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P Let us consider a square Ising lattice with annealed bond 
impurities which affect the magnitude (and possibly the 

I 

sign) of the exchange interaction J, between neighbouring 

f spins in the lattice. The value of the new interaction (due 
to the impurities) is denoted by J. The exact dependence of 
the phase transition temperature on the impurity concentration 

1 in the model has been obtained by Lushnikov/" in the case 
of temperature-independent interaction J. Recently the au- 
thorf2/ discussed in detail the opposite case of a tempera- 
ture-dependent interaction 

which arises naturally in a "decorated lattice" model of a mi- 
xed system of Ising and classical planar spins/3/. In ( I )  I, 
is the modified Bessel function of order zero, T is the abso- 
lute temperature, k is the Boltzman constant and a is an ar- 
bitrary (but finite) factor. 

In this note we consider another form of the temperature- 
dependent interaction due to the annealed bond impurities 
in the square Ising lattice, 

which arises in a decorated Ising model with three dimensional 
classical vector spins 14/. Because the function sh x/x in (2) 
is an even function of x and sh x/x 2 1 for all x = aJ,/kT, 
only two different physical situations may be considered: 
(i) when the lattice without impurities is ferromagnetic (J,> 
> 0) and the impurity changes the magnitude but not the sign 
of J,; (ii) when the ideal lattice is antiferromagnetic (J, < 
< 0) and the impurities introduce a positive interaction in 

i 
the lattice. 

Using a method of Lushnikov/l/ (for details see/zf) it is 
easy to obtain the basic equations, which give the exact de- 

( pendence of the phase transition temperature T, on the impu- 
rity concentration C (defined as the ratio of the number of 
impurities to the number of bonds) in both the cases. In the 
first case (i) we have 
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In the second case (ii) we need two equations to describe the 
dependence of T, on C, 

dF -- C 1 - C + = 0 (4) 
4 dF+l-exp(2(Jo(/kT) (aJo/kT)/sh(aJo/kT)-42- 1 

for small concentrations (antiferromagnetic lattice at C = 0) 
and 

for large concentrations (ferromagnetic lattice at C = 1). 
Of course, eqs. (4) and (5) must be solved together to obtain 
results for all concentrations. 

The difficulties of the subsequent analysis lie only in 
the transcendental nature of the basic equations and we must 
turn to numerical calculations. For case (i) we have solved 
(3) numerically at three different values of a(= 2, 4 and 6). 
The results are plotted in the form kT,/J, against C in Fig. I 
(solid. curves). For comparison with the' case of temperature- 

dependent interaction 
J(T) in the form (I), the 
corresponding curves _ - from/2/ are also plotted . . d - 6  . (dashed curves). The gro- . * 

F i g .  2 .  Phase transit ion 
temperature Tc as a func- 
t ion of impurity concen- 
tration C i n  a ferromagne- 
t i c  ( J o  > 0 )  square Ising 
la t t i ce .  The solid and 
dashed curves show the 
resul ts  for the cases J= 

1 =Lk~ln[f3Md/k~)~d hT)l 
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1 1 and J=-kTlnIo(aJo/kT) 
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o 05 , (with a=2,4, and 6 )  res- 
c pectively . 

und state of the system with impurities is ferromagnetic in 
both cases. The curves in Fig. I separate the region of exis- 
tence of the ferromagnetic phase from the region of existence 
of the disordered phase.It can be seen in Fig. I that the so- 
lid curves resemble the appropriate dashed curves. Indeed the 
curves are concave downwards for small a and upwards for lar- 
ge a. We estimate the boundary value ofa as about 5.66 for 
the solid curves and as about 4.76 for the dashed cerves. 
A further discussion in connection with Lushnikov' s curves 
can be obtained inf2/ and easy adapted to the case under con- 
sideration. 

For case (ii) one can expect an interesting phase diagram 
on account of the competition between negative and positive 
interactions in the lattice with impurities. Eqs. (4) and (5) 
can be solved numerically at each value of a but for illustra- 
tion we consider only the case a=2 (solid curve in Fig.2).The 
dash-dotted curve in the same figure represents Lushni- 
kov's result for the case with the impurity reverses the 
sign of the interaction Jo without changing its magnitude 
(Jo < 0 and J = -Jo) . For comparison with the case of J(T) 
in the form (1 ) the corresponding curve fromf2/ is also plot- 
ted (dashed curve). All curves in Fig. 2 separate the region 
of existence of the ordered phase (the antiferromagnetic one 
under their left-hand branches and the ferromagnetic one un- 
der their right-hand branches) from the region of existence 

F i g .  2. Phase transit ion tem- 
perature Tc as a function of 
impurity concentration C i n  
an antiferromagnetic ( Jo  .c 0 )  
square Ising la t t i ce .  The 
solid. dashed and dash-dot- 

! 1 ted curves show the resul ts  
I 

L I / I for the cases J . - k ~  
I 2 

! I  = 1 k ~ l n 1 ~ ( 2 ~ ~ / k ~ )  , and J = 
I I 

- -Jo, respectively. Here IF 1 -  ferro- and antiferromagnetic 

1 4 ,  1 
regions are abbreviated as F 

c and A, respectively. 



of the disordered phase. The critical concentrations C 1 =  C,= 
= (2 - 0) /4 and C 2 = I - C , are common for all curves. There 
is no phase transition for C 1 < C  < C2 in Lushnikov's case of 
temperature-independent interaction due to the impurities. 
But in both cases of temperature-dependent interaction due 
to the impurities there appears a range of concentrations to 
the right of the point C = C, for which the system experien- 
ces two phase transitions. As was pointed inI2/, another con- 
sequence of the temperature-dependent character of J(T) is 
the strong reduction of the ferromagnetic region and the broa- 
dening of the antiferromagnetic region under both the solid 
and dashed curves in Fig. 2 in comparison to the correspon- 
ding regions under Lushnikov's curve. This effect is more 
expressed in the case under consideration. 
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rposge~ K. R. E17-88-251 
BnsRHwe n0JJBIl;srHbM IIpH~ecefi BHegpeHHR Ha 
TeMnepaTypy @aso~oro nepexoga B g~y~ep~ofi 
MOAenH M3sHra 

HafigeHa TOsHaR 3aBHCHMOCTb TeMnepaTypbl @a30~0r0 nepe- 
XOga OT KOHQeHTpaIJHH lI0JJBIl;srHbM np~~ecefi BHeApeHHR B ABY- 
M ~ ~ H O #  MOgeJlH R 3 ~ ~ r a .  ~ P H  HaJM'JHH npHMeCH Memy 6nmafi- 
lWMH CllHHaMH kiJ(eaJTbH0fi pemeTKki O ~ M ~ H H O ~  B ~ ~ H M O ~ ~ % C T B H ~  

BCerga ~OJTOTHTeJIbHO H 3aBHCHT OT TeMnepaTypbl TaKXe, KaK 
B Cnyclae , Q ~ K O ~ H ~ O B ~ H H O ~ ~  MOgeJIH CMemaHHbX CHCTeM H3HHFOBC- 
KHX ClTHHOB H TpeXMepHbM KJlaCCHreCKHX BeKTOPHbM CnHHOB. 
06~ylqqeHbl O C O ~ ~ H H O C T ~ ~  @a30~bIX GHarpaMM CHCTeMbl C lTpHMe- 
CRMH B O~OHX CnyrIaRx @epp0- H ~HTH@~PPOM~~HHTHO~~ HgeaJlb- 
HO# pemeTKn. 

Pa60~a BbUIOnHeHa B n a 6 0 p a ~ o p ~ ~  B ~ N H C J ~ H T ~ ~ ~ H O ~ ~  TeXHkiKH 
H aBTOMaTH3aQHH OmM. 

npqem  on, mepHao ~ c c n e m d .  Hy6~a 1988 
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Effect of Annealed Bond Impurities on the 
Phase Transition Temperature in a Two-Dimensional 
Ising Lattice 

A two-dimensional Ising model with annealed bond im- 
purities is studied exactly. The exchange interaction 
between spins due to impurities is taken to be temperatu 
re-dependent and positive as in a decorated model of a 
mixing dystem of Ising spins ,and three dimensional clas- 
sical vector spins.The peculiarities of the phase diag- 
rams of the system with impurities are discussed in bo'th 
cases of ferro- and antiferromagnetic ideal lattices. 
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