenoiiUIJiil. ,Uy6aa 1988 

Weller W. 
On Functional Integral Representations in the Lower 
Hubbard Band Based on Generalized Coherent States 

E17-88-510 

The Hubbard Hamiltonian is considered after the elimination 
(to first order in t/U) of transitions between singly and doubly occu
pied sites by means of a canonical transformation. Using generalized 
coherent states we investigate functional integral representations exclu
ding double occupation. A special representation is constructed, which 
needs only one Grassmann fiel4 1/J and one c-number field f3 (in the 
simplest form f3 =±!) in exact correspondence to the restricted number 
of degrees of freedom. 

The investigation has been performed at the Laboratory of Theo
retical Physics, JINR. 

Communication of the Joint hwitute for Nuclear Reeeucb. Dubna 1988 


