
CIII,III. 
11'IAI.llllfl 

I.CTITJTI 
IAI,IWI 

ICCIIAI18.1. 
AJI.I 

E17·87·224 

B.Esser 

RANDOM W1\.LK 

ON ULTRAMETRIC SPACES: 

A TIME DEPENDENT BOND 

CONSTRUCTION 

1987 




"~... · .... , .'1' ~ ' I '" J. ~lt., ··/i ;\ ~, . . ; ,. ,;. ,; .: -~~,; --~; ~l f , ; ./ . ",.
~ t.,.• '\ '.~ \J••.\:!~ tl. .~ . .I .~ I lo,. ;fl,', .) \, I 1\ '! ~~f, t 'J!.Iwl f . • 'j ' .. ~ f 1 ~ll rlJ,f", ~. , • f t .i o/·... l " 1V;,)' U)I 

o 

t)f1~f~·à1~w.~~·. : I~J~:/~~~l~~i: ~t~§}~ : tq;~~l;·.!\~ll';~~í ,~;'>~:í~ ,::,y;j: ' J'~~ y ~ :,:.,:"<' ',,~: \,,i \ "'.lh·.~r ...t'.
~I I ~, 1.~\ I j" \ , ~ 'I ~\ I ', f" ~ ' : ".'" 1 ~'( " '~I I " ~"" ;,1 g,' J~" '\~' ", ~{. ~'l 'J' ', \ " ·Yj',t, ·. I" I.;~ .
t,..."I;;. ~ ·iN~ irt j " )' l"~1 ;:&.~}:;Y ',·: ·Y~' j.~1 !t } ;,!..,::,· ~IJI~!! l.l., ,, \ ,1 ,fl .,;,,; b,.:. I-<t" ;'~","í' : ... , :' 1 .'J<' "' [l(. ' 1<, . lo",,,1:
or., fi 1t. {' ';f ... , l ' 'I.:r >,...< :"\' ' ,. , . , ' r- r' "',f; " t ... li'.' ,I ' . ' , . , " ~ " I'" ".,,, \ :f _11.1 "o( r ' 
~~~~~~.V~ I; l(:~/;~::, ::.~t,'i{~'i:~~· "'~~~ ~~..~ .-;~~.~ «,~ , ~: I' :A' !,11jIWP,:~i/' " ' :~;:'!~ i11~7};/ ! ~',1. ·~!' " ~ , ;;~:J; :10:",.,'.~: ~. 
t:·" J !l;. !l 'r l '.~Â " vfl, ~ . {,.(.g, • • ~ .~ ~ ~fI ' ...I~t , ,~ ~tM~ ' '''\t''0 ". t:~ ! ~rt,f · ''t,f~~ ~••/ ~ ~I }, .j:.ro ~X~ 't " ""~ " ' _ " •... ' 

~~~~i/fà~á Mi.iil<:}~W;\~~ ";'f;q':l;~.flrj):;j)h ~;,~t:~.; ;to!~!;~~~~ ::.~J~i~:~i:~)~~~~ ·:~i.;;:Y '~
 
'~ 'I (' o ,~tl " v'tij" , I. ..·.r" '1 ' ''' ' 'f l , t· ? ··/ ~ , I of,. ~. 't . "1 ' '' ~ <l1o\.. " \ "J/ pI' <\
 

·~ l .~ :{i .;V~ 'J :~~~I:I~íl " ! ';~: ~lJ. " " '\ :': ~ ~'" ',':{ :. ' :f -< ~~:" ( I ·· · ·P I :~: : : ol1'~ :1; · 'J.f~t'k; l/h~~: ri"';:i~.~..~~
} J;f~ J · · f. i)~t. '~~: i.~ ..~ : , 
• "'.. ,\U! " /. • ~I " l ' '. " I" ' " " Iif 'l '~ I' lI' .'( · ..·1' · ,, "'o)~ . " j!J( I'" '... ..,\. ... L ·f ....- r, '"I'
:J.f~I\ . ~\ ~ol ':~~ ,~~ : ,4J. ~t~ . ~IL l;( "ll\ff ~ ~; \ ".\ ' r'~ :' i(~ .. I""';ol ·:.·... ;,, ~ ... . '~I · >.1 \t}~ '" ·~t rl~ .' ~/ C~~ {~I .., ~.!J·1~.. ' 1 t.': ';'.' fi 

'f"':" j . • v' (.:" "" r; ' " J t~ I } ? 'To ~ J ~ 'I . ,\ 0,.; ~ I~lii. J" ,.. C" " '.' "'1.1 ~ • I 'l~ , I J ." •., li . ,' 
" ,J(~I' ·~C\\ tJ ~ I ~ " ~'~'/~f 'j '' l1° ~ti.J; ~~ ~t)~k!rJlrl r l{ :~ ft~ ~.. ~'.!'.ll'li'.'c:, ~ , ;.~I lp ~.• '~', ;,' " , " ,,; . · I ~,!' ., ....ji~ ; ' ' t ~U:- ,~t:T)' ~:~

., -,-,'" :..lI I r, ., \~~ ' l(oI9 " ~ t: " ~ ", .' •. ~1\" ., '"'~;'"", ."lo • , , • •' I l ... . ~' I
t\~ ~ ~ ~j~;,1J1J .ir: 'I· ':'J ~t~ :r I (lI '(.r·t;· ·j !. ~", ..o' . "{:'~'~,~$l J " t'!/,~fl: t~~~ t ..~ ~~; ~~P..'\~~l' ~1 :~ .r' ll~O~f,\/I ' ~ ....... ,t)J:'~/ " " I
'.~'r'lh 'I""l~jn, (, ;~(~ l."; '~ -1·';,';:lI /,,;'>'< r:1.. ~: lJ IJ rJ,i:( ~\' I,~ :~ .!!,I..'l,' ··H,.. ../Slr;':1- .. J'.....'ft,p ~....:.:,,.,,I,,, ,,"1. , ,,' '. . :t' ~, \ ' f: ,.,1 . '0 1 1 ti. • \f' ...0 .0 l ,l lf,,' ~\'\ • r • " ~ ·'t ; J 1 .'~'~jt. j • ••- 1(.1 ' 1.7 " .. ' l ?' " \ . 1 " 'ri 'II:" '/~ \ " .,.,~ . ~, .•tt, ·rn:·~t·:'I:;,~' . , ~ ~ I[ 'l'''' ·:J. ·l li" lg~·I.~: ;q / ,:Jlíi( . ';,)~;:' ; ;,;";-.\ ·.~l~.\ ~: '. :,.t;.f. .'li;;";'/.) ," ' , '}.'. "',.:ft. ( I ! : 

' 4 · ." , .. 1i.,J(.l{ 1J '~ :'!t f ' t I. ' ",;I; ·' ·Lo·tI ....... ··'I· · \/ "', 11 :.,......~~'" ,. ' I. -l i . ,' ., ' . ,i,'
 

~:r}}~;~í:. :J.jJ:1;wtf!.dr:, ,~~~ (.~*!f:t')7e~· ~G· ::': t io ~ .;'Sl ' :?$J ;1:.rJ'I·~1'\~: t~ i't {-../o.J; ;-' (: .' :~~:. .,

tI,:.r ./ I ....'" (~·'2r'.'..i'- ..i"'ll t~, 'r. 'r"r ' ~~"""i I ....~ '/ . .. ~.. ~~I' , .t· I~ 1 nA,.,,! ~"~"" I i' ...~ Y.ll . ••~ . r.r~"J. " . ~"r'f.. ~,t: I

(~2··1~:~ 1. , .P~ ·"~{;~ l,\194~~t~$I ~~~:l'· :tO:f.-4l ~~fil,h: ' ~ } "'~ .•.' I'~ ')': (:'I {Ir ::";: :o~ ,, , ~t'.( ' ~~ tr~ .v·;'" "~: :j "' ~ : l·l 
') '~f< · '·j,ril.'Y ··~"-' ~'?·{&·,~ . r~' :' -/'; ' 1:"" ' l ~ .,'lj ~\Y • I . ' '~ '((Y ; \ l ., ," .' ~IÂ.' , '" ., -'f'
 
I}~;, ~· .•: "f> .. 111.:\ I~\~·I~/.~~,. ~~J~ ' l l~~ I' ~" '~ ~ "q' '''\' ''J, ' "y" '1"" ~'f' !. , i l~ \ :~,·k' ~ .~t' ,'<', ~ ,'1~"'# '1&~~'
 

") '.~\ J~{ .' ~I" : ~f:,·';,1;';/~t ~~Q ' 11' .•, t tl' '~(.·;r'" ,'t".., 'r~, if}' r ,"#~' ~ . ~ ~ '~ '~ ~', ;" '~t ~ Hl ,ji , } ~ .: :\ (~ "J:::'1!.i--. '/I: "'-'L' .
ltll\f:~ 1 .,1., .f~ I.~~ , r.:,I)I! .~~I'!' ..'\~ 01;"; '., .... " (I' ~~ II'W " !" "~" 'h' 1 ',, '1 . ' , ,," :l '''1;' , , ),.oJI.,'" ~ l' I 

~r"""' ;) , · '" f ,'" ·.,lJf I' -'-'1 """~ .. ~-'1J. I J (~o ,4#', ,J .. /, "'/'.. : ' ~l ,I . 1~ .;/.IY" 'f,", li ' ",' li'l ~ " ~ \01(;'1 ~~ oi '
 
:,lo::t{t,' l.Yrt?/) I~.(.•'fff' ,~.j~Q .H :;;" ~L :'~O« ':; ~ T~'}~:I ' : I "",'.~ ',~ ,I. ;'1,. ' ,11 ·f" ,"' :~ '\,;:V." ~:' I. ~,;:. 1~~!/',{1l'~ .l~·:t ~~. ,


" {~~' 'ft , :.i:, ., , .'11 ~......rt;, . ~ i '·"l~ · ~it :.iJ I~, ' 4..~'J.u' .• -í,·l;,r. • ~ " " '1,"'''' • ". I ' 'J ~ '~ '{t ~~ :~ ~~" ... '~'f~ .. , yr."" · 
J /111."'.; !c ~/t1'~~J 'l'~!tt\~l.\,~~~~~ ( :?~ l '~(. ) t~ ' I \ I ".. !~ ~~ t' t T~;~ I f"'l ' '1 \ 4~ ' ,/~ l' . ~ ' l!1 1, l ~ ~o • ~r:,,\i ir;' ''P.'l"t~:l)il · ' 

~ fi ~ li ':J~ ~ ~~'1·, ~?>J" .' ~' '... 'I ' , . , f." l J "1 ' , ' I ' ,; ...1' ( • ~ f' .. ' I , J. ,...,!~. ~r:·,,~,s .~: 1'J' 1· , ;J.~·o',f·~l·' i~,f'::·, ~ ("~:. ,',.) l, I,. '\" .. , ,\i,,' ",,;''';''' '.,:.1 0"'1; ':',;' f', :J.,I,'J ,lf ''' ,
/J.Jt71, ,,;f..(~.~: f •• •";L· \tl.';l);/l'l!: . t:"l(/r " ~I ~': ' ~l,l:- ' " .i ., i; ,' '" I';" " '~ (I;"" ''oi I '~~( l."1. . , ., , r. " " , ' ' v' """ 

I ~ '1' ;f~ ' ''-' ' j.. L '] '" l~ r. " Jlo • Jú' .. , <l I ' . 'f li • • , " '!t ' ':>f\' ~ ., . 1, . , .'" 
f"" J;;l, "" "1 , ,,, ;. ~r::, ti ~ ......~~,~~~~~~.: ,. /to ~" .....tn..tJi., f ):: ." rtJ 1,1" r~ ' ,.. ~l;\ ~~ l,~J )J "il~~~ ti J (' I~ r. ,!.~ ~ . I ~ 
•.",'~..~I r~. :tJl1t:'~' ~pll,..!U ~1 1 . )).";I\;~ ' ;/~, •.'/ J.,r.(l;' ?/ '1{X I~' : ,;~~. ,,1 '~ 1 / ~ 4 .' ·~ , ',1 ~!I) . ;~L!~: ~."" ~."~,,.., (. '. t '·r.;, 
~. " ' ~J,. ~ ~~ . \'" ,ou , ' .'~'lll S,' .. ';; .I.' ·~ ·ltlJ. "\~ ' ; " "t { : '! " " ~ "';' #,tJ; 'I~ ~.• , ~ ..) •• ~ ~· ..ttr ·, l ·" 
~',, ' ..;}t: r·.../··· ' ..... ' . '; .. .' 'l ' ... ., "'",'': I''tl '' ".:Jl~#I f ~~~Q ' (('" ~ Y{.r ~J; t' t ,~.~ " , . " í '~ & o . n,~ ~r... ITi ij,B'~ ""lJ~,~t L. " \(1 ~tJY,~~!~.~. 2 . I ~ i ~l '!/. ) ;(. ,.f~~ d1r.f.P ' :l.(.! )c ~, '1{li ,t ·' \. r~T'li'·\.if!..· " 'i.:;.f e.~!.'r..""J J :,t,. ~~ .

":A~ I~ / ' 'T'{·I' ' \"''''' ;",Jl '>l:t;oJ.. !,.1 ' i,~ { \'í , lI. ...t>~."/. ,,'e · .,~).o, ~..r l'l'';I~,L~'~ ' :K ~ """'" '.-/r l1l"
'·(/~'-1')IJ.,::>It ,."k~",. ~~!:~ "r..~J ~ I~ , I. ~ ···i'.I.:'; .... ~ .; 'I . '·."{Ji'J1> ·I~ ."' :. ",1' . :0'1<\ ' ' • • •1., 1. •-;I:! '~ ~ í'\ ' •.,'" . }.:.•", ... J'
1~ 1 _ . ·~l.1 i.,'"i~f C . "lf. I '" r fj ~~ f\I'f .r;t ~.'rl' " 1" ~ ,... ." , .J \ i{', :H , , ~ 'X' . ol ., fi: I 

~ 'i:" " ~~t:~ir'..i t/'jl;~r,<;~ ~ : J<M~ , !~/W(:,: . ,~;,~r;~ . "\;...."l~ i~ • f';ft'Jo·:. ,} "~" I,' '~': ,:t .'. : " 'I,.f;~ --;" ,,, ;~ : ~~ , ~l ;T· f .~~,,~ ,r,,' 
, • • .::.~ . \ "I.;r . ,0 '> ~l! r-JI ",. i ... " ' .- .,. ,t t '-~ , d '4 , " .. "f . I J ' j;t · .~~i!I ~ J~,~~;~t~; ..~::.' ' ·i~h~ · .~~f~.~~~~~':1·~!.~~~;i~ifj~1J~~.:: , V r: ~" l I! '~ :i J;~ \ l~a.~!r:~ ~t: ~ ~~~ li ~'t.;~'~: ', 

~·ill ..;·~~1~~il . " r ·~ ;?í · ~ ·~~~,l'~~W~ ~'~7: . !,(-~" ~' ,!:~:r~ .. ,~': ,.' ,~ ... :'; 1 :~;fI''' . t I " I~' :'~ ~~~t('h ~ ·.,~ 1 · ' . I· r. l.l..(· ·~1'1 li, '!- ,I 1 ,;"'r ~1f~;:tl~r; \'. 11J.:r· ·,'lJ i,. -I ~:i ·'t ~~·'t , ,", :.,~1· f, ,.!' :··.... ·t .r·:~ j;- ::. ~/Jl1 ' ,>t ' ~i! fJ: ·tt~ .~4 .lt1 ·1>;Wi·~.;.J '~ .. .. , i';:'.; • ,\ t '.~~:. ~:f~~ ~}\~ r . . ~I ,... f ·f,~, . f: ~ ,. .",1" ,, 'I....4.·,.:::'L ... ~j \ _~ ......~/~~· ," r
'fi. XI "L'''' ~.~ . '~T" "li; , ' , • ••q~{; J~'l'!" 't"., " 1'11' ,~. ''t ' 1 " • <J!' r'lf'~ 'I' ~'f'.:,I\4 ' 1'1 .. ' /t'"~,,r\lti~·· <, . , ~ J I\ W,'/"" ;"'l..;..~~, l,~ ";t. .•l, .r,~. ~, ' ''1!, '~ ,l , <l f\·.}i}7 ').' .-j" , ~:r (l'o ' .: ~ " . i~ " .;'~J/" '~ ~" ,rl') ' 3 ' I:....,~ /·" ~~r . e!N '~~.?t ~"'-" " ~ " 'lt .i~' ',' ,.I,i'... : I I)-\oi~~J·il ::~ r :' .. ': . ~ ~ ,~,. 0;' '.' ,. .I ;Y:~ ~ .. . ' 'g Il:~,. . c. ; :r: .. \ ..

t ~\~ ~ \ ~;~~::;I '.~~~ 7;:ff.., ~~ll., ,~}.~!(,~té;!h '-:"~::: ·;."~;·/#~1r' ': '~, ~; .::;,';,',i') , I .:': ~t~:.· ~ ,rrl.~· ·~~ ·;: ' clr.;> ~Efi '; '
 

I I ~ ' • ,il.' .•~"" ' r. . Jl"., /1 J . ' ~ o.. • " I 1 -(0 ., . ~. \f' n I', ·r · . "l" \ ' '' ~. • . 'if.'P.t~;.lh a':t;1 · '~.~ :i.,J}i. ~1~SI.JJ. I ,r.~,1!~yf.t 4h;:,(:.. ~t; .~~ t.~ :I~~r, " ~1 ,: I ~:"'i"':Í'\'; 'r:!" '(, I~' ...' ~ ;)),:...t .. ~~~. 1
• ~(,~(l . ', \p~ , ., Ir. . .fl1.(' ~." .,. '1), tJ I ,~ ,f ,. ,J " . ... ...;.. f"i ' J .. ;m . ); ~ ." }\ t' ••' ~ ot1 .. 1 ,e' • :( J ' ~~(l#,.l$'il;l("~'t'"l;;'~" ,'..:;,:1;, i;~;~ ,:.}"l,t': :' , {,1~"'~ '1"••!", ;,,"'( ~ ':J " /~:<lr..' •.'jp.:~~:, <!'~'~')"'il"'~ .'s'.I.l' I-Wf'dY.·'::·/.ol '-~';··' :' ·'~l ''' .;''I,\ '{1.;f;({~, ~,·, ·Ul'if. ;t, fll l, I, 11.;· " •.~~{~ :1. '1". 1" ",,111rl " ' I} 
~.~;,~W::1t~·:r-Iil~! '; \~~"'·1.j.t;~~;I.n~j. t~~J~,i!! i:)(f.~~kib · "" ·'A.·' {.,~. i ~. '.\,,; "r: .:~( 'f!':; ~f.'1' k': .\ : ,~~ .(~.: 
~~(~'f'.:. ~~·.l/~'{ ;if.).'l( ':!r;7~~"" ~:'k1'" '' ir ~~r. ' ,~ ,~:i '.,; '::f.,{'/~. ~. \I '~~'. '')I~ .' ,:,"?l-':•. "~J' .y ,re :"., ~ '~r!;." :'/.; "'f~";i '";':,," r'"! 

~rt~~.1f:t:·:j~!f.I-P;'fi~iJ;·?~l~~~;~~~~à~\~~~: ;~:Jfr-f~~~~::j !~~.~~~L.';:;,(: -/.,:Ii:··!'l.. '.~t~~ f/..Yl
I}\ ." ,'111fi ;I),::rl~'~'I:!~' ~ .~\';;~:-t ~I};'r~:~ \ t "''''.fu~~~lr {i:~~ i:(~ ; '~~~:~ J~' l~: :'~ .f,~~ \~ : ~~r~ '(r, '~~ :ll.:/:'11; · : .);' " 
1 ! ' ~'';'' ·;\:Y7' a · "I.~1 · ~. ~ · · ,'.,t ..," " '~ ..;n ·, :( ,[; 1;/ / .1 f ' \!v)t.''1 '''~ ' ' À" I ' Ii!J ~ l' V ~ " ' 
~r ~ 'n rr: ':(~~ ~I'~(:'r ~ ", ; .-l'. • ~: ':. ' tort".. 'o}j' '·lh'"i ,It ' : , ''l.·'I'~L· t · oCJ; •-f<: .:,·"t·.... \. I :".~~. " ~';'I li. ~( ~ .l'1. '.:'f{ll!'.h.. o,,
('~~ ' 4~r'f3.1f1.r ('f."I:' .•.. ~ 1J,;"'f v·: '~' (rr" ' II~:i~ , .'it, ·~ I ; I ' ~ t:,·';1~ 'é, ' i: ~ ~ " , I~~ ..~. , :·, l, ''i'I' '~U 'Íl · 1;(.t · ; ;-" " " 
~I · i. '; ' :,''; ·1J.~t·~ .",~ 7" • :l 7 \:'!....I ; :" ':'~'i" ~" . ..~ /'.1 • '" ~ 'il t~; :'~ Í'JJ~ , . ~ , ~"Ipr :.':,,::. " ""?l' ~;, ~ ".é' i:jv·l.o I í"I ' i
f~ ~r.~ilfJi~r;: ~·\:·f~M~~ .~1:'~ ",I; :tL~1i;.(j~1 :~;J~J,1t:,i~'1 V~~ " ~t <:~ ~ ~" ; ; " ,/ ,;:,f ,.~~' i}/J tll~ ,':1 :'f,f .i:i~ 11~~~: : ., ~ . ~,: "t~', " ~ . 
10':""'./ : - l' :J; 'f;'" ~!;.;, ~",~.,, : , ~:l ,',.. Jif~ ' '''1,,'' : , ~ •••<\.II ,,!,r.' ~ ~" • ,'\ (:<i if ... ' ,,~, "I!>.' \' ,. , ,f} 'I'" f'.lIt· I' 

~;~~1?!~~~;" '~~~~;~~k~~~~~' :.;'.~~ "~klr t:;" í~!~: ):~\·11:.(r.'~:~~: :~j:l !~.ii;"':~l~~:i:~~\ ';~·· ,.>1,:, ,, 'I .:;' j.:'~~~.~;V;:.. . 
, f · ~t" "', , f"I-·:; f ' lo, ~ t~" 1-t ·Io'....., ,'l ' .4 F'j~ {v.t .. I t, 71 i.~ , d{vt 'f •1' /r,.. r ' J. ~ Y .~\ I } ~:'\J '1' .:J " ~ ~ " . ~1.i . }ri.'.? •
 
. ~·~.}~ ~....,)i. ~ I J/.~·;;f:::.1.~~., ~ ~:.. ~:'1i~ lJ! !Vi ! " i .. ,c'/. ,,\\~:,, " ~~ . i \ ' ~'; > I Ok":~~ 1-'! / ' ~:'~JIii";"'"__ 6 ,I. I
: e .. l: ~rT" ' : 198'7."I'..~,. ';: ~"" • 

. ' . v· /";'·;P I. ' W '(I:, ~~hlU'. 'J:ViT'RJtepR~J:' c.",~~OJl"", ' ,u,y lia ,. '1' 'l · ·r , I;
j ti~:~~f~ '!;," ' :' ~l!j" ',,":IJ!' .t'~~ 1 J ~ ,~~~.~" '" -'(!r/' '. 1 . /~" ~ 'r I ' IJ . ' ~ ~ .' .... ~ ~~ :wJ ... /

"r. ~. · I.. ' IQ " ,/ -)r,1'~ , ~ : ,1iJ t j.j , ,/ j;1~ ... ' Jj ')1" I. /!, I ,' 11 f J' J .i" I r l l~ t ' ~f1i ·,J1:J ~ 'I' .~(: \ ~!~,:"I~ , '.•~tltlt .;"y1 ."'<: " .1 I 'I,;j " \< ,,'. i". ' ," '!""~~":'~r.~.F:i '~\. "'I 'l' .[' .~~ · ,!j.M)~ ' ;.I.i'" " " ' '''~ ;~' '1' 'lI, I'·.;' .. ~}' ~~..'\.' %: r.. ,t..' i,,' I " " ,r., ." " "~I , lh't'/Jl;.~ . 
• '..\.. f • . .. · , ~J,. ..·,:.(rn, .. ~ .f. ~j, ~ TO.. '1IJ' ''f i1 i!t "': H, j ..... ,' ~~ 1, • • I , t .. ~ ~J,,, . ":{ . 

) 

Recently, a random walk occurin, on an ultrametric space h as 
been studied by several authors /1_) • In this s pace states form 

clusters separated by a system of hierarchically organized barri ers. 
State spaces with this type of structure are of interest in the spin 
gl a s s problem /4/ and may generally be of importanc e for system s in 
V/hich conflicting requirements and constraints are met /1/. In /2/ 

(hereafter referred to as OS) a random walk on an ultrametric space 
with regular multifurcations was investigated by using an eigenmode 
representation of the relaxational matrix. In part icular, for bar
riers increasing linearly with ultrametric distance, OS obtained a 
power law relaxation with a temperature dependent exponent. In /)/ 
a special case of irregular mUltifurcations/was considered and the 
power law behaviour of OS confirmed. As in 2/ this consideration 
was based on an eigenmode represêntation of the relaxational matrix. 
For the case of random multifurcations, however, it is desirable to 
have methods working independently of representations using eiGen
modes which generally are not known for disordered systems. In this 
ahort note, relaxatibn for both regularly and randomly multifurca
ting ultrametric sp aces is considered by using a time dependent bond 
construction. This construction is an approximate method and is ba sed 
on exponential variations of the transition probabil ities between 
different sets of states /5/. In the case of regular multifurca
tions, the power law relaxation of OS is rederived. Then, by using 
the simple geometric interpretation connected with the bond construc
tion the case of random multifurcation is treated . 

F~rst, we consider a random walk between states of a regularly 
muI tifurcating uI trametric space (see Fig.l), and as suming the 
initial condition Pk(t=O) =Clk o' calculate the probability Po( t ) 
of state o to be stHl occupied at a later time t • :l'he states are 
connected by the transition probabilities 

6k 

VI =\Je-' (1) 
k O 

where W is the rate prefactor, T is the temperature and ~ k is o 
the barrier corresponding to the ultrametric distance k (Fig.l). 
In the time dependent bond construction, transitions between states 
are divided in two classes \'Ik > w(t) and Vlk < W(t).where W(t) 
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Fig.l.	 Part of an ultrwnetric space with regular multifurcations 
Ey= J) • fhe states are i;dicated by dots. The tree visua
l~zes the connection of states in a hierarchical organizat1on 
of barriers ~ k depending on the ultrametric distance k. 
The ultrametric distance is defined as the number of branch~ 

ings one has to rise before lines originating in the 
corresponding states cross at a branching point, e.g. the 
ultrarnetric distance between states O and 1 is 1, between 
O and the states 2tJ,4 is 2 and so on. 

is a prescribed function. For W I W(t) a transition is openk 
(bonds are inserted between the corresponding states), and it is 
assurned that the excitation is almost uniformly spread over the cor
responding set of bonded .st at e s , whereas for Wk < W( t) transi
tions between states are blocked. For W(j) one makes the choice 
W(t)=A/t where A is of the order 1 (see 5/ for details). Here we 
set A=l (for A+l the time dependence in eq. (6) is not changed). 

In the case of a hierarchy of barriers bonds open stepwise 
at the discrete times t k given by the equation Wk·t = 1, i.e.k 
at A ~k
 

1.. I' r - " T
 
t.,K ::: W e. .	 (2)o 

f' 

2 

Asst~ing the occupation as uniformly spread over the bonded statest
 

one finds that after tI' t 2' ~J .••• the excitation spreads over
 
1 2 yJ .•. sites, i.e.
 

v • y) 1?ei ) f'J ..1.-	 (J) 
a k yk 1 

where \I is the number of branchings (V = J in the Fig.l). Assuming
 
a linear variation of D. k with the ultrametric d s t'anc e k
í 

6 
K 

==	 k . .ó. (4) 

and inserting (4) into (2), one obtains
 

T '.' (5)

k ::: ~ ~(\Jtk)'iJ. o, 

Now expressing the step k in eq. (J) by t k anff using (5)t one finds 

-1	 (6)
~(tk)'V 

("Wi )ér/~)~Y 
o K 

Eq• (6) is identical to the asymptotic expression of OS obtained for 
WC) t }) 1 from the exact eigenve ctor repre sentation for Po(t) (in 

- /2/ W = 1, Y =2 ), if the discrete index k in (6) i s dr-oppe d, 
o 

Dropping of k is indeeà )ustifie~ b~cause the inserting of bonds 
should not be taken toa literally: in fact it means that the 
spreading of the excitatlon by including the next bond in the hierarchy 
accurs at times of nn order of t ~tk' The 1nclus1on of an arbitrary 
A iuto the bonding criterion is easily seen to result in a change 
of W in (6):- W ' --} Wo!A, leavi ng the time dependence unchanged ,

o o 
The main conclusion of- the simple calculation given above is
 

that eq~~(6) is equivalent to (J)t i.e. it is related to the nurnber
 
of sites \: ::::_yk over which the excitation spreads in stepwise
à 

process of inserting bo nd s , ·Now, this observation is us ed to consider 
Po(t) for the case of an ultrarnetric space with random multifurcations 
(see Fig.2). The transition probabilities are again assurned to follow 
(l) but now the number of branchings is a random function. After the
 

k t h
 step one obta{ns 

tJ(.t ) /V <_-1 ),	 
(7)

O k N 
k 

3 



• 

, 
i.e. Gk(z) is the kth iterate G(k)(z) of the generating funotion 
G(z) of the random variable Nl, the number of branchings after the 
fir.st step. By definition 

,\.,	 V 
G(2:) =6\0 ~.	 (11)

ylY 

'1'
 where p V is the probability of having exactly V branchings in one
.\1: 
s t ep,

11 
1 

I • ibe calculation of po(tk) now prooeeds in two steps:.. 
1. Assuming a distribution p y one finds G(z) and the kth iterate 
G(k)(z) with which 'the integral in the r.h.s. of (8) is caloulated. 
2. Assuming an explicit ~ k dependence in (2) one expresses 
k by t •k
 

Here, we consider the simple case of p V obeying the geometrio
 

Fig.2. Part of an ultrametric space with random multifurcations. Pfo,ression P)7 = (1/2)\1, V = 1,2, ••• , where the kth i terate
 
G k (z) Ls given by the exp1icit expressio n
 

~ (12)G(k) (.~) = .2,k _ (21<_,1) 2

where ~ i5 a r~dom function oorresponding to a particular re
alization of multifurcations after k atepa and the average < > The mean value of branchings for this distribution 1s y= 2 • With 

(12) in (8)	 the integral is easi1y done. Qne obtainscorresponds	 to an ensemble of random walkers experiencing different 
kmultifurcations. Introducing an auxiliary integration (7) is repre 'P li ) ~2 .	 (13)sented in the form 

~ 00	 o 1< 
(\J 

c2 k _ .11r -N x ( X) 
(8)~(tK) 'V	 ~ d.x <e K >== Jc:Lx' GK ( e ' 

o o ' Assuming for ~ k again (4) and expressing k by one findat k,
 

where the generating funotion Gk(z) of the random variable Nk
 

Nk:--l )	 N (9) ~(W:j )("T/6)~V
Gk(:c) = <~ >==	 2J P(N =N -2 rv o~\< (14) 

N K ~(t,) C~l t )(T/6) fl..AY f 

was 1ntroduced. In (9) P(Nk_N) 15 the probab11ity of Nk-N. According o K
 
jO a basie theorem of' the thcC:7 of branchi:qg pz-o oes ee s (see1' e. g.
 
6/ ) Gk(z) can be expressed as
 

where 1 in	 the denominator was neg1eoted. For compariaon with (6)
,(l.-<) _ . (.)'	 ~ 

GK(:e)	 Gi G?;) ~ 6(G.. G -t:) ..) (10) 1 the mean value of )1 was inserted. Fr om (14) 1t is seen that a1 

i	 random branching distributed according to the geometric progre5sionj 
'I introduces an additional logarithmic time dependence cqmpared to (6). 
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) 

References. 
1.	 R.G.Pa1mer, D.L.Stein, E.Abrahams and P.W.Anderson, 

Phys.Rev.Lett. 53, 958 (1984). 
2.	 A.T.Ogielski an~-D.L.Stein, Phys.Rev.Lett. ~~, 1634 (1 985). 
3. D.Kumar and S.R.-Shenoy, Phys-.R ev• Bl1, 3547 C1986). 
4· M.Mezard, G.Parisi, N.Sour1as, G.Tou10use and M.VirasorO, Phys. 

Rev.Lett. 52, 1156 (1984). 

5· B.Esser an~I.p.Zvyagin, phys.stat.so1. (b) 101, 52) (1981). 
6.	 T.E. Harris, The 1'heory of Brarichâ ng Process'es, Springer Ver1a g , 

19&3. 

Received by Pub1ishing Department 
on Apri1 7, 1987. 

6 

\J 

WILL YOU FILL BLANK SPACES IN YOUR LIBRARY? 
You can reeeíve hy posl lhe books listed helow. Priees - in US S.I 

including lhe paeking and registered postage 

lJ' 
011-83-511 Proceedings of the Conference on Systems and 

Techniques of Analitical Computinq and Their

'I Applications in Theoretlcal Physics. Dubna,1982. 9.50 

07-83-644 Proceedings of the International School-Seminar)1 on	 Heavy 10n Physics. Alushta, 1983. 11.30 
li 

D2~13-83-689 Proceedings of the Workshop on Radiation Problems 
;.. an~ Gravitational Wave De~ectlon. Dubna, 1983. 6.00 

D13-84-63	 Proceedings of the XI International 
Symposium on Nuclear Electronics. 
Bratislava, Czechoslovakia, 19a3. 12.QO 

Ei,2-84-160	 Proceedinqs of the 1983 JINR-CERN School 
of Physics. Tabor, Czechoslovakia, 1983. 6.50 

02-84-366 Proceedinqs of the VII International Conference 
CI on the Problems of Quantum Field Theory.
!l Alushta, 1984.	 11.00 

D1,2-84-599	 Proceedinqs of the VII ~nternational 
I:	 Seminar on 8igh Enerqy Physics Problems. 
I Dubna, 1984.	 12.00 
f 

D17-84-8S0	 Proceedings of the III Internatronal Symposiu~ 

O" Selected Topics in Statistical Hechanics. 
Dubna. 1984. /2 volumes/. 22.50 

010,11-84-818	 Proceedings of the V International Meeting 
on Problems of Mathematical Simulation, 
Programming and Mathematical Methods 
for Solving the Physical Problems, 
Dubna, 1983 7.50 

Proceedings of the IX All-Union Conference 
on Charged Particle Accelerators.

l: Dubna, 1984. 2 volumes'.	 25.00 

D4-85-851	 Proceedings on the International School 
on Nuclear Structure. Alushta, 1985. 11.00 

011-85-791	 Proceedings of the International Conference 
on Computer Algebra and Its Appl ications 
in Theoretical Physi~s. Oubna, 1985. 12.00 

013-85-793	 Proceedings of the XI I International Symposium 
on Nuclear Electronics. Oubna, 1985. 14.00 

D3.4.17-86-747 Proceedings on the V International School 
on Neutron Physics. Alushta. 1986. 25.00 

t Orders for the above-mentioned books can be sent at the address: 
Publishin~ Depar~ment. JINR' 

Head Post Offi~e, P.O.Box 79 101000 Moscow, USSR 



SUBJECT CATEGORIES 

OF THE JINR PUBLICATIONS 

Index Subject 

1. High energy experimental physics 

2. High energy theoretical physics 
3. Low energy experimental physics 
4. Low energy theoretical physics 
5. ~1athematics 

6. Nuclear spectroscopy and radiochemistry 
7. Heavy ion physics 
0 ,.._,,,..,.'""' .... .:,..~ 
...... "'' J""':;, ...... ·--

9. Accelerators 
10. Automatization of data processing 
11. Computing mathematics and technique 
12. Chemistry 
13. Experimental techniques and methods 
14. Solid state physics. Liquids 
15. Experimental physics of nuclear reactions 

at low energies 
16. Health physics. Shieldings 
17. Theory of condenced matter 
18. Applied researches 
19. Biophysics 

3ccep 5. 
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PaccMaTpHBaeTCH cnyqaHHOe 6nY*AaHHe Ha ynbTpaMeTpH
qecKoM rrpocTpaHCTBe c perynHpHhlMH H cnyqaHHhlMH pa3BeTB
neHHHMH. BwqHcnHeTCH BpeMeHHaH acHMITTOTHKa crraAa 3arron
HeHHH HaqanbHOrO COCTOHHHH B cnyqae aKTHBa~HOHHhlX Bepo
HTH0CTeH rrepexo~a. 
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Esser B. E17-87-224 
Random Walk on Ultrametric Spaces: 
A Time Dependent Bond Construction 

A random walk on an ultrametric space with regular 
and random multifurcations is considered. For the case 
of activated transition probabilities the time dependen
ce of the asymptotic decay of the initial state occupa
tion is calculated. 

The investigation has been performed at the Laborato
ry of the Theoretical Physics, JINR. 
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