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Cavity electrodynamics has been one of the central topics
of quantum optics in recent years. Interesting new aspects of
single-atom single-mode behaviour have come to light. These
effects include, for example, the enhancement /! and suppres-
sion/2.% of spontaneous emission. The exact solution for the
one-photon~transition spontaneous emission from a two-level
atom in a detuned damped cavity has been derived 48/ | In the
present paper we treat an analogous situation with multipho-
ton resonance. *

In the rotating-wave approximation the Liouville operator
for the two-level atom interacting through the multiphoton-
transition mechanism with a resonant single-mode radiation
field in a detuned damped cavity reads as

L=(H/B,1+1A,. N

The corresponding Hamiltonian H and the field-damping Liouvil-
lian Ay are given by

H-two 8‘+tml+& +Jhg(S+am+ S-8+m) ' (2)

Ap) =xila(..) ,at1+[a,(..)a" 1L

Here S® and- S* are the population-inversion and transition
operators of the atom, w.=mw+A is the frequency of the atomic
transition, o is the frequency of the cavity field mode which
is represented by annihilation and creation operators & and
a*, g is the atom-field coupling constant, m is the photon
multiple of transitions, x=w/2Q is the cavity field damping
factor, Q is the cavity quality factor, and A is the detuning
parameter.

The statistical density operator jp for the combined atom-
field system obeys the Liouville equation

d”(:) =—1iLp(t). (3)

We consider the special initial case in which the atom is ini-
tially,inverted.and the radiation field is in its vacuum state
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p(0)=]+;0><+;0]. (4)

The equations relevant for calculating atomic population in-
version are found to be’?/

.<Sz>=,<+;0|'pl+;0>—%. (5a)
I’ r N _— ’ . 3
0 0 -igyml igyvm! W <+:0{p|+;0>
a 0 2xm igyml -igyml <=;mip|-
— —_— —_— =0.(5b)
dt -igym! igym!l «m+iA 0 <=;m|'p|+;0>
. igym! —igyml 0 Km-iAJJ .<+;0|'p|-:m>J

<+; 0[p(0) |+;0>=1, <—;m|p(0) | ~; m>=<=;m|p(0) | +;0>=<+,0| p(0) | ~; m>=0.

(SC)i

It is seen from eq. (5b) that the effects of the photon multi-
plicity of transitions (the multiple of resonance m) on the
spontaneous emission of the atom in the cavity can be taken
into account by introducing new effective coupling (gvml) and
damping (xm) constants.

The eigenvalues of the matrix in eq. (5b) are

P t\/%[ (®m® - A% —4g%m1) + \J(x%m® A% —4g%m1) 2 +4 A% 2m? ]

, . (6)
By using the notation
1 1 1
D(a,bc) = det | —1 1 1
&+ xm b+xm C +KkMm
1 1 1
a+%xm b+2xm ¢ +2xkm

D(Ap AgrAy) +D(A3’ Ap A) _D()‘c)‘r)‘:) +'D(A1'>\z')‘s) (7
A

Ae Ag Mg

A==
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we can represent the exact solution for the atomic population
inversion in the form

2

1.1 D(’\gvksvx4) )‘1‘ D(Aaykvkj) Agt

Sz B e e e e ——— —_———— -
TTTRR AL e. i Ag
' (8)
_ D(A4vklvhz) ehal N D(Alv 2 3) 3A4t ]
A3 A4

In the case of an ideal (undamped) cavity (x = 0),
sion (8) reduces to

the expres-

2
<Sz>=l- g ml

_smﬂ(t\/gzmm). 9
2 gfm + A% S
Under the condition of exact resonance (A= 0), the expression
(8) reads as follows:
(a) For xm < 2gymi:
-xmt

2{4; mi cos XL \/43 m -«°m¥%) -

- (10)
-x®m®cos (tv4g gml -x%m®) +xm\/4ggm| -xgmgsin(t\/tlgzml —xgmg)} .
(b) For xm= 2g\/_EIT:

-2gvmit - 2 2
(1+2gy/mit + g°mit") (11)

(¢) For xm > 2gyml:

-xmt

z 1 ® 2 gt "% !;

S o=t 4g"mch (= x"m"=4g"ml) +
2 x2m2-432m|{4g 2\/

(12)
+xBm2eh(tyx®m®-4g%m1 ) + xmyx 2m® —4g®mt sh (tvx®m® - 4g%m1 )}.

The expression (10) describes the oscillatory regime of
evolution. In this regime the atomic population inversion <S%>

contains the terms oscillating at the frequency v4g®m! - x®m?



and damped at the rate xm. The condition xm <2gy/mi for the
oscillatory regime has a very clear physical meaning: the
photons emitted spontaneously by the excited atom are stored
in the cavity long enough for the atom to reabsorb them.
Expressions (11) and (12) describe the overdamped regime
of evolution which occurs if xm>2gy/mi and A= O. In this
regime the atomic population inversion <8% exhibits an irre-

versible damping with the characteristics time 7, ,

il el xm-yVx2m2-4g2m)] (xkm > 2gymi, A = 0). (13)
As soon as km> 2gyvml the decay of the population inversion
is quasi-exponential with the characteristic time

Km
r ~
(4

14)
2g2ml ¢

We take into account the relation x=w/2Q =w°/&Qm between
the cavity field damping rate x and the quality factor Q of
the cavity in the case of exact resonance (A= 0). Then, one
can easily show from eq.(13) that the increase (decrease) of
the Q-factor in the regioanuo/tigm leads to the enhance-
ment (suppression) of the spontaneous emission of the atom in
the cavity in the overdamped regime of evolution.For some
experiments/ha/ the cavity spontaneous emission time r, may be
smaller than the free-space spontaneous emission time r_ . This
is the so-called effect of spontaneous emission enhancement
due to the presence of the cavity’89 . The subsequent increa-
se of Q in the region Q >ah/4gvﬁir leads to the oscillatory
regime of evolution. The self-induced Rabi oscillations even-
tually decay away with the characteristic time r =2Q/0, .

For the case of an arbitrary detuning A and an arbitrary
field damping «, the characteristic time f, of the sponta-
neous emission process can be determined by the smallest va-
lue among the real parts of the eigenvalues (6) to read

rél = xm —\/—;—[(Kgmz— Ag— 4gzm1 )+ \/(K2m E_ Ag-tsgml Y2, 4A% xgmzj . (15)

It can be shown from eq.(15) that
(lrc

—L > 0. (16)
alA| _

Therefore, the larger the detuning is, the larger the sponta-
neous emission characteristic time r; becomes. Evaluating
eq. (15) in the limit of large detuning, one finds

2
.~ A (AT
2g ®mixm

*m® 4 4g¥m) . (17)

Hence, we can see that if the cavity is enough off-resonant
for the atomic transition, spontaneous emission can even be
altogether suppressed/g'af. Expanding the right-hand side part
of eq. (15) in terms of g°ml , one obtains the evaluation

2me 2
r = -f—fl-:ft (ggm!v<< Kgm2 + Ag). (18)
c ]
2g*mixm
In fig. 1| we plot the time dependence of the atomic popu-
lation inversion <8%>calculated for different values of Agy =
=A/gyml and «kgp =«m/gym . It is seen from the figure that
the detuning and enough large damping of the cavity lead to
the suppression of the spontaneous emission process. The oscil-
latory (overdamped) behaviour of <8Z%> occurs in the case of
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Fig.1. Time evolution of the atomic population in=-
version (1): Agy =0.1, Kgpp =0.2, (1*): Agpt=3,
Ke":O‘Z,' (2): A.n :0.1_, K oft :2.5,' (2%): Ae“:vg,
Ke":2.5.
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Xetr= 2m/gim!
Fig.2. The dependence on kqy of the characteris-—
tie time r, calculated for different values of
Aerf .

high-Q (low-Q) cavity. These results have been obtained for
the one-photon-transition case’¥ ., Therefore, they are not
surprising in the multiphoton case.

In fig.2 we show the dependence upon kgrr of the characte-
ristic time 7, calculated for different values of Agrt . Now
we consider the radiation (energy change) rate of the atom

I(t) =-%<S‘>. (19)

In the general case of detuning and damping, the expression

for I is found from eq.(8) to be

I(t) =—A[D(A2,A3,A4)e - D(Ag A ,Ay)e + 20)
Ast A“

+ DAL Aghp)e - D(Ag,Ag,Ag)e 1.

In the case of an ideal cavity, this expression reduces to

21 —_ )
I(t) = Em gin (2tvg®m + A%/4). 21)

\/g!m! + A’E/4

Oscillating in times, expression (21) can take both positive
and negative values. It describes the periodical change of

6

emission and absorption processes. The corresponding maximal
value of I(t) is equal to

gZm!
Imn.x R ———— (22)
vEsm + A®/4
and periodically occurs at the times
m(1l+4k) ]
tm.l (k= 01112000-)- (23)

4vVgem + A%/4
‘x
In the case of exact resonance (A = 0), one finds from eqs. (8),

(9) and (10) the following:
(a) For xm < 2g+/ml

4gm .
I(t) = E ! ,*

mtsm (t? Vageim! - xZ2m®)
4g%m - ®m® (24)

x{kmsm(;—\ﬂggml -« 2m®) +yv4gim - x®m? cos (%Wﬁgzml -x2m?®)

This expression describes the radiation rate of the atom in

the oscillatory regime. The maximal value of I(t) is equal
to

. 2 9 .
I.,, =8Vmex|- ki arccos (— = )] «

a2 £ T

Jagim - x%m 4g "m!

(25)
X( Km_- + \/ WmT + 1).
2gym! 4g *m1
and occurs at
2 2

t = 1 arccos(&—) . (26)
max 2



(b) For xm = 2gym!

I(t) = 2°mit(gymit+ 1)e Vot

This expression has a peak equal to

— — Ve
1, = gv/ml (1+yB)e
at
t _ 1 1
mu'\/? g\/—l-li
(c) For xm > 2gyml
4g2ml -kmt R 7o T P
I(t) = e sh{ LV «2m® - 4g*m! ) x-
«2m? - 4g®m! 2

X{Kmsh(%\/xﬁmg—ﬂgm!) +VeZmP —4gm! ch(t? Ve m

(27)

(28)

(29)

TE_ B _ . 2

(30)
4g"ml ).

This expression describes the radiation rate of the atom in
the overdamped regime of evolution. Its maximum value is

equal to

~

KBmB k4mé

1 = g\/m( + -1
max 4g%m! 16g4(m1)*

xZm#®
—_—+1

” km
—_—
2gym]1 4g®m!

and occurs at the time

) km /Vx2m® - 4g2m1

31n

K 4m‘

1 x 2m®
tpax = ln(

2
Jxfm®- 4g®m! 4g”m!

18g4(m! )2

- 1) . (32)

Fig.3. Time evolution of the radiation rate I(t) .
Curves are marked as in fig.1.
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Fig.4. Maximal radiation rate 1 ,, in the case of
exact resonance plotted ag a function of the effec—

. tive damping parameter k..



L b}

|
0 2 4 6 8 10 2 1 16 3
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Fig.5. Peak time tgax in the case of exact reso—
nance plotted as a function of the effective
damping parameter kg, .

In fig.3 we show the time evolution of the radiation rate I
calculated for different values of A,y =A/gVml and kg =
= xm/gV/ml.. The parameters are the same as in fig.l.

In figs. 4 and 5 we plot the maximal radiation rate I
and the peak time tpzy against the effective damping parameter
K off =«m/gJ/m! for the case of exact resonance (A= 0). It
is seen from the figures that the x-dependences of these quan-
tities are described by monotonously decreased functions.

Thus, in this paper we have examined the multiphoton spon-
taneous emission of a two-level atom in a detuned damped cavi-
ty. The exact expressions for the atomic population inversion,
radiation rate and characteristic times have been obtained.
The influence of the cavity field damping and detuning on the
spontaneous emission has been analytically and numerically
discussed. It has been shown that the effects of transition-—
photon multiplicity (multiple of resonance) in the model con-
sidered can be taken into account by introducing new effective
coupling and damping constants. The enhancement and suppres-
sion of multiphoton spontaneous emission and the possibility
of various regimes of evolution have also been demonstrated.
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Multiphoton Spontaneous Emission of an Atom

in a Detuned Damped Cavity

The multiphoton spontaneous emission of a two-level
atom in a detuned damped cavity is investigated. The exact
expressions for the atomic population inversion and the
radiation rate are obtained. The various characteristics
times are calculated.

The investigation has been performed at the Laboratory
of Theoretical Physics, JINR,

Preprint of the Joint Institute for Nuclear Research. Dubna 1988




