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11 I liThere are only a few exactly Boluble models of phase transitiona
 
f1/ and alI Df them play an important role in statiatical pbysica. In
 
this note we ahall disCUBS an interesting property of:the model with
 
an anharmonic interaction of an infinite range proposed by Scbneider,
 
Stoll and Beck f2f
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k c- 0..) 

where Ek, and U deaéribe the kinetic energy and barmonic interac
tion of N atoma in d, -dimensional lattice, Á. :(.t•... L~ ) ,V 
ia tbe rest of the potential energy; 'PL and Q.(... are canonically 
conjugated momentum and coordinate, respectively. A delailed analysis 
of tbe thermodynamical properties of thia model in clasaieal and quan
tum limita, has been given by Plakida and Tonchev f3f. Schne1der et 
a L. f2f found tbat in tbe ordered pbaae ( d. 2, 3, claaaical 11mit, 
aee also f3f) tbere appeara a gapleaa modb. Plakida and Toncbev f3f, 
by uaing the method of approximat1ng Hamiltonian, ahowed bow tbe free 
energy may be estimated exactly in the thermodynamical limit (N ~ o<) ) 

.and alao noticed the appearance of tbia acouatic-type mode belowT 
c 

(in fact, the term of an interaction witb ar. externaI field bas been 

added to (1) and only tben free energy waa found in the wbole range Df 
temperatures. Nextly, the limit of vaniahing externaI field waa taken). 

The natural queation ariaea: In thia gaplees mode a Goldstone-type 
excitation ariaea: Ia thie gapleaa mode a Goidstone-type excitBtion 
or, in tbe other words, ie there any continuous aymmetry -in tbe model 
(1) broken by tbe phase tranaiti~n? 

Let UB notice thet a part of potential energy, \I ,may be 
written in the aymmotr1oDl torm 

NB ( A T ) _ N-K.• ,.I 
V· T ~ ... X -x l\~ 

(2 ) 
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I 

where X ie N-component column-vector with coordinates i Q L 1 

x = m(lOl]) 
O) 

Since both the kinetic energy term E k and the potential energy 
term, v, have a spherical symmetry in the N-dimensional space, we 
easily characterize small oscillationa around any of the minima of 
V determined by the sphere equation 

T A 
)( Q X 

B 
(4 ) 

The spectrum of such oscillatione ~onsists Df N-1-times degenerated 
'zeroth frequency mod~ correspnnding to the free motion and oacills
tions with frequency 

}. ZA 
W o = (5 )

11 
perpendicular to the sphere (4). The presence in the Hamiltonian 
(1) of the term U "breaks" this spherical symmetry of EJ< + V 
term, but it ia not obvious if some continuOuB symmetry ia left. lJaing 

notation ()) for the Fourier coordinates tQ~~ 

1 t(Qo ) 
X = iN\fQq,J x = -iN (Q) JlQ-~J) 

{6 ) 

and assuming that 

~ey 4-0)"~o - \f ~ > O 
(7) 

whei"e \fC\- ia a Fourier tranaform of , we can write downLR Lf"1 J 
(1) in the following form: 

~ "'+ "-' 'P> A ~T ~ 1..,.t A ~ )
H=N~- pvp+ - ~ - X 0X + - X çp X.lH Lt 5 2

(8 )A'l, 
N i-le> 

A 

where ~ ia diagonal NxN mat::ix with non-negative, lPo - 4>q. 
elements. Assumption (7), which ia not very strong and in fact has 
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been used, in the above mentíoned papera /2,3/, allowa one to find 
tbe absolute minima Df the potentíal energy in (8) 

A2 

= - N(v T u ) lX= x* ~~ (9) 

ae determined by the condition (4} where only the first component 
of the 'X'* -vector differa from zero: 

,-.~ ~ (g:)X 
(10a) 

:2. 
N~
~Q~) == e
 

(10b) 

Therefore, the phaae trensition in the model (1) ia aseociated with 
a spontaneoualy broken discre.te symmetry (10b), a nd gaplees mode found 
in /2,3/ ie not the Goldetone type mode. 

Now, let ua at).ldy the spectrum of amaL], oecilletione 'around one 
Df the minima (10) 

)(. =:-)(* + 0><. 
A quadratic, in variables 6X , part Df the Hamiltonian (8) takea 
the aimple form 

~ = N ,,1 .í, 1> 'P + A(Sxo)
). 

+- :t Clfo -~cy) ÓX_ 96Xev }Q
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Tberefore, the epectrum Df emall oacillatione .around' minimum of po
tential energy 

2
Wq, ~ ( ~o -lf'V ) (cv .0) 

(12à) 

~ 21; 
Wey-o :: H (12b) 

.. 

ciple, what follows from (5), (8) and (10». Although, it i8 obviously 
not the Goldstone mode, we shall call it the pseudo-Gold&tone ~Qde 

because Df two reasona: 
Firstly, we want to emphasiae a apecial symmetry Df V which, 

(} 
in consequence, leads to formula (12). 

Secondly, we expect that the susceptibility function, )l ~ 

exhibite the following behaviour iq the ordered phase Df the system 
(1) (after taking the thermodynamical limit) 

-1 z, 
IVf:.ev Wq, lfD-tr~ (~ l o) 

(13a) 

-1 :t 
t.0cya o 2 e,<a. > 

z: ( 1 ;:O lT ~). :: O ) 
t-q,oO 

(Ub) 

However, such a singular behaviour o f X'\- at the centre of the . 
Brillouin zone may not be vislble in the thermodynamic~l conaidera
tion and instead Df formula' (13) a formula Df the acoustic-type for 
the susceptibility function 

léq,
-'\

tpo - 4'"" (14 ) 

may be found. (There i8 an explicit difference in fprmula for )(~ 

(13) and (14), but there ia n01difference between the ftee energiea 
calculated within both treatments as a contribution· of each ~ode is 
Df the order ~ ,vanishing in the thermodynamical limit - see al 
so the diacuaaion dealing wi th the region T < T in /3/ and /4/).c 

This laat remark nseda aome explanation. Our above diacU8sion 
deala with aome propertiea of a mechanical (T=O), finite system. On 
this basis, we may use a variational method with the trial Hamiltonian 

}j o =i2.J~-~"p"v to d'\.- Q - cy Qoy. 1' 
q, 

(15) 
where 4~ (and (Q»are the varíational parameters,to justify the 

second conclusion. However, as the firet conclusion i~ true for a 
claae of ayeteme with the P~miltonian Df type (1a), where \I ie 
the function Df T 

1"2- :. XT 
o X 

(16 ) 

~ only, and the second one is expected to be true at leaet for some 
" claas of exactly soluble modela, 'e.g. /5,6/ and /4/reaemblee, throughout almost alI the Brillouine ~one an acouatic-type 

apectrum, but frequency for ~ =0 ia fini te (as i t ahould be in prin

5-1 



Y\., 1 ) N \ ~ í J. J,. Ó~)(, f (- C. 1'2. ) J 
(17a) 

V\\~~J) = tJ t - t L s; T ~(L r/)L+ r::,z IJT// j I 

0<.::\, l. .q... ,q 
O< (17b) 

we sha11 discUS8 in detai1 the properties Df X~ in the next, 

more ext~nded paper within anotber treatment. 
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Pa,r:t.om A. EI7-87-759ITceB,r:t.oron,r:t.CTOHOBCKaH MO,r:t.a B TOqHO-pernaeMOH 
MO,r:t.enH ~a30Boro n€pexo,r:t.a 

I 

IToKa3aHO, qTO ~a30BWH rrepexo,r:t. B TOqHO-pernaeMOH MOAenH. j 
npeAnO~eHHOH lliHeHAepOM, illTOnnOM H BeKOM,CBH3aH C Hapyrne
MHeM ,r:t.HCKpeTHOH CHMMeTpHH; TaKHM 06pa30M, 6ec~eneBaH MO,r:t.a 
KOTOpaH nOHBnHeTCH B ynopH,r:t.OqeHHOH ~a3e, He AOn~Ha pac- j 

CMaTpHBaTbCH KaK B036y~,r:t.eHHe rOn,r:t.CTOHOBCKOrO THna. B CBH- . 
3H C pe3ynbTaToM, nonyqeHHWM AnH T = 0, npe,r:t.nOnaraeTCH, I 
qTO 3TO B036y~,r:t.eHHe /Ha3BaHHoe nceB,r:t.oron,r:t.CTOHOBCKOH MO
,r:t.0f:I / HMeeT ocoõne nonerte trae np n T < Tc B TOqKe q =: O. 
TaKOe HBneHHe ,r:t.OmKHO 6bITb xapaxr-epnsn-r rtna uerror'o xrrac ca 
TOqHO pemaeMWX MO,r:t.enef:I. 

Pa60Ta BWnOnHeHa B ITa60paTopHH TeOpeTHqeCKO~ ~H3HKH 

OlliU1. 
Ilpenpmrr 06bell}fileHHOrO HHCTHTyra anepasrx accnehoaaaaã. .uy6Ha 1987 

Radosz A. E17-87-759 
A Pseudo-GolDstone Mode in the Exactly 
Soluble Model of Phase Transition 

It is shown that a phase transition within a IDodel pro
posed by Schneider, Stoll and Beck is associated with a 
spont~ne~usly broken discrete syrnrnetry; so, the gapless. 
mode in the ordered phase is not the Goldstone-type exci
tation. On the basis of the results for T = O, it is sug
gested that this excitation (called the pseudo-Goldstone 
mode) exhibits an unusual behaviour at q = O for alI 

Such a phenomenon should be common for some classT < Tc'
 
of the exactly ·soluble rnodels of phase transitions.
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