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I. IN'l'RODUCTION 

In m~y nonlinear systems involving the interaction between light and 
medium, some nonclassical effects are observed. The reviews of such non· 
classical effects in optics are given in papers by Loudon' 11, Paul 12', and 
Walls /3/. The most well-known example of these effects is the photon anti
bunching which was observed in the experimental works by Kimble et a1 14, 5

1 
• 

Another example of nonclassical effects is the violation of the Cauchy -
Schwarz (C-S) inequality which was observed in the work by Clauser 16 / • The 
violation of the CoS inequality was also predicted in the two',photon laser /71 

and parametric amplifier /8/. 

In recent years a large nUmber of theoretical and experimental works 
is concentrated on the problem of squeezed states of light 19-18. 31·321 , 

which were observed in the experimental works by Slusher et al. 1201 , Shel
by et al. 1211, and Kimble et a1. 1221 . 

In this paper we present the violation of the CoS inequality and the 
squeezing in a fluorescence from a system of three-level atoms (Fig. 1) in
teraction with two driving monochromatic resonant fields and with an emit
ted field in the context of double optical resonance 123·25/ 

• 
II. MASTER EQUATION 

The N three-level atoms are assumed to be concentrated in a region small 
compared to the wavelength of all the relevant radiation modes. In treating 
the external field as C -numbers, the master equation for the atomic system 
alone p with the Markovian and rotating wave approximation is 127/. 
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~ - iO[ (cusaJ12 + sinaJ 23 + H.C.), p] 
at 

- Y21 (J 21 J 12 P - 2J 12 pJ 21 + pJ 21 J 12) 
(1 ) 

- J - + pJ J 23 ) '= Lp,Y32 (J32 23 P 2J23 pJ
32 32 

where 2Y21 and 2y 32 are radiative spontaneous transition probabilities per 
unit time for a single atom to change from the level I 2> to I 1> and from 
i 3> to 12>, respectively; 0 = (O~+ O~)l,l and tga = O2/01, w}.1ere G1 and 
O2are the Rabi frequencies for the atomic transitions from level I 2 > to 
11 > and from !3 > to 12>, respectively; and 

N 

J ij ~ li1t k<jI (i. j = 1.2.3) 
k = 1 

are the collective angular momenta of the atoms. They satisfy the commu
tation relation 

[ J ij • J i ' j' ] = J 1j' 8 i ' j - J i' j 8 ij' 

As in refs. /19 ,25.28/, we introduce the Schwinger representation 
for angular momentum 

= C 
+ 
i C j 0. j = 1.2. 3) • J 1j 

where operators C. obey the boson commutation relation 
1 

+ 
[ C i • C j ] 8 ij . 

Further, we investigate only the case of intense external fields so that 

o » ,Ny 32 . (2)NY21 

After performing the canonical transformation 

1' Q Q 1 'QC 3 - -- SIll a 1 + COSa 2 + --=SIlla 3 
J2 ~2 

1 1 (3)
-:=- Q 1 + -:=-Q 3C 2 
~2 ~2 

2 

1 , 1 ~ 

C 1 = - -= COS a Q 1 - sma Q 2 + --=- COS alc.i 3 ' 

(3) 


~2 ~2 

one can find that the Liouville operator L appearing in eq, (1) splits into 
two components L 0 and L l' The component Lois slowly varying in time 
whereas L 1 contains rapidly oscillating terms at frequencies nO (n = 1,2,3, 4) , 

For the case when relation (2) is fulfilled, we make the secular approxima
tion, i.e., retain only a slowly varying part '25,30 

1 
, Correction of the re

sults obtained in this fashion will be of an order 0 f ( y 21 N/0) 2c;>r (Y3 2 N / 0) 2, 
Making the secular approximation, one can find the stationary soluti

in of the master equation 

R 
p Z ~ x ~ 1M, R> < R, MI , (4) 

R =0 M=O 

-1 N R 

where P= Up U;- here U is the unitary operator representing the canoni
cal transformation (3) 

Y32COS 2a (N + 1) X N + 2 _ (N + 2) X N + 1 + 1 
x z ------

Y21sin2a (X - 1) 2 

The state iM. R> is an eigenstate of the operator R 110 R = R 11 + R33 and 

N = R 11+ R22 + R33 here ' 

R 1j = Q
+ 
1 Q j (1.j=1.2.3). 

The operators Q
1 

satisfy the boson commutation relation 

+ (5)[ Q 1 • Q j] = B1j , 

so 

(6)[ R 1j • R l' j' ] = R 1j' 8 1, j - R 1'j 8 1j' 

By using solution (4) the characteristic function can be defined similarly 
to Louisell /291 

-1 (N + l)Y N +2 _ (N + 2) Y N + 1 + 1 

XR(e-) = <e 1e-R > = Z 


s (Y _ 1)2 (7) 
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tation relation 

[ J ij ,J i ' j' ] = J Ij' 8 i ' j - J i' j aij , 

As in refs. /19, 25, 28/, we introduce the Schwinger representation 
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+ 
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0» NY21 ,Ny 32 . (2) 

After performing the canonical transformation 

l' Q Q l' QC 3 - -- SIll a 1 + cos a 2 + --,::::Sln a 3 
J2 ~2 

1 1 (3)
~Q1+ ~Q3C2 
~2 ~2 

2 

1 . 1 _ (3)C 1 = - -== COS a Q 1 - Sin a Q 2 + --=- COS alcj 3 ' 

~2 ~2 

one can find that the Liouville operator L appearing in eq. (1) splits into 
two components L c and L l' The component Lois slowly varying in time 
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1 
Correction of the re• 

sults obtained in this fashion will be of an order of (Y21N/0)20r (Y32 N/ O)2. 
Making the secular approximation, one can find the stationary soluti

in of the master equation 

R 
p Z 2- x ~ 1M, R> < R, MI , (4) 

R =0 M=O 

-1 N R 

where P= Up U;- here U is the unitary operator representing the canoni
cal transformation (3) 
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The state iM, R> is an eigenstate of the operator R II. R = R 11 + R33 and 
N = R 11+ R22 + R33 here . 

+ (i, j = 1, 2, 3) . RIJ = Q I QJ 

The operators QI satisfy the boson commutation relation 

+ (5)
[ Q I ' Q J] = BIJ ' 

so 

[ R R ] - R a - R 8 (6)
IJ' I' j' - Ij' I' J I'J Ij' 

By using solution (4) the characteristic function can be defined similarly 
to Louisell 1291 
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s (Y _ 1)2 (7) 

3 



where Y = Xe Ie and <B > s indicates the expectation value of an ope
rator B in the steady state (3). 

Once the characteristic function is known, it is easy to calculate the 
statistical moments 

an 
<R 

n > (8)s a(i,)n )( R (e) I i, '" 0 

III. SQUEEZING IN THE FLUORESCENT LIGHT 

In this section we discuss squeezing in the fluorescent light in the col
lective resonant process. 

The variance of the fluctuations in the fluorescent field may be deri
ved by using the following relations between the radiation field and the ato
mic operator in the far-field limit 1161 

(+) -+, (+) -+, .. -in 1t 
E 1 (x. t ) = E1, free (x. t ) + l/1 12 (x) J 12 (t) e 

(9)(+) -+ , +E(~) (~. t') (E 1 (x. t» , 
-+(+) -~ (t) e -i02 tEt)(i. t') E2 ,rree(X' t') + 0 23 (x)J 23 (10) 

E (-)2 -+') '" (E 2 
-+ + 

(x. t (x. t')) , 

where t t' - r/ C , 

-+ -+ ... 


-+ (1)21 X x (d 12 x x) 

l/1 12 (x) 


21T€ C 2 r3 

o 

-+ -+ -+ 
xx(d 23 xx)w 32

l/1 23 (i) 

2"£ C2 r3 
o 

the values of l/1 12 and 023 are assumed to be real, d and x are the dip~ole 
v~stor Of the atoms and the observation point vector, respectively; r = Ixi; 
E 1 and E:are the positive-frequency parts of the fluorescent fields correspon
ding to the lower and upper atomic transitions 12> to 11> and 13> to 
12 > ,respectively. 

From the canonical transformation (3), one can write the collective 
angular moments J12 and J2,3 in the form 

J .!. cosaD3 + .!.c.osa(R 31 - 'R 13) - :._ sincx(R23+ RZ1) • 
12 2 2 

\ 
/2 (11) 

J ,~l.sinaD3 + ~Sina(R31-R13) + 1 cosa(R12 + R 32 ), (12) 
23 2 2 \,./2 

where R 33 - R 11'°3 = 

Following the works /29,16/ we can consider the operators - .!.cosa R (t),
2 1ff' 

_ ;,sinaR23 (t), .Lcosa.03 (t), - _1 SinaR21(t) and ~ cosaR 31(t) as 
\,2 2 Y2 

the amplitude-operators for the source of the spectrum components at the 
frequencies 0C20, 0.1-0,°1, °1+0 and °1+ 20: and for simpicity we 
denote these operators by 8_

2 
, 8_1, 8 0 , and 82 ' respectively.8 1 

Analogously, the operators - t sinaR 13 (t), 1 cosaR 12 (t) •
y2 

sin a 03 (t) , 1 cos a RsJt) and i- sin aR31 (t) can be considered as the 
,!2 

amplitude operators for the sources of the spectrum components at the fre
°2-20, n2 - 0 , n2' ° 2 + 0 and ° 2 + 20 and for simplicity we de

noLe these operators by T -2. ,T -1' To ' Tl and T2, respectively. 

The following calculations show that the squeezing is absent for all se
parate dpectrum components 8 I and T I (i = 0, ±1, ±2) • The squee
zing 1S also absent for the whole fluorescent fields corresponding to the lo
wer and upper atomic transitions. One can find that the squeezing exists 
only in the mixtures of the spectrum components 81 and T_1 or S -1 and 
T 1; moreover, the degrees of squeezing in the mixture of 8 1 and T_l and 
in the mixture of 8 -1 and T 1 are equal. Further, we discuss only the squee
zing in the mixture of the two spectrum components 8_1 and T+1 . After 
substituting the operator J 12 in the relation (9) by the operator 8_1 and 
the operator J 23 in relation (10) by the operator T +1 and using the steady
state solution (4) one finds the normally ordered variance of fluctuations 
for the hermitian amplitude operators of the mixture of two spectrum com
ponents 8 -1 and T1 in the form 

<:(~al,2)2:> "'~ 10~2Sin2a<R32R23 + 0;3 cos 
2 

a<R23R32>s :;: 

(13) 

:;: ° ° cosa.sina«R 32 R23 + <R23 R32 >s)'
12 23 

4 
5 



where a = E~+)+E~+), a+ = E;) +E~\al == ; (&++a),a t<a-a+).The2 in the form 
statistical moments < R 32 R23 > iii and < R 23 R S2 > iii can be written in the <:(AA 1.2)2: >. 
form (18)F -----~---- .

1.2
R2> .!. I<[ A l' A2 ] > 81 <____ 8 + N. (14) 2<R23 R 32 > S '2(N - 2) <R> s 2 The behaviour of the factor of squeezing F1 as a function of ctg 2 a in the 

case of y 32 = ')I 21' '" 12 == ~3 > 0 is plotted in fig. 3. As is shown in fig. 3 
the factors of squeezing for atomic operators AI' A 2 are independent of the 

< R32 R23 > 8 '21 
(N + 1) < R > I .L<R2> , (15) number of atoms and can tend to the value F 1'" -0.5 (Le., the 50%of squ- 2 8 

C;:(A Q I )":> r:(~al)2;> 
2.0 3.0 ctg2

a(. 

here <R> iii and <R2 > 8 can be found in relation (8). We speak of squee
zing in the mixture of two spectrum components 8 -1 and T +1 if the nor
mally ordered variance of the operators a

1 
or a

2 
is less than zero 116-181 

<: (tia 1 ) 2 : > < 0 i ., 1 or 2. (16) 

It is easy to see that in the case of x 1, we have <R23 R32 >8 R32 ~3>S 
and the relation (13) reduces to 

b) 
<: (.1a )2: > .!. <R - RS2 > x (t/J12 sina :;: w23 Cosa) 2 :::: 0 (17) 

2.0 3.0 ctg20c 

0.1 
Nal 

a) 

1.2 4 23 8 

Fig. 2 (a-h) The normal(v ordered variance <: (tia )2: > as the func
1

thus, the squeezing is adsent for this case. It is easy to see that the squee tion of ctg 2 a for the case oj' ')I Y and w = '" > O.
32 21 12 23 

zing is also absent for the case of ctg a -+ 0 or ctg a ... "". 
The detailed behaviour of the <: (t\a 1) 2 : > (in the relative unity

!wiJ as a function of the relation of the pumping field intensities ctg ~ in 
Fithe case of Y32= ')121 and W12" "'23 >0 is plotted in fig. 2 for various num

bers of atoms. As is shown in fig. 2, the substantial squeezing occurs for the 
00 1 1.0 2.0 3.0 cta 2cx 

mixture of two spectrum components 8_1 and T1 (or 81 and 'Lt>. The squee
zing is absent for all separate spectrum components or for the whole field 
of fluorescence. As in the work 1171 , we can define the factor of squeezing -0.1 
for the atomic operators Fig. 3. Factor of squeezing F 1 as the function 

- 0.2 of parameter ctg lh for the case of Y32 = Y 21 

and W12 = '" 23 > O.1 +) i ( +
A 1 - (A + A , A 2 =-2' A-A ). - 0.32 , 


- 0.4
where J 

- 0.5A = "'12 8 -1 + "'23 T I' 

0.0 _ ]£ 
1.0 

2.0 

6 7 



eezing) in a region of the point ctg 2a ~· 1 . One can show that [A 
1

,A
2
] = 0 

when ctg 2a = l. Thus in this case, however F 1 =· - 0.05, the conception of 
squeezing for commutation operators A1 and A2 loscs sense. 

We note that as a result of the influence of the free parts of the fluo
rescent field E (l±,l free and E ~~lrree (see relation 9-1 0) the factors of squee
zing F 1, F2 for the atomic operators Av A2 are not coincident with the fac
tors of squeezing for the field operators a 1 and a

2
. 

IV. VIOLATION OF THE CAUCHY-- SCHWARZ (C-S) INEQUALITY 

As Zubairy 7 
·, we define a degree of second-order coherence between 

the spectrum components s : and sj in the form 

G (2)
i,j -

- ... 

<S 1 S j S J S 1 > 8 

<Sts i >s. <Sj S r's 
(i, j 0. :tl. :t 2) . (19) 

The photon antibunching is exhibited for the spectrum component 
S i (i = 0, ± 1. ::': 2) which satisfies the inequality 

G (2) < l 
i, 1 ' 

i.e., the degree of second-order coherence is less than unity. Such proper
ties occurring for the four sidebands S 1 (i = ± l , ± 2) in the case of one or 
several atoms are investigated in the work 1 191. 

Further, we shall discuss another nonclassical effect - the violation 
of the C-8 inequality in the stationary fluorescent field. 

We speak about the violation of the C-S inequality for the correlation 
between two spectrum components S 1 and SJ (i, j = 0, :t l. ±2) if the 
following condition is satisfied 1331 : 

0(2) 0(2) 
1,1 • j, j 

(0 (2) ) 2 
i, j 

Ki, J - < l. (20) 

The factor K 1, J descrides the degree of violation of the C-S inequality for 
the correlation between two spectrum components S 1 and S i. 

8 

l 

By using commutations (5-6) and stationary .solution (4), one can find: 

K = K 
2,-2 -2,2 

(<Rs1Rs1 R1s~s>s) 2 

(<Rs1Rls Rs1Rls>s)2 

Ko,2 = K2,0 ·= Ko,-2 = K -2. o = 

4 
<Rs1R31R13R13 >s' <Ds>s 

(<DSR31R13R13DS>s )2 

K0,1 = Ko,-1 .= 

K2,-1 = K-2,1 

K -1,2 = Kl,-2 

where 

4 
<R32 R 32 R2s R23 > s ' <D3 >s 

( <D 3R32R23 °s > s )
2 

<R31Rs1R13R1s>s • <R1~12R21R21>s 
------------------------------------------

(<Rs1R12 R21R1s> s) 2 

<R31R31R 13R 13>s · <R12R12 R21R21> s 
---------------------------------

(<R12R31R13R21>s) 2 

<D4> 
3 s 

1 4 3 2 
--(3<R > + 12<R > +B<R > -8<R>

8
), 15 8 s s 

<R12R12R21R21>s =! (<R4>s -2(N+2)<R3>s + 

+ (N 2 + 5N + 5) < R2 > - (N + l)(N + 2) <R> ), 
s s 

. 1 4 3 2 
<R31R 1 R13 R1 > = -(<R > + 4 <R > + <R > - 6 <R> ) , 

3 3 s 30 s s s s 

<R R R R > = -L(-<R4> + N<R 3 > 
31 13 31 13 s 12 s s + 

+ (N + 3) < R 2 > - 2 (N + 1) < R > ) , 
s s 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 
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<D3R31R13Da>S = 3~ «R4>s +4<R
3 

>& +S<R
2 

>s +4<R ), (30) 

<D3 R 32 R23 Da >& f(-<R4 > s + - 1) <R3 + 2(N + 1) <R2> ), (31)s 

1 4 3
<R31 R12R21 R13 >5 = 12(-<R > s + (N + 2) <R \ + 

(32) 

+ (3N + 1) < R 2 + 2(N + I ) < R > ),
5 & 

(33)
<R 12R 31 R 13R 21> S -;2 (-<R 5 + N <R3 > IS + (N +3) <R2 ). 

The following calculations show that another factors are more than unity 
for any number of atoms 

K 1 ,-1 = K -1 1> 1 , . 
K2I K12 K_1 _ K_2 _ 1 >1,, , , 2 , 

KI >1.K IO - ,0, 

It means that the classical e-s inequality occurs in these cases. 
The behaviour of the functions K 2 -2 • K02 ,KO,1 ' K 2 -1 and K_1 ,2 

against the parameter ;It is shown in figs.'4 (a-e) f~r various numbers of atoms. 
It is easy to see from these figures that the strong violation of the e-s ine
quality exists for a large number of atoms. It means that in contrast with 
the effect of photon antibunching, the violation of the e-s inequality is the 
macroscopic quantum effect. 

To conclude, we note that the investigation of the violation of the e-s 
inequality for the correlations between spectrum components correspon
ding to the upper atomic transition 13> ... i 2> and between spectra of 
the upper and lower atomic transitions can be carried out by using an ana
logous approach. 
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EOI'oJIlo60B H.H. (MJI.) , IllYMOBcKHH A.C., tIaH KyaHI' E17-87-26 

HeKJIaCCHlleCKHe 3<p<peKThl 
B KonneKTHBHOM ,!l;BOHHOM OIITHqeCKOM pe30HaHCe 

06cY)K,l],eHhl C)f(aTHe H HapYllleHHe HepaseHcTBa KOlllH - IIIBap~a 
B none <pnyopoo~eH~HH KonneKTHBHOI'O ,I,(BOHHOI'O OIITHqOOKOI'O 
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Nonclassical Effects in Collective Double 
Optical Resonance 

The squeezing and violation of the Cauchy - Schwarz inequali 
ty in the fluorescent field of collective double resonant process are 
discussed. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 
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