
CllllllII 
11'llllllllfl

• 
IIC'I'J'I 

111,11111 
ICCIIIIIIII. 

IJIII 

R13 E17·87·778 

A.Rado8z, W.Salejda 

ON THE PARTITION FUNCTION 

OF d+1 DIMENSIONAL KINK·BEARING 

SYSTEMS 

1987 




li 

~.~ 
.' 

I, <, " .... ' 
d 

if""
',l;1:l\, 

J 

li 

" 

"1\ 

."Jl 

I:L 

,'.1( "\'u 

" 

r~~ 

'.. 
-v, 

~ 
,A, 

, i'r ,~~t 

~1l 

~ 7.+ 

\, , 
/<'1.'l. 'f. 

" 
~. 

...." ih 
'~ .I 

,r 
J 1j 

r 

~I·,;., 
,----- , t ~ 

.@ 06'Lep;l.meH:t1bÍH: 'HH~,,HTYT anepnsrx HCCne,ll~BaHH:Ü ,[(y6H8, "1~81' ' 
.Jl~ 'J ~ 

;- ~r'~ !l' '1./: 

" 

;;,. 

In this note which is in a sence a continuation of the 
earlier paper of one of us!l! we shall discuss the properties 
of the classical partition function of the d+l dimensio~al 

(d+l D) one component kink-bearing system. It will be sugges
ted that under ~ome condit10ns the thermodynamical properties 
of such a system are equivalent to the properties of an appro
priate dD quantum system. In fact we are interested in the 
behaviour of the ground state of a d D system but a po s s i.bl e 
phase transition is eXl'ected to be associated with the dege
neracy of this state. Thus, also the behaviour of the first 
excited state is interes~ing. We suggest two variational 
schemes to study the properties of the ground state of a dD 
system but the detailed discussion of these methods and re
sults in a particular case of ~4 moJpl'will be presented in 
a separate paper. 

The system under consideration is defined by the follo
wing Hamiltonian: 
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H = ~ [ -- + V(x o)] + - Ir <Xl f'f (x e - x~ ) (J ) r 2m - L 4 fi1 1 1
I 

where Xf and Pf are canonically conjugated coordinate and mo
mentum, respectively, of an f-th atom with mass m moving 
under influence of a single particle potential V(x) with de
generate mi nirna (In the well-known case of 4J4 model V(x) = 
= -(A/2)x 2 +(B/4)x 4 

) . P denotes a vector o f a simple, d+1D 
hypercubic lattice with lattice constant a. We shall use 
a notation: 

f = ( f O • f) == ( ~ O ' f 1 ••• fd ) fi = 1 o •• N1 I i==O,l ••• d • 

(1 a)
NO ,N 1 .N 2 .... Nd=NoN=::N'. 

Let us assume the nearest neighbour interaction with strength 
~ between atoms along one direction 

f' f" 'C1loô --+ --+ Ôo,o" 1o o E'f" tolo ± 
= <fi (2).d\ --+

'lr'f'f"- l'f" { '<iJ --+ --+ Ô0'0"
e'f" t t 

}J; 

.~:;~·J;,p.,13"v ~~, I:',:' 
;1 _ ~~~~nr,~t~l_~~I}\ 
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then the partition function ,in classical approximation Z(~+1), 
.	 CL

takes the ,foI1oW1ng form N' 
(d+1) -N' -'2

ZcE = Zp z, = (2TTfí) (2TTml(3) Zx ,
 

N N 
( 1 \
 

Zx= r nO di i exp(-{3 ~o [..!-'<1>0(i H'1 _ii)2 +U(i 1)]) -' J
 

1=1 1=1 2
 

EOwhere the notation xe= x ~ == x ~ 
(Eo ,E ) E 

". i ~
 

x ' = tx~ : (E= E1 ' '" , ed) , Ei = .1, ... Ni I, (4a)
 
E 

,,' 1
dx 1 = 'Il dx; ,	 (4b)

"(	 E 

,.. i	 1 i i 2U(x. ) = ~ V(x~) + -- ~ '<1l--)~, (x ~ - x ~,) , (4c)
 
1 k k 4 kk' k k k k
 

(X 1+1. _~i )2=	 ~ (x~1 _x~,)2 (4d)
k k k 

is used. (There are usual peribdic boundary conditions in 
Eq. (3), but for simplicity they have not been written expli 
citly). The configurational part of partition function may be 
written as follows 

"O	 (NO) "O "O 
Zx = .r dx K (x, x ; Lo) ,	 (5) 

where 
(NO)" " 

K (x ", x"; Lo = No . a) = 

l\o-1	 No -1 " i+ 1 " i (5a)"i 1 1 2 x -x 2 "i=J n dx exp(----a ~ []-'<lJoa (------) +U(x )1)\" " 
i=1 (_~) i=O a x 0= x '
 

(3 "No <:
 
x =x 

As we are interested in a limit No --) 00, there appear a natu~al 

question, under what .conditions we may consider K(N O) , (5a), 
as a prd'pagator in imaginare "time" Lo in d D system. In ..fact, when we consider a o system with Hami1tonian 

2
Pk 1	 2 

J{ =	 ~ [ -- + v ( s ~ )] t- - k <1l ~, ~....( s ~, - s -~" ) (6)
k .. 2J1. k 4 k'r- k k k k 

';,. 

then 
(d) ~ ~ 

Z q = Tr [ exp ( - (3H)] = *exp (- (3 E n) = 
,.. "'0
S(TO)=S.	 TO 

=.r d~O f D[ S(T)] exp(-(l/h) .rdd~ [-~f.!~~ +v(sit)]+ 

8(0) =SO O k 

1 2 Jo __ 2 q;~~,(s ~-s~,) .) lim JdsOK(M)(sO, 80; '0= ~ii)
4	 ~~, k k k k M~oo 

(7 a) 
kk 

(M) ...O "o ........ 
K (8 'os; TO = (3h) 

21TbTO -N/2 M-1 dai f TO M-1 1 ai+1_â 1 l? 
= ( --'--) r Il -------- exp { - .-- ( --- ) .I. [-IJ. ( -----) + 

J1.M i=1 27Th T N/2 fi M 1=0 2 a( O-) 
J1.M (7b) 

u( si) ] L 

In the above formulae (7a) and (7b),notation ~4) is used and 
periodic boundary conditions for dD lattice "áth"N=N,rN2· ... Nd 
atoms, are taken into account , ProAagator ~(NO;' (8" ,s' ; TO), 

(7a) transforms into (2TTI{3'<1J0)-N.oN 2K(NO) (x",x'; Lo), (5a), 
under the transformation 

" " 
s~x,	 (8a) 

TO	 ~ Lo ' (8b) 

(TO/NO)~a,	 (8c) 

11 ~ (ai (3), then $ ~ fIN O '	 (8d) 

{i ~ '<1loa 2 ,	 (8e) 

u ~ U <=> v(x) = V(x) , q;~~, = <1J .. ~, • (8f)
 
kk kk
 

We expect, that when smooth enough trajectories give domina- ... 
ting contribution into expression (5a) then in the limit of 
large No the approximate equality takes place 

NON/2 
Zx ~ ( 2TT I (3<1lO) 2 exp (- (3NOin) , (9) 

n 

where in are determined by the eigenvalues of a Schrõdinger 
equation for d O systemo 
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~2 2
h d 1	 2.

{~[----+v(so4)1+-2. cPo404,(So4-So4,) }'I'n({So4l) =En 'Pn({So4}),
k 211 ds 3 k 4 kk' kk k k k k 

k 
(10) 

n n -2 1f = E 
h 
-= (2,8<1'0) 

211 

The interaction term in Eq. (4c) 

2 
L '<1' 4.... (s 4 - S ~ )
kk' kk' k k' 

i:~ insensitive to an homogeneous displacement of all particles 
in a "transverse" d O hyperplane of d + 1 D hypercubic latti 
ce. Therefore, the contribution of the trajectories with 
small changes between i-th and i + 1 -th configuration 

"	 ,,2 2 
«Nx o'	 (lI)(x i+1-x i ) 

will be most significant when the relation between "kinetic" 
energy term, (l/2) <1'0(ii+:_i 1 ) 2 , and (single particl~) poten
tial energy term, L V(x:), will prefer rather small changes

k k 

of coordinates than large "jumps" (between minima of V(x»") 

2(1/2) <1'oxo » Vo .	 (12) 

In the above inequalities (11) and (12), Xo and V denote theo 
distance and energy barrier, respectively, between neighbou
ring minima of V(x) . In the case of double well potential 

2
Vo = A /4B, xo = 2 v A/B	 ( 13a) 

and the condition (12) denotes a well-known displacive limit 
(see/ 2 / ) 

'~o »	 (1/8) A . (13b) 

Therefore, under the condition of a strong, in the sense
 
of (12), nearest neighbour interaction in one direction, the
 
classical partition function of a d + 1 D system (I) is gi

ven in the thermodynamic li~it by the following expression
 

(d+l) 22 N'/2

Zcf = (t'l ,8 <1l O /m) exp (-,8 No f o) , ( 14)
 

~ 

where (o is an energy of the ground state of an appropriate 
d D system (see Eqs . (9) and (10». 

Finally, we want to emphasize two points. Our result (14), 
which may be obtained within the Transfer Integral Method 
(TIM) should be justified and a particular justification might 
be given by using the above described procedure in an exactly 
soluble case, e.g., in the case of a system of harmonic oscil 
lators (see also recent discussion by Bullough/ 3/and Henry 
and Oitmaa/ 4 / ) . In a general case, the quantity (10) ~ight

IJ be f~und by using the Bogolubov inequaiity 

\;, 
F::; Fo + <H - Ho>o ' 

adopted for the limiting case, ,8 400 , then F .... Eo . There are 
at least two obvious variational methods of the type of inde
pendent sites and independent modes which might be used. In 
our next paper these two problems will be discussed in detail 
and the comparison of the results of the above presented treat
ment with these of methods of the type of mean field approxi
mation wí I I be given by an example o f <b 4 mode l . 

On the other hand,there is somewhat deeper problem: ho~ far 
do e s this analogy between the properties of classical d + 1 D 
system and the properties of quantum dO system (,8 -> 00) extend? 
Bishop and Krumhansl/ 5/ in their discussion of 2D and 3D ~4 
model escaped of this question assuming a weak transverse 
coupling and thus reducing the model to lD and 2D, respective
Ly, Ising model in a transverse field at T = O /(31. In our op i-: 
nion all ihtersting features such as correlation function or 
static susceptibility functions should be found for a quantum 
system in a region of low but finite temperatures, T # O, 
and then 'the limit T ... O should be taken. In a forthcoming 
paper the correspondence between correlation functions and 
generalized i~othermal susceptibilities for d + I D classical 
and d D quantum systems will be found. De shall shoW that the 
phase t r ans i t on in d + 1 D system takes place when E1 Eoí	 4 

in an appropriate ~ quantum system. This is expected" IEn! 
denote eigenvalues of transfer integral operator, but not 
obvious result, as is seen when some approximating method ís 
used (e.g., MFA used by Bishop and Krumhansl/ 5/ ) . 

Let us point out at the end one more or less trivial facto 
The phase transition in a quantum d D system is driven by ~1~ 

J

(in our notation). Misunderstanding at this point caused that
 
Guyer et alo /7/ in their discussion of 2D one- and two-icompo

,/	 nent r/J4 model have carne to the conclusion that there is a'
 
phase transition at finite Te # O in ID cP 4 modelo Evidently
 
it is an artificial effect of their variational ~etho~. 
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Pagom A., CaneHga B. 
CTaTHCTHqecKaH cyMMa KnaccHqecKoH d+l-MepHoH 
CHCTeMbi CTPYKTypHoro ~a3oBoro nepexoga 

E 17-87-778 

TioKa3aHO, qTo npo6neMa BblqHcneHHH CTaTHCTHqecKOH CyMMbl 
KnaCcHqeCKOH d+ 1-MepHOH CHCTeMbl MOJKeT 6biTb C~OPMYDHpOBaHa 
KaK 3agaqa llipegHHrepa, COOTBeTCTBYW~aH d-MepHOH CHCTeMe. 
B TepMOAHHaMHqecKoM npegene cy~ecTBeHHbiM d OKa3biBaeTCH 
OCHOBHOe pemeHHe ypaBHeHHH llipegHHrepa. 

Pa6oTa BbmonHeHa B Jla6opaTOPHH TeopeT~ecKOH ~H3HKH 
OHHH. 

Coo6weHHe 06'beJlHHeHHoro HHCTHT)'Ta JIJlepHbllt HCCJiellOBaHHH • .lly6Ha 1987 

Radosz A., Salejda W. El7-87-778 
On the Partition Function of d+l Dimensional 
Kink-Bearing Systems 

It is suggested that the problem of finding a parti
tion function of d+l dimensional kink-bearing system in 
the classical approximation may be formulated as an eigen-' 
value problem of an appropriate d dimensional quantum 
system. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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