
O ~ ~ ~ ~ H I I ~ I I I I ~ I R  
HH CTHTY T 
IIdepHblX 

wccredoaanwfi 

ON THE FINITE SIZE SCALING EQUATION 
FOR THE SPHERICAL MODEL 

Submitted to "Journal of Statistical 
Physics" 



The foxmulation of the f i n i t e  s ize  scal ing ideae( l s2)  a t  

the beginning o f ' t h e  70'8 revived the i n t e r e s t  i n  the spherical 

Due t o  the  remarkable opportunity it offere  f o r  a 

rigorous atudy of f i n i t e  e l s e  e f f ec t s  a t  a rb i t ra rg  dimeneionality, 

t h i e  model became a touchetone f o r  various scal ing hypotheses 

and a eource of new ideaa i n  t he  general theory of f i n i t e  s i z e  

ecaling both i n  the c r i t i c a l  region (6-12) and i n  the  v i c in i t y  of 

a f i r e t  order phaee t rane i t ion  (13-17). It8 re la t ion  t o  other  

current problem8 i n  the  theory of phase t rans i t ions  and c r i t i c a l i t j  
(18) i e  outlined i n  . 

I n  t h i s  paper we consider the ferromagnetic mean epherical 

model(4) with periodic boundary condition8 i n  f u l l y  f i n i t e  geo- 

metry. The model Hamiltonian i s  defined on a d -dimeneional 
d 

t o ~ s  TN = { . I , . .  .,No 3 of N = N /  s i t e s  and hae the form 

where EG T, , O; E ~ j '  l a  the spin var lable  a t  s i t e  , g()t 1) 
i e  t he  pa i r  i n t e r k t i o n  potent ia l ,  H GR' i s  an external nwne t i c  

f i e l d .  The exact pa r t i t i on  function of the  f i n i t e  mean aphedca l  

model depend8 on the  in te rac t ion  only through i t s  Fourier 

where 

-e ,,., y u,-.-¶ - 2 Y 



end l a  given by the  expreeeion 

Here p ,  0 i e  the  inverae temperature and the Lagrange multi- 

p l i e r  S=S,( H obeys the  mean spherical conatralnt f .  j 

If we ee t  

then the equation f o r  the  epherical f i e l d  (1.4) takee t h e  fox111 

where 

The etudy of t h e  difference between the d - fo ld  q (1.5). 
a t  l a r g e  N~ and.erna1.1 + , and i t e  l imi t ing  d-dimeneiond -- 
i n t e g r a l  

z- 

l a  t h e  corneretone i n  the  der ivat ion of f i n i t e  eiee e f f e c t e  i n  

the  mean epherical model. There exiet  several  appmachea t o  the  

eolution of t h i e  problem: d i r e c t  evaluation of the  cloeenese of 

the  8um t o  the  l i m i t i n g  in%egral("l) ,  methods baeed on the  Poiaeon 

mnmnation formula and the  Ihrald sumat ion  technique(12). 

The uee of the  Poiaeon Burnmation formula makes poesible the  

e x p l i c i t  eeparation of f i n i t e  e iee  e f f e c t e  from the  bulk contri-  

but ion  (8*10*11). Thie approach i e  readi ly  applicable t o  eyatems 

with ehort-range interact lone,  when the  Fourier  t r anefom (1.2) * '  
has a quadratic long-wavelength asymptotic form Then one haa t o  

calculate  the  d -dimensional Fourier  t r anefom of ( + ?I)-' , 
?= 2d+, which can be eaei ly  performed by uaing the  elementary 

i d e n t i t y  - -3t '4 -&t 
(a+ ' t l ) - i= jd te  0 e 

0 
d9.4 

T h i s  t r i c k  reduce8 the problem t o  the  calculat ion of one-dimen- 

e ional  Gaueaiaalntegrale  over -PL%.c<T , d = ' f , . . . , d  . 
On the o ther  hand, an a r b i t r a r g  long-range in te rac t ion ,  

deosjing a t  l a rge  dietancee as  d/rdW with U > O  , hae a 

Pourier  transform with the  low-wavelength aeymptotice 
(5,19,20) 

The f i n i t e  e ize  e f f e c t s  i n  t h i e  case have been etudied 'only by 

the  d i r e c t  evaluation method and near  t h e  f i r s t -o rder  phase 
(17) boundary . 

One of the motivations of t h e  preeent work wae the wieh t o  

etudy f i n i t e  e l s e  e f fea te  i n  the  epherical model wlth long-range 

ferromsepletic ln te rao t ion  of t h e  type (1.10) i n  the  c r i t i c a l  

region ae well. The m s i n  idea  of our approach becomee transparent 

when one coneidem the  iden t i ty  (1.9) ae a Laplace t ransfornat ion .- 

of the  functiom ex~ ( -#+ )  . Then, f o r  interactions (1.10) w i t h  
=bit- 0-6 ( 0 , 2 )  , inatead of (1.9) we wri te  

*rn comparing the r e a u l t s  of Refa. 8, 1 0  with those of Ref. 11, 

one concludes t h a t  the  f i n i t e  eiee ecal ing i e  detemined by the  
A 

leading aeymptotic f o m  of the  function 3 ( ? )  and does not - 
depend on i ts  de ta i l ed  behavior, 



-c c< 
b

 
w 
0
 

-
9

1
 

(
d

w
o

 
Y

d
d

 
w *:

S
&

 0
 

a
0

1
2

 
M

Y
1

 
0
 

m
 

i! 
e

1
d

Y
 

9
m

6
k

 
a

s
;

;
 

:
9
5
 

1
 

d
Q

k
k

 
o

 m
 

r
l

g
a

 
B

ii 
0

 

n
 
*;Ti 

a
 - 

e 
"a +

,&
 3 

f:- 
O

a
 

Y
"
 

0
 
;
 4 

Q
$

Y
A

 

; g a: 
a
 

+
r 

m
Y

m
2

 





Since the ecaled epher icd  f i e l d  (17) +&' i e  f i n i t e '  i n  the 

e r i t i o a l  region (see ~ q .  (4.20) below), the 1 k_ ( - oO asymptotic8 

of (2.18) 

ensurse the absolute convergence of the d-fold se r ies  

Theref ore ,  
-d+r-#,( + f ~ ~ f - " ~ ( + / / ~ ) ,  

z';t+; NJ) = ~ ' j ~ ' ( + ; n k  1 - O(x 
(2.21) 

k k 

which impliee tha t  the leading @ ( n / . - d i r )  f i n i t e  e l se  te rns  are  

determined solely by the I$/ '  aaymptotics of ' 3L (%)  . This f a c t  - - 
hae been used i n  Bef.17. 

Sumar i~ ing ,  without l o s s  of generality,  we may cnnfine 

ourselves t o  the etudy of the simpleet renpresentative of each 

universal i ty  claee, nfanely the  one with 3( f )  of the form (2.1) 

f o r  a l l  $ ,-K< % S T  , & = I  ,..., d .  - 

Here we expose our method of evaluation of the leading 

u p p t o t i c  i o n  of the  Pourier t r a n e f o n  g P ( 4  h ) . l o r  

aimplioity of notatiom, i n  the remainder we s e t  a= #/fr . . 
Suppose t ha t  the function F (+) i e  defined by i t a  Laplace /" 

f o r  5 ,  Y O .  Then P' w 
4 cw0 k.f G) = (lrrd I---Jdde (j+ ttlr)-' e' - - 

-Cii 

Bere @ ( C )  i e  the e m r  fvnotion of a complex variable s4 , 

d Re ! d?(z*l) a m t e e  it. n.1 p e .  

Since f o r  kd  + 0 
I-;slZ 2 a/u, lk , /  4- , 

*fo-Y i* X 3 0 , one may uee the known large 1 z ( a e p p t o t i c  
expaneion 

and prove tha t  the  leading asymptotic form of the right-hand eide 

02 J4.(3.2) reeul te  by ee t t ing  @(+,) = d  , d=i  ,..., d ,  1.e. 

where 



4. EQUATION FOR THB SPHERICAL FIELD 

Here we obtain the leading scaling behaviour of the bulk and 

finite aise tenna in (2.2) and derive the oorresponding asymptotic 

foxm of the equation for the spherical field (1.5). 

By eubstitution of (3.5) into the sum in the right-hand side 

of Eq.(2.21) and exchanging the order of eummation and integration, 

one obtains 

Next, following we use Jacobile identity 

to tranafonn expreaaion (4.1) to 

where 

levertheleee, we can transform further Eq.(4.4) by using the 

emall argument asymptotica of Fp/, 1-k) , which follows from the 
definition (3.1) : 

I For P c  d 4 2w we write (4.4) identically in the f o m  

(4.8) 

where 

and 
I - k Z t  - (q,""] = ~~y~ = 7 ~ t  lylt) "-'/rrpi2)l[ 2 e 

0 
k 
IC 

We notice that the two tenua in the aquare bracketa in Bq.(4.4) 

c-ot be integrated separately, mince the d -fold e m  

dirergea at d 2 0- and eo doea the integral 

= 7 w - z  C ~ , J  r ( c / z l  . 

~n (4.9) we have introduced the notation D 
dJb 

for the integral 



and i n  (4.10) CdJr denotes the  Madelung type constant (see,e.g. 

Ref .2 l )  
00 

Here r ( d r  X )  is  t h e  incomplete gamma function. 

Final ly ,  from (4.31, (4.9) and (4.10) we obtain 

The leading aeymptotic fo rm of the  bulk term can be 

obtained by s e t t i n g  I<, = O  , d = 4 ,... ,d , i n  Eq.(3.2) and then 

separating off t h e  s m a l l  argument aeymptotice of Fw,, (t) : 

Hers 

and DdPp is  t h e  eonstant defined by Eq.(l . l l) .  

Row we a re  ready t o  wri te  domi the  equation f o r  t h e  spher ical  - 
f i e l d  $d =+/P, i n  t h e  c r i t i c a l  region. Taking i n t o  account the  -- 
def in i t ion  of the  bulk c r i t i c a l  temperature 

and co l lec t ing  t h e  r e s u l t s  (1.51, (2.21, (4.13) and (4.14). we 

obtain 

By introducing the appropriate scaled var iables  

where && l i e  the  f i n i t e  s i ze  temperature a h i f t  

Eq.(4.17) can be wri t ten i n  the urrj vereal fo rm 

5. DISCUSSION 

There i s  a very s t ra ightfomard,  although not exact and 

rigorous, derivatiolu of Eq.(4.20). It s t a r t s  with Eqs.(l.5), (1.6) 

and the  iden t i ty  

The f i r s t  t e r n  i n  the  right-hand s ide of Eq.(5.1) i e  of order of 

uni ty  f o r  d > V and we may e e t  

r- 

where e,,, -+ 0 a m  Ne + - . The la rge  and small asympto- 



t i c  foxm of the  l a s t  term i n  the right-hand s ide  of Eq.(5.1)' f o r  

Q c d c  zc is  determined by the mall argument behavior of A($)  , - 
thus we have the approximation 

L. 
Combining the  above m a u l t e  with Eq .(1.5), we recover exactly 

Eq.(4.17), provided the value of EN is  specified according t o  

Eq.(4.19). 

Thue one pf the  main contributions of our work consiats  i n  

euggeet iw a method of jue t i f i ca t ion  of the  approximations 

involved i n  Eq.(5.3). Some wathematical problems a r i s i n g  in  our 

approach are discueeed i n  the  Appendix. 

Next, we have given ma ana ly t ica l  4efinit;ion of the  tsmpera- 

tu re  e h i f t  EN which makee connection t~ t h e  ladelung type l a t t i c e  

c o n ~ i t s n t q ( ~ ~ ) .  The previously obtained rgsu l t  qf Shapiro and 

l&dnick(12) is based on numerical approx$matio~e. Bxpreeeiop (62) 

of Bef.12 f o r  the  temperature s h i f t  i n  our notat ion takes  the  fozm 

On the  other  hand, i n  the case of simple cubic l a t t i c e  with 

nearest  neighbor interact ione of etrength 3 , one has g- =2 

andp3(0 j  * 1 , ,which eimpll f ies  our  expreseion (4.19) t o  the  form 
. . 

The numerical value o t  CJ12 found by Harris and Yonkhont (24) 

(me. a l ~ o ( ~ ' ) )  i e  C,,* = -8.913 633. Thie give. f o r  the  numerical 

prefactor i n  Eq.(5.8) the  value of 0.225 785, which i e  t o  be 

compared t o  the c o r r e e p o n d i ~  value of 0.238 732 i n  the  approxima- 

t i o n  (5.4). 

We believe t h a t  Bq.(4.20) provides a very na tura l  basis  f o r  

deriving ueeful asymptotic expressions f o r  the  epherical f i e l d .  

We mention here two l imi t ing  cases. - 
When /VoQ> 1 , f o r  0-4 d < Z v  we may approximate the  EUIU 

i n  Bq.(4.20) by an integral(17) :  

where (c.f. Eq.(3.22) i n  ~ e f  . l7)  

(17) The above asymptohic form hag been derived by Pisher  and Pevman , 
a t  Q = Z  it agrees with the corresponding expression derived 

p ~ o u s l y  by Hall(25). With the  use of (5.6) one f inds  the  asymp- 

t o t i c  solut ion of Eq.(4.20), which t o  the  leading order i n  3(,* 1 

i e  ( f o r  )(, - f i n i t e )  

i .e . it recoven  the  f m i l i a r  bulk high-temperature, eero-f i e l d  
( 5 )  . . reault . - 
Whenever Eq.(4.20) has a eolution jb&.T44 1 , urre can be 

made of the  asymptotic expansion (26 

The conetant 

(26) has been calculated f o r  d = 3 and cr= . by Zasada and Pathr ia  , 
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f o r  any t > O  the  in tegra l  i n  Eq.(A.3) does not depend on X 

f o r  all X > O  . I n  the  l i m i t  X -, 0 one obtains 

One can check t h a t  t h i e  expression givee the  par t i cu la r  cases 

00 

m (ty) +'$A" f t j )  - t 
F ~ I ~ J -  & Jdr = e 

I +  yt  
0 

and 

,UL 4 
one can obtain  a more convenient I n  the  case of 04 

representation of F (t) by deforming the contour of in tegra t ion  /" 
i n  (A.3) t o  the rime of the  cu t  along the negative axis. Thus we 

f ind 

Aa f a r  aa problem (3)  i s  concerned, we note tha t  the  Jacobi -- 
iden t i ty  (4.2) convert8 a s e r i e s  uniformly convergent i n  the  

' 

i n t e r v d ' 0 ~  t ' S  T, , with sny T,E(o,-)  , t o  a e e r i e s  unifom- 

l y  convergent i n  t h e  in te rva l  t,< t 4 - , with auy t, > 0 . 
Since the  integrand contains a f a c t o r  Fwz (~'t) , which f o r  r r ~  2 

i s  singular a t  t = 0 , t h i e  ma). cauee a problw ( see  Bq.(4.5)). 

To avoid it, we subtract  from Fp It) i t s  s ingular  asymptotica 

(aa t + 0 ) and study separate ly  the  convergence of the  in tegra l  

containing it (see Bq.(4.10)). The l a t t e r  i s  just  t h e  tenn giving 

r i s e  t o  the  Yadelung type constants. We w i l l  not pursue here any 

f u r t h e r  the s u b t l e t i e s  involved i n  t h i s  problem. 
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