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The Jaynes - Cummings model 11-41 of a two-level atom 
interacting with the electromagnetio field in a lossless cavity is 
one of the few exactly soluble models in quantum optics. It enables 
one to oaloulate all the quantum-mechanical properties of a system. 
It predicts many interacting effects such as vacuum field Dabi 
oscillations, in the presence of a coherent field 12-6~ eto. It is 
now becoming possible to test experimentally many of the yredjotions 
of this model 14,71 • In reoent papers, Agarwal and Puri S,9, 
Barnett and KnightilOI and Filipowioz et al. 1111 have stUdied 
the effects of dissipation in tne Jaynes - Cummings model and their 
influenoe on revivals and other quantum features; in partioular, 
the absorption and emission spec~ra have been calculated. Single-mode 
m-photon absorption and m-photon emission processes in a two-level 
atomio system have been considered by Zubalry and Yeh 1121 • Other 
multi-photon processes in a lossless cavity have recentlY been 
extensively investigated in a number of papers 13,13-17 • 

In this paper we oonsidered the Jaynes - Cummings model with 
multi-photon transitions in the presenoe of cavity-relaxation 
effects. In order to solve the problem we follow the pr7cedure 
presented by Agarwal and Puri lSi and Shumovsky et al. 16/. 

Solution for density-matrix elements 

The Jaynes - Cummings model with multi-photon transitions 
desoribes the interaction of a single-model eleotromagnetic field 
with a two-level atom via m-photon processes. The Hamiltonian for 
this model in the RiA and electric dipole approximation is 

(1)H-=- ~ W() SZ+ Awa+a. + i? (a+I>tS- + a "1 S+) , 
where Si:,~ are the spin-l/2 operators, Q (a.1-) is the annihi
lation (oreation) operator of the radiation field. The parameter Jf 
is the constant of atom-mode coupling. Here ~() is the transition 
frequenoy of the atom and W is the model frequenoy, and they obey 
the condition : 

W .. -tnW = Li. (2) 

where A is the de tuning parameter.
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Further, we shall assume that a field can deo83 at the rate 
2K. ~e densitT matrix for the oombined atom-field sTstem by the 
standard master-equation teohniques is /8,10/ 

(J)~ =- -i[~f] -I( (ct+Clf - 2ct,fGt++ S)(;(,+a):Lf· 

The Hamiltonian J1 oauses transitions between the states
Ihi e,> and /11+h1,? > . Field and atom oooupation numbers 

change at the same t1liie. The relaxation 111 the oavitT olJ.a:n8es onl,y 
the photon number. For e%ample. if the initial state of the sTstem 
is IIJ.?>, then the sTstem oan be found in an.r of the states 

If-i); p: 0/1, .." n,' 

If, e» f=- q L/ "OJ l7-hl. 

lor the init1al state /0.- e> ' the states to be considered are 

Ifni?> ,!fI1-1.j>, '" JI,!>,f~ 9) • The dens1tT..aatrix elements now 
sat1sfT (/ I 

(~i/~/(),e): i(tnw+t1)(o,l/f/~e> +flR (O'i/f/tn'i) ,(4) 

(~j/f/hI'i> :=(irnW-Km) (Ojlf/"'!) +i/fiii' (o,j/fl~e). (,) 

!he results following from (4) and (,) are 

(o,}!f!o,e) =- -!:- If(lt-imw+km)(o,?/f(o)/o,e) + 
:l, lz.lll (6) 

+ij,foi!(o,'/f(P)/m'f>l e-i!d_ [(~~- bnW+ICm) (o,?/pra)/o,e} + 

+"j(iYi(' (o,j/f@)/""'i;] ec.:tj, . 

(o,j/S>/fI7'j>: :e,:~:tf[(~-imW-it:.)(o,jlf(o)/tntf> + (7) 


+ ,!(Iii! (0,//j(o)/o.e;jei!,t - [(~I, -imw -t'A) ("-j/f{O}/h1-f> + 


+lJVmt' (o,t!f@J!o,e>J ei!d} , 
 L 

~ =i{fnW+ ~) - ~ ± f[(KfI1+it.Y-- lfrmtjJ;. (8) 

{,I.t 
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Using these solutions we oan oaloulate an absorption speotrum for 
the model, assuming additionallT that our model interacts with a 
weak-probe field. Then, the master-equation ()) will be 

(9)-,ff =- Ivf- i[rG-STe-ivt+H.C'} J/' 
where the coupling constant G- is 

(]-=_Ji' (10) 

-Y' 
The time-a.verage rate of absorption W is 

(11)w: oI~ (p>t = i y(Ji) (s +>e-t'vr:+ C, C. = 

:: - 2 V / il (% Re /:/cz- e-£'Yt' 7r ( s+elv'r[S: j (1) , 
where (f'+>oan be calculated in the usual III8llJ18r b,y evaluating 
the induoed dipole 1I0ment to the first order in G- • 

In the o&se, when our cavitT is at zero temperature, the 
initial dens1tT _trill: f{<» is 

P(O) ::: / 0,1> (~1/ 
(12) 

and henoe 

W-=:t"v I~i)'- Re [7Irr e-t'v'C Tr (s+el.T' (/o,f><o,ej)j. (ll) 

'!'he operator eI.T/o,?>(t?, eJ satisfies (4) and henoe 

eJ.,1:/o,i>(4 e j-=- clCij /o,!) (o,e/+ j3(i)/o,!) (m,j/ ' (14 ) 

where 

I0((t) =. ~ - i ht4J + Km e~ 'l"_ 'Z~ - i mw + k1'l1 e l'..T (1') 

~I -..?:t ~I - l;t. 

1:£ t/ii1i' e il, T _ I:i~ eC'.,.7,(?:) = (16) 
2; -24 ~I - i'.:t. 

Substituting (14) in (1) and s1aplitying (13) we get 
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J'" /I 
(17)w= :;zv1-+/2. Re d(l)/) , 

where d. (Z v) ::: r e-/Y'C cIti') O(T. 
., 

We will consider the oase 0 f e:x:act resonanoe when 4= W" - m w :::: 0 
and 

2~.2. = /w" - i. Kht :t: i (I(Zm·L t(J~h1U-1 . (IS) 

Here, we can oonsider the following cases: 

1) /(2.rn Z - If.f,t;111.' >0 • 

In this case, frWD (15), (17) and (IS) we get 

".t l).2.hrl (; L 
qE ~ . .z- (19)

W~ :tY l.tWvi",.,'- !r"'" (y-"-')'" ?(Aehl -V"'''''_fr"i7j 

i ). 
',2. 

In the oase of bad-caTity /('l./?1!l.» '(riM! Iq. (s) beoomes 
approximately equal to 

iw. -lCht + O(~!) t'w" O(~.'I (20) 
/(.lm z J /('z-""z 

and the spectra haTe only a single peak in the position V =w" 

2) k"tn:l. - 'Il'm! <0 . 

In this case by substituting Eqs. (15) and (18) into Eq. (17), we 
obtain 

...... I ... /t V .W-=-2Y elf :L. ~ 1\.111 y-w,,+ 'I,r·h1f-k:J.mz

I¥I ,hI''''!-"'ht" (¥-UJ.' f /qr"'! -"'''''j'+ ?k''''- (21) 

/-w. -~T"'! -k',.,:" , . .). 
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For the good cavity case K2h1Z~~ Vf~1111 
Eq. (21) shows that the spectrum is a doublet )1:::0 W" -.t: J /in? 
the width of eaoh doublet being Ir m /2 . It shoUld be not ed 
that in the case of multi-photon absorption the widths of lines are 
proportional to m. 

Emission spectra for multi-photon prooesses 

Following Agarwal and. Puri lsI , we define the transient 
speotrum of the radiation that leaks out as 

S(y, T) -= :zrj3 Re~ 4f/(:2r+~)-i!(r+~. ft"~- :1J-~ (22) 

"l.r -Tl'r-;;/.+ly)) Ir '7 ',l-L/ _{r+<,y-J.)T -.zrrJ7'" ( e. 'i ~ e l' , '; - /' + /Ii'· l VJ (e .- )j 1e 

where we assume that the oorrelation fUnction has the struoture 

<a+(i+r) a{i}>-=fA,:/ e;J.:'Z"+t,i (2J) 

r is the bandwidth of the detector, ~r is the time at which 
the speotrum is evalUated, and f3 is a measure of the leakage of 
the field energy. 

Using regression theorem, one can show that 

(Q+{f;-+cc) aCt) = Tr [a,+eiv'l:{)(. eU f(O)} J (24) 

where the initial density matrix f(o) i8 /o,e>(o,e( • This 
initial state 1s ohosen keeping in Tiew the problem of pure 
spontaneous emission. 

Using (J) we define equations of motion for the operator 

eivt/c,e>(o,ej == (/o,e>(o,eUt 

1 jt (/o,e>(c/eOt ~ -iyR(/frt,!><qeV
t 

+ tjFVo,e)(mtjV/ 25 
) 

1 
Resulting is a closed set of equations 
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Resulting is a closed set of equations 

/0, e) (0, e-f0 i-j(inj' -lj(Wi1' 0 

/ntJ><{),e/ I::: 0 .(26).!L + /11hi! -,,(iii?(Km-L6.) 0 

fo,e) ("'if/"I: -~,;;;ti' 0 (,rh1+i.1.) ~"'! 
() -i;(iiii' tj/~7' /l,kh1 /m~> (1t1// 

These equations are solved by the Laplace transforms, the results 
of which are given by the matrix relation 

l.(~l.-!(f111.+rI1lV iA(~.~k2"'j 2Ak""Fr' ~i.JR 

tf(l):P(~J/it1(~.z-~hJJ z..(~&-K2h19 :lli.KI1IJ,fhi1 -2i~/(2:) 
2dJr~ 1M! -Zil.IO';j(ilf ~.(JJ+AI.+lI/h7p kbr(l.~~ CfM 
:J.A~Jrmr -zi~.Z;(iii! trh1(~.z+L1~ 2.(al+d~ 

ZD = 2-+ inK; Cft. =- <111'9/ flo, e> ± (0, e/f/ tn'!> j 

<fj = <0, elf /0, e> 
~ 

± <h1,JIf Im'l> ' ., 
where the pol7Jlo.ial p(~) is 

pel) =- C'Z-+"'K)'f+(i+h7kt(Lll.+ I.ffz",! -kz""z) - kZh1%~a. I (28) 

If we denote b7 ~ the 4x4 square .atrix in (26), then it can 
be shown that 

eJ,'{'a. e t,i-f(o) = (e-M~l. e"'~/h1/ ", -iIi> (0, el + 

+ {e-MJ"elv<eF jffl-L'J;(m'j/ . (29) 

We can further show that for the operators 

eL'l:/hJ-t'i>(o,e/ = (/nr-l,i)(o,et)-r; and

4 
e V: /1I1-L-/> (hI"/ = (/Itt-l'J) (m'fl)7: we have 

a olosed set of equations 
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el r-I, (Wft3) +{hr-~K ~i?R l~h1-1,j> (oJ ej_
_ + -0 (.30)I 

( o/:l: -ij.foii' (2m-1JI(-iW IIsH,,) (h?j/ 

The following results are obtained from (JO)I 

(/m-L J j)(o,ejl = --!- f[(XI .·iw+(?,It1-t.)k)/m-L,;>(o,e/+1I 'l: -t;~1.1 


+tj{hti/m-L./) ( lt1'li) el(,'(; - r(X~-iW+(~h1-1K}/m-',/)(~4+ 


+lJM /ht-L,,) (h1j'/j e -tz1 > (n) 

1h1-1><""j/) = ~ 1[(~-l(~J+~)+{It1-L)K)/1>1-1,j><I>1'f/+1I !/'{ XI.(z II 
+ij{in!/m-l,f) (0, eOe 1(, r - [(K~ - i(w+t.) +(nt-l)/r)/111-1.'1)("',//+ 

+ ~R jht-J,i) (qe;j eKz-ej ; 
('2) 

x"z:: ,,'(w+ V+ 1\ (i- ~7 ± ,(,l.[(klr1rtI Aj.l._ '1/.1.1>7.] ~ (.3J) 

Let us denote the 2x2 square matrix in (JO) b7 N • Then, using 

the sclution of (JO) in (29), one can show that 


(a+~+7:)a(t» =h7 (e-M~ /e-;V~J + h7 (e-M~ (e.....vrJ ()4)I 

lot l' ),.t Iv h.l. 
-NT

The relevant elements of e are given by (Jl) and (J2) 

CeNt), =. iJFI! (eK,~_e.rz.'t') J (J5) 
It, ..r,-~ 

(e-H" =-!:- rK, -,,'(W+IJ) +{h1-l)~e~,r_ (Xz -l!W~IJ)+(/91-t)k)eY~1·
~ .f, .t",Ll 

Complete speotrum of spontaneous emission can now be obtained 
using (J4) and (2J) in (22). In the 10ng-t1.me 11.-it rr » i. 
the spontaneous emission spectra oonsist of several lines whose 
positiona and widths are detemiusd b7 Im{;Jrt), r+ Re- ('7; - AI) I 
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-
For the oase of a good cavlty on resonanoe, Iq. ()J) shows that the 
emisslon speotrum has a form of doublet the lines of which are 
positioned at )/::: W:t,9(Mi' and have the width 
r+A; (1ft -.l) . "'n the other hand, for large L1 spontaneous-
emission lines oocur at the positions W+ iJ.} W and their 
widths are r+k(h7-L) and r+/((2h7 -1) , respectively. 

It should be noted in the cass m=l our results reduce to 
those obtained by Agarwal and Puri /8( • 

The authors are grateful to M.Kozierowskl for useful discussions. 
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ArrHcKeH,n;epoB 3.H. H AP. 
Mo,n;enb ~eHHca - KaMMHHrCa c MHo
nepexogaMH B pe30HaTOpe 

rO~OTOHHhlMH 

E17-87-46 

HccnegoBaHa Mo,n;enb ~eHHca - KaMMHHrCa c MHoro$oToHHb~H 
nepexogaMH B pe30HaTOpe. HaHgeHo TOqHOe pemeHHe ypaBHeHHH 
THna Master Equation. H3yqeHbi cneKTpbl nornOmeHHH H H3JI):'qe
HHH. 

Pa6o~a BMnonHeHa B ila6opaTopHH TeopeT~ecKoH ~H3HKH 
orum. 

TIpenpHHT 06'be/lHHeHHOrO HHCTHTyra H/lepHblx HCCJle/loBaHHH.lly6Ha 1987 
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On the Jaynes - Cummings Model with 
Multi-Photon Transitions in a Cavity 

Jaynes - Cummings model with multi-photon trans1t10ns 
in a cavity is examined. Exact solution of master equation 
for the density-matrix is found. Absorption and emission 
spectra are investigated. 
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