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r. INTRODUCTION 

A great deal of intereat has recently arisen in exploring 

the finite-size scaling effeots ~n the basia of exactly aolvable 

mOdele[1-a] • However, all the efforta in thia direction are 

concentrated on the claaa~cal critical phenomena. Here, we con

s1der a model whoae finite-size criticaI behaviour can be atu

died exaotly both in claas1cal and guantum limita. The Hamil

tonian of thia model system, reada 

/'2- " 2. ~ '" ..... 2. B '"2 )2.
~=i 1( R A c, )+ li L q>Ctl)(Qe- Qe) +h (Z Q( . 

J <eJ1> -, N t ( 1)t..e Wl 

"'" I" 

Here, Qe and ~ are the opexa t oz-s. of diaplacement and momen

tum of the particle of mass VV'\ at Bits ~ of a d. -dimensio

nal h.ypercubical lattice of size L:: N1' . The parameter 
ZA=. Vo m "7 0 determines the frequency of a mode unstable in 

the harmonic approximation, and the parameter B>O "awitches 

on" an anharmonic interaction, this being inversaly proportio

nal to the particIe number rv . Tha harmonic atrength cons

tant <PC eJ el

) ia nonsero only for fini te numbers of neigh

boura on the lattice. 

In the theory of atructural phase tranaitions, models of 

this kind attract interest because for them the aelf-consiatent 

phonon approximation turns out to be éxact in the thermodynamio 

limit(9- 111. In[91 it was ahown that in ita bulk critical pro

perti~s, in the olasaical limit, tha mOdel (1)~belongs to the 

univeraality claaa of the Berlin-Kac apherical modelo In refS~O,~~~ 
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using the approximating hamí.Lt on í.un rne t hod and some fini te-size 

arguments, both the classical and quantum criticaI behaviour of 

the rnodel (1) is studied exactly. 

For a given eystem. because of the di~ensional crOSBOVer 

rule* between its classical and quantum bulk critical behaviours, 

some relations between its finite-size properties in this limita 

also must existo In the present study, a step in this direction 

ia made. Using the method of refs.[10,1'1] the fully finite 8Ua

ceptibilities for the model (1) at the bulk critical temperature 

lIc are obtained in quantum and classicál limits 

2.THE BASI'C EQUATION 

Under periodic boundary conditions	 the inverte~ suscept1
-4 -2 

bility of the system per particle ~ = X (q~O.J T)= .Q.9=5~)
 

(see the notation and eqs.(4).(S) in rof. [111 ) obeya the fol


lowing aelf-consistency equation
 

+ _ ~ I ~ c.ou, ).n(/~) 
1 f:J, - L'\ 'i 2 n~ (t~)zt (2) 

In eq.(2) the dimensionless temperature . t=T/LJE and theo 

quantum pare.meter ..i\="nVo/~Eo) (Eo:::.A
2/4B ie the barr1er • 

height of the double-well potent1al in (1», are 1ntroduced. The 

tr1al haz-mondo frequency ..f2 ( Ó. ) has the form:
1

cl () 
n 2 

(À)= Ô + 1)Cf""( ~ q~)2: 
~	 1=1 

w1th cr=·2 for the ehort-range, and 0<(f"< 2. for the long-range 

interaction of the particles in (1). 
'For a revlew. eee,e.g. ref. r12). 

2 

Separating the term with 9::::0 in e q, (2) and changing 

the Dum over qi ::. (2 ~J'r/L ) rtL ) 'l1.i =1: ( :!: Z ~ ... ) +, L/z with 

an integral over XL = (o<../L)ni. , d.. =2.1t -) we get 

l' ~~	 .'l~~. 
1\ 
, '~ lt-b. =--?--cotJ,,1f:J,. 1. Sd ( )(d-t ;U).(l\t-X~)t 

I , 

I. 2L: l'.t 2t + 2..,(d J(A t-x")f CD n~ dx,O) 
><'t 

01 

where ;!,d == 2 (J1)T/r(d./z) 1B t hs sur-race or the ~ 
d -dimensional unit sphere and X1=cX/L.J X'J)=o« (L.o/ L) , LD=L(d/SJ. 

The mathematical correctneas of the change of eq.(2) by eq.(J), 

for large ~ ,may be estab1ished by using the Euler-Maclaurin 

suwnation formula. A similar mathematical procedure ia used for 

studying some asymptotíc properties of the lattice sums in the 

theory of the random-walk on a lattice[13] • When parameter O

in e q, (2) ia noninteger (O < () <: 2- ).' thia appz-oach haa some 

advantage in compariaon with those	 based 00 the Poisson summa

tiop. formula. 

3. FINITE-3IZE BEHAVIOUR OP THE SUSCEPTIBILITY ATTe AllD fie. 

We shall consider eq.(J) in two limiting cases: A) c1aasi

cal, when the bulk cri t í.oa L. t emperature ~ '> O and quantum pa

rameter ..A =0 (uee ref.[lO] ); D) quantum, when the phas a 

transition in the bulk system driven by a variation oi.) occurs 

at some -",,>0 ,and T==O (aea ref.[111 ). 

A) In the c1assica1 Ld.ra í, t, arid for d. and (f" not nec esaai'y 

integer numbera·it ia poasible to expraas the~integral in the 

r.h.s. of eq.(3) in terms of the hypergeometric function, 1.e. 

:~ 
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t t Sei [ ')(dI'!.a1-rÂ=r .,. - ~ F(1.1;1+-~;-~-)
Là d eJ..,d X~-+ [). (J'" \1 a'+ à. 

. ~ A~ 

d xC!' (4) 
-~ Fe-1.1;1+:!-;+ )1
x~+~ <r X +b. . 

, c !t, ~ 
The following asymptotic expressiona for the auaceptibility 

at the dimenaionless bulk criticaI temperature . t:
 
d '='I/~ ed-cr) Co


=rIw (d-<T';/t)c! 'XJ) >0 can be deduced after some algebra from 

eq.(4); 

a t _-t L(J 
a) XL (~= q, e) ~ Ao , (cr<d < 2er), (5) 

where ti o obeya the equat í.on 

te o<. 
d 

FC d ÀD.)
Ó. Z X~d-~)(~<, 1J. ) -1. ~ j 2 - (r ; ol(T.. s; (6) 

O o 

~ .f" 
o·i 

'. 
b) XL (q= O~ te) ""' (0-/)(; te )~ LCf"(&L)~ (d=2cr) (7 )
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c) "X,~ (9=q tc)~t~l LI:, (d >20-). (8) 

'B) From eq. (3) in the quantum limit instead of e q, (4) we 

have 

et [ d O'" _ .A + ~ XJ)' F(-1.i' À + d.-2... )· 
1t-~ - 2.~ Ãi -td oI..d ("I.:+À)t. ~ Z ) -I rrJX;+A (9) 

\\). 

)(d d ~rr ] f)
--'_ F(~ L· ~+-j-' )-(X:+b.)~ ,2) o: X~1-b.. 

At the bulk criticaI value of the pararneter ~c'= 

=2oC1(d-f )/Sd X~d-f» O one can obtain the following asymp

totic expreaaions fqr the suaceptibility: 

a) X;(q=:Q A, )'V~~f ~~ .( ~ <d < i a-)~ ( 10) 

where Ll o obeya the equation 

dJ\ _I 3 cI. s, 
c '" os, . F(~t.i; --- ,- ) ( 11)

2L\~ '" X~a-f)( 0(0"+ ~o)t 2 2 a: o(~+'Âo ~ 

2. 2. 
d . .~ (f" )"3 5"~ )  (12 )b ) XL (q=~~c) "'(20"/XJ)Ac L"en L ~ (J: 1~). 

cl 2. ~d-

c) X(9=O.Ac)N(2./;'S SL3
, ( ~ >1 Cf). (13) 

L

4. DISCUSSION 

Ln the t hermodynami c 1imit i t is posaible to show that 

the criticaI behaviour of the system (1) obeya the dimensionál 

crossover rule. i.e. the critical behaviour of the d -dimensional 

system at 1r =0 ia equivalent to the behaviour of the cfasc 

aí ca), (d. t f )-dimensi~nal syatem at .A= O • (for details 

ae e ref. [11 J . where t'he case <r= 2. Ls studied). 

Finite-size scaling states (see~~.~.t11 ) that in the vic1ni
'd/-v

ty erTc., XL(T) rv L . where 'V and r are the 

bulk exponents measuring the divergence of the correlation length 

and ausceptibility. Because of the dimensional crossover rule 

i t is natural to suppose the same aSymptoti~c,behaviour of »,(~) 

near í'c:, . 

'4 5 
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and
In the case under consideration: r = (J"/(d-~) V: '/(d-~)J 

cl cl 
in the cLasu í cu I 1imit and for clt (s (f) <d < d u (s 2 (j) j e; cx.f· 

c. ~ ----,...--.-__ d -J s, ) (15)0== 2a/(2d- tr ) I v:=:.Z/(Zd -cr) in the quantum 1imit and 
, > F(1) 1" ~ ). ~ 0'"+ c; ' 

for d;C3fr)<d < d:(= ~<í).Frorn eqs.(5) and (10) it La 
t::.y >-' X~ -J~)(d."+ /',.J! 

;{'.
easy to verify that finite-8ize 8ca1ing is valid in both the 1 . when the only difference between both the cases is ref1ected in 
clas8ica1 illld quanturn cases, and in the former the fin1te-size r« 

critical behaviour of the model (1) ia identicul with that of .\ d14=(J~'orJ:),dt=(d;ord:)becauae ~=(t'Jor ilte/2) = 

= cXd(d -d )/5 X(d-cie)the mean spherica1 model[ 1-7]. By eqa , (6),(7) arid (11),(12) e 01 J) • 

It should also be mentioned that in the framework of theI
one can curry out a detai1ed investigation of the bordorline 
model (1) it is not difficuIt to compute the other physical

cases d =dl.t (.= d~ or :: d~ ). In the classico.l limi t we ob I 
quantiti&s of interest for the quantum finite-size criticaI

tain essential1y ~he aame results as fO,r the mean spherical model 
phenomena..

[1,6] • The solutions of eqs.(6) wld (11) are singular in 8= 

= (dt4-d)~ o: like llI'\lE-! in the cLuae cu l and likeí 

ól\,é-! in the quan t um limito In o{ =d Lt there is a
 

breakclown of hypersculing, and finite-size sculing lioes not hold
 

in its s'implest form (Cf.[1,6]). In more t hari d ::;d dimensions
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TOHqeB H.C. E17~87-380 

KOHeqHOp asxepxae 3<p<peKTbI B OP;HOH KBaHTOBOH 
TOqHO pemaeMO~ MOAenH CTpYKTypHoro 
<l>a30Boro nepexOAa 

Ha npHMepe TOqHO pemaeMOH Mop;enH CTPYKTYPHoro <l>a30Boro 
nepexozra npoaepeasi nexo-r opsre cnep;CTBHH xoaexaop aaxepaor-o 
cxeãrraar-a, B qaCTHOCTH ssrsacneaa BOCnpHHMqHBOCTb CHCTel'1bI 
B KBaHToBOM H I<naCCHqeCKHX pe~HMax. IToKa3aHO, qTO B 060HX 
cnyqaHX BoCnpHHMqHBOCTb HMeeT op;HHaKOBoe CKeHnHHrOBoe no
Bep;eHHe. 

Pa50Ta 
OHRH. 

B~nonHeHa B fla6opaTopHH TeOpeTHqeCKOH <PH3HKH 

Ilpenpaar 06'he,z:umeHHOrO HHCnITyra anepnsrx HCcJIeAoBaHIIH. ,Uy6Ha 1987 

\ 

Tonchev N.S. E17-87-38ü 
Finite-Size Effects in a Quantum Exa~tly 

Soluble Model for Structural Phase Transition 

Some consequences of finite-size scaling are examined 
within an axactly soluble model of structural phase tran
sition. Explicit expressions for the susceptibility for 
classical and quantum limits are derived. It is shown 
that both the cases have the same scaling behaviour. 

\ 
The investigation has been performed 
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