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In this note which is in a sence a continuation of the
earlier paper of one of us’} we shall discuss the properties
of the classical partition function of the d+1 dimensional
(d+1 D) one component kink-bearing system. It will be sugges-—
ted that under some conditions the thermodynamical properties
of such a system are equivalent to the properties of an appro-
priate dD quantum system. In fact we are interested in the
behaviour of the ground state of a dD system but a possible
phase transition is expected to be associated with the dege-
neracy of this state. Thus, also the behaviour of the first
excited state is interesting. We suggest two variational
schemes to study the properties of the ground state of a dD
system but the detailed discussion of these methods and re-
sults in a particular case of ¢* model will be presented in
a separate paper.

The system under consideration 1is defined by the follo-
wing Hamiltonian:

i 1
H = 2[-———m ¢V(xe)] Y Y)E:
where xp and]w are canonically conjugated coordinate and mo-
mentum, respectively, of an {-th atom with mass m moving
under influence of a single particle potent1a1 V(x) with de-
generate mlvlma (In the well-known case of ¢ model V(x) =
= ~(A/2)x? +(B/4)x%), { denotes a vector of a simple, d+ D
hypercubic lattice with lattice constant a. We shall use
a notation:

O (xg-xp )" ("

E=(Ly. ) =(fy, 0, ), £ =1..N , i=0,1..4.

(ta)
Ng Ny -Ny-...Ng=NgN=N".

Let us assume the nearest neighbour interaction with strength
Q, between atoms along one direction

ety ‘!’05*5,,”
= { (2)

,»ﬂbz" v
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then the partition function .in classical approximation Zég+”,

takes the following form N
d+1 -N’ 2
Zog =22y = @ety T @em/B) 2y,
N No (
A n dx ! exp(-g 2 [._cp(xl“-x*) FUGEH
=1

4
where the notation Xp =% 5 =X
.0y €
x! =1xg»'-(?=€1,---.ﬂd) C =1, N ], (4a)
- dx; , (4b)
A
. e
U(X,) =3 V(x3) + == %’Qgg'(x%_xp : (4¢)
FHL_3iy2o s @it oxl)” (4d)
K k k

is used., (There are usual periodic boundary conditions in

Eq. (3), but for simplicity they have not been written expli-
citly). The configurational part of partition function may be
written as follows ‘

~n Ng) “ ‘
-rax®k - x%x% Ly . (5)
where

(N)
(X, %’ Lg=Ng-a) =

K,-1 . N,y -1 sirt g (52)
= f n dx exp (— ———-a 2 [‘2"‘ ® a (_—-———-M) + U(x )])l ~Q
i=1 (__) i=0 a x Y= x’
B ANo 2

=X
As we are interested in a limit Ny -, there appear a natural
question, under what COndlthnS we may consider K®o) , (5a),
as a prdpagator in imaginare "time" L, in dD system. In
fact, whgn we consider d D system with Hamiltonian

D* 9

K- 2[—-—-—+v(sa)]+—l S ®a(sa -sa)? (6)

k u. 4 l‘{’/l?u

then
. . -
zfl)=Tr[eXp(-B}()]=§exp(—BEn)=
s(ro) s o
= [ds0 J' D[s(r)]exp(—(l/h) fdrii[——usﬁ. +V(S->)]+
5(0) =
L 2 . S0 (M), 20 2 17
by e D O

2rbry -N/2 M-l ds M-l Sl 1,
=(—0) 0 e xpi~--—(-——) D ] G It
© =1 2nh1h_ ! =0 2 a

(=m) (7b)
u(sh 1.

In the above formulae (7a) and (7b),notation (4) is used and

periodic boundary conditions for dD lattice with N=N;-Ny....Ng4
atoms, are taken into account. Propagator K(NO) (S” , 8" 3 ro),
(7a) transforms into (2n/B®,) NN 2R Mo) (57, %" o), (5a),
under the transformation

§+%, (8a)
o » Lo » (8b)
(79/Ng) »a, (8¢)
h>(a/B), then B fBN,, (84d)
wo 9gat, (8e)
1 U< v(E) = V(X , d;.,_., = (b?u?’ . (8f)

We expect, that when smooth enough trajectories give domina-
ting contribution into expression (5a) then in the limit of
large Ny the approximate equality takes place

11011/2
Zy =~ (2n/BQy) %exp(-BNocn) , (9

where ¢, are determined by the eigenvalues of a Schrédinger

equation for dD  system



~2 .2
. h 1 2 :
30 m e s V()] 4+ I Boo, (85 -85) JW (150 =By ¥n(lso ),
¥ 2 ds}_{% k 4 g kKT kK k K
. (10)
fn::Eu‘ Ez -1
A _(28%)
R
The interaction term in Eq. (4c)
2
Z‘Q—.—y (S-)—sq,)
¥ kk© kK

is» insensitive to an homogeneous displacement of all particles
in a "transverse'" dD hyperplane of d+1D hypercubic latti-
ce. Therefore, the contribution of the trajectories with
small changes between i-th and 1i+1 -th configuration

~ ~ 2 2 :
(x;,4-%;) <<Nxg, (1)
will be most significant when the relation between "kinetic'"
energy term, (1/2)¢0(X’+}-X’)2, and (single particle) poten-
tial energy term, ¥ V(x.), will prefer rather small changes

2 K

k
of coordinates than large "jumps" (between minima of V(x)),

(1/2) dyx2>> v, . (12)

In the above inequalities (11) and (12), x, and \b denote the
distance and energy barrier, respectively, between neighbou-
ring minima of V(x) . In the case of double well potential
Vo-A%/4B, xg-2y A/B (13a)
and the condition (12) denotes a well-known displacive limit
(See/z/)

'¢0 >>(1/8)A . (13b)

Therefore, under the condition of a strong, in the sense
of (12), nearest neighbour interaction in one direction, the
classical partition function of a d+1D system (1) is gi-
ven in the thermodynamic limit by the following expression

(d+1) 2 2 N’
ch =(h B ‘IJO/m)

/
/

exp (- BNyey) o (14)

—_

where ¢, is an energy of the ground state of an appropriate
dD system (see Egs. (9) and (10)).

Finally, we want to emphasize two points. Our result (14),
which may be obtained within the Transfer Integral Method
(TIM) should be justified and a particular justification might
be given by using the above described procedure in an exactly
soluble case, e.g., in the case of a system of harmonic oscil-
lators (see also recent discussion by Bullough/3/and Henry
and Oitmaa’? ). In a general case, the quantity (10} might
be feund by using the Bogolubov inequality

FSFO +<H—'H0>0 5

adopted for the limiting case, 8-« , then F-Ej;. There are

at least two obvious variational methods of the type of inde-
pendent sites and independent modes which might be used. In
our next paper these two problems will be discussed in detail
and the comparison of the results of the above presented treat-
ment with these of methods of the type of mean field approxi-
mation will be given by an example of ¢ * model.

On the other hand,there is somewhat deeper problem: how far
dces this analogy between the properties of classical d+1D
system and the properties of quantum dD system (f- ) extend?
Bishop and Krumhans1’ in their discussion of 2D and 3D ¢4
model escaped of this question assuming a weak transverse
coupling and thus reducing the model to ID and 2D, respective-
ly, Ising model in a transverse field at T=0" In our opi-
nion all ihtersting features such as correlation function or
static susceptibility functions should be found for a quantum
system in a region of low but finite temperatures, T # O,
and then the limit T - O should be taken. In a forthcoming
paper the correspondence between correlation functions and
generalized isothermal susceptibilities for d + | D classical
and d D quantum systems will be found. Ve shall show that the
phase transition in d + | D system takes place when E, - E,
in an appropriate dD quantum system. This 1is expected,, {E_}
denote eigenvalues of transfer integral operator, but not
obvious result, as is seen when some approximating method is
used (e.g., MFA used by Bishop and Krumhansl’/%'),

Let us point out at the end one more or less trivial fact.
The phase transition in a quantum d D system is driven by
(in our notation). Misunderstanding at this point caused that
Guyer et al.’?”” in their discussion of 2D one- and two—compo-
nent ¢* model have came to the conclusion that there is a
phase transition at finite T, # O in 1D ¢* model. Evidently
it is an artificial effect of their variational method.

W
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Pagom A., Canerina B.
CraTtucTHyeckasa CcyMmMa Kilaccuueckoi d+!1-—-Mmeproi
CHCTEeMbl CTPYKTYpPHOro &asoBoro mepexona

E17-87-778

llokasaHo, 4YTO Mpo6reMa BHUYHCIIEHHS CTATHCTHUYECKOH CYMMBI
knaccuueckoit d+l-MepHoil cucTembl MoxeT GHTh chopMyTHpOBaHA
kak 3apaua llpepunrepa, cooTBeTcTBylomas d-MepHOH CHCTeMe,
B TepMoguHaMHUeCKOM IIpefesie cymecTBeHHbIM d oOkaspBaeTcH
OCHOBHOe peweHHe ypaBHeHus llpenuHrepa.

Pab6ora BomosnHeHa B JlaBopaTopuH TeopeTHUECKOH GH3MKH
ousin.

Coobuienne O6beaHHEHHOrO HHCTHTYTa ANEPHLIX HCClenoBanwmil. [ly6xa 1987

Radosz A., Salejda W.
On the Partition Function of d+1 Dimensional
Kink-Bearing Systems

E17-87-778

It is suggested that the problem of finding a parti-
tion function of d+l dimensional kink-bearing system in
the classical approximation may be formulated as an eigen-
value problem of an appropriate d dimensional quantum
system.

The investigation has been performedrat the Laboratory
of Theoretical Physics, JINR.
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