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Squeezed states of the radiation field that may have po

tential application in low-noise precision measurement and de

tection, have become the subject of extensive theoretical(1-13) 

and experimental works.[14,15] • The potential applications of 

the single-mode (16J and two-mode [17) squeezed states in the 

detec~ors of the gravity waves have been considered. 

The squeezing in the resonance fluorescence has been in

vestigated in r-13) . In particular, the spectrum of squeezing 

in a one-atam fluorescent f{eld has beeri calculated by Walls 

and coworkers in ref. ~2J ' where the possible maximum squeez

ing was considerably less than a perfect squeezing and absent 

for the case of intense external field. 

In our previous work [13) , we have shown the existence of 

a large squeezing in the mixture of two sidebands of the col

lective reaonance fluerescence in the case of intens~ external 

fíeld when squeezíIlg is aUsent for the whole fluorescent field 

and far the separate spectral líne of Mollow's triplet. 

In the present paper we wísh to give a apectral analysis 

of the squeezing in the mixture of two sidebands of the collec

tive fluorescent field. Thu calculntion based on the experimen

tal scheme wi th the use of the Fnbry-perot spectrurn analysers is 

discussed too. 

We consider thc r cno nan t Iluorescence from N two-level 

atoms of the Dicke model interacting with a monochromatic' driv

ing field with, the frequcnc:y W l and an emitted field (Fig.1). 

In treating the external field classically and using the Mar

kov and rotatíng waves apprqximation with respec~ to the coupl

1~~t»hrl~ijN~n RHCT!TJTj 
tIJJ<r,!t.]1M.x ~CC.J1 eJlOBafmQ .' 
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, 12> Fig. 1. Two - leveI atoma inter
W2' 

acting with the externaI field 

and with the emitted field. 

w, J J 11 > 

ing of the aystem with the vacuum field, one can find a master 

equation for the reduced density matrix ~ for the system aIone 

in the form [18] 

à~ = _ i [ ! (Jt~ - ~d -to ú (J1t. -t ~ .. ) J f J 
õt 

-f (J1i~lIf- JH , f J.t1 + H.C.) := L~ ) (1) 

where ir is the transi tion rate \2> ~ \1> for spontaneous r a

diation; A= GJl 1- GJL i8 the frequency detuning of a resonance; 

ú = - d~-f E is the rnatrix element of the driving field ando 

atomic interaction, Jk,j (k., j a 1,2) a.re the collective angu

lar mornenta of atorns having the fol10wing forrn in the Schwinger 

representation [19J 
Jk j :: C,t Ci ( k.,j = '(,:L) ) 

where C~ obey the boson commutation relation 

[ G", .I Cj J ::. cS'd 

Further, we investigate only the case of an intense driving field 

or a large de.t urrrí.ng !J. , so t ha t 

.n, = (f 11 f, -to G/''') 4/1, » N~ (2) 

As in the wórk [13] , we make the canonical transforrnation perrui1.-.. 

ting us to move from bare two-level atorns to o.toms"dressed·by 

externaI field 

c. cos ~ G.. + ,St'n fi C/x, )
1 = 

() 

C.t, = - sin~ G1 
T e-os ~ ~ 'L ) 

2 

where tg 2~ = 2.fj jlJ. and G" satisfy the boson commutat í.on 

relation TQk, , Qj ] :: 8k j J 

so thatthe collective angular momenta for the dressed atoms 

R/(,j ( ~ , j = 1,2) satisfy the commutation rela

tion 

[ R · Rk.'·'J = R " S _ R I. éi . / (4)k.J' J I. 

kJ kJ kJ k.J 

After making the canonical transformation (3) and in the 

case when the condition (2) i8 fulfiled, one can use the secular 

approxirnationl20,1J] , i.e. neglect the payt of the Liouville 

oper~tor appeared in eq.(1) which contains ro.

pidly oscillating t errna at frequencies 211 and 4.fl. , and find 

the stationary solution of the master equation in the form 113} 

N 
~ = U f U + = 1.-I L. X N" I /li ><Ni I ,,1 (5) 

Nf=O 

where U is a unitary operator representing the canonical 

t r-ansf'orma t on (3) ,í 

N-+.f /'f.. z: C iC) 4(j r. = (X --1) (1.--1) / 
.A 

1tl ). Ls an eigenstate of the operators R.H , H = 1?1-t'" Rl.t .
1 

By using 8olution (5), ane can calculate the statistical 
'1t 

rnoment <R"f >, where <B> is' the mean value of an operator B 

insteady-state (5). In particular, we find 

-.f N,.J.. fi,." / :l,<RH> = l (N X _ (N+-I) X + X) (X - .. ) (6) 

<R~ >:: l-"CN XJI~ ~ ci» l,... Z foi.,. -I) X Nt".,. (N-t.O""X N+"_ 
i'f 

X%'_ x)/ (X_.f)3, 
(7) 

In the case of a larga number of atoms, by application of 

the quantum fluctuation regression theorem and the method of 

factorization by Compagno and persico(21) , one finds the sta

3 



tionary atomic correlation functions <R,t('t) R,z.,CO» ) 

<R,u('t) Ru(o» } <Ri.t(O) Rt/'rpand <R~/o) R.,t ('r) > 
in the form 

( - .ti A - r. )~<R f{ > 
)

) o (O» = e -fi. :.t4 (lS)<R ('t l\.t.f. ) 4[" _ R > 
'i (-'li.fl. - r. <"lf fi
 

<R.tf(O) RU('t)} = e ) (9)
 

( sto: - r.. ) 't" 
)<R.t ( O) R ( '!: » ::: e <R1t R~-f > (10) 

I u 
(:Ú.Q - J~ ) r 

<Ri« (''[) R ,(o) >=: e <R.t-t R"Jl. > } ( 11) 
u

where 

r = ()[Sinf.~ + s(.n~.Uls~ 1" f (St·nt~ - cos1lJ~)(N-t<Rf~»l ) 
_ N ~(12)1 

r-t:: 7f [ sin1,.cos.t~ t cosl.~ +i (sin1.~ - cos.t~ ) (N-t<R11 Js )] ( 13) 

are the spectral widths of the two sideband.s centered at the 

frequencies W - -t,il. and WL + t.,.11. J respectively.
L 

Using the commutation relation (4), one can write the nta

t í.s t í.ca.l moments <R.lf R1l > arid <Rf.t-R.H >- in the f'o rm 

J, 
1" (H -.,) <RH > + N (14)<R.f4 R.,~ > = - <Rif > 

ir
<R R.l 4 ) ::: - <Ri1 > + ( N·t-t) <RH > J ( 15-) 

U 

where statistical,moments <R ') and <Rt~ >can be found in
11

(6-7). Further, we consider the normally-ordered V'üriance in 

the mixture of two frequency components of two si~ebands. In 

the radiation zone, the positiva frequency part of the electric 

field has the form[S,12J 

4 

(+) -+ = e'"f ...(X,... t) + 1/'(;) . J'i(t _ .4/< ).e-i w, (t-·Jt/< ) E (2:" t) 
(17 ) 

-.. 
where \I" ( X) is a geometrical factor, Jt,=. ,xl

With the use of the canonical transformation (3), the ato

mie collective angular moment J11 ( t ) has the structure 

,\ .1 '" -~i.llt 
J
U

.u» .s:n ~.Co5'~(,\~)-RN~-+ cos ~ RuJO e 
. ~,." ~i.Q t ( 1S) 

- Stn ~ R.f4 (t) e J 

where 

Ru lt) 
:: R

it 
a : e·J. ia t 

) 
Rtf(t) :; R,z., tt ) et,,".n. t 

In the secular approximation R,%, (t) and R.1f t t ) are the 

slowly varying "dress ll atomic operators. 

In the following calculations we drop the free part 

EL

(+>
in relation (17) which does not affect the nor~ 

J~e 

mally ordered variance of fluorescent field o The delayed time 

contribution has been ignored too [22J in the stationary limite 

By applying the relations (17-18) and the secular appro

ximation, one fi~ds the Fourier transform of tha field 

at two frequencies»1 and))..t. located on the two sidebands 

in the form 

.." )  ... ~ 
El-t eX J W + tJ1. - f.,) = tlJlX) cos ~ Ri%' (f-1 ) ) 

L 
(19 ) 

.E(+'(X W +f ,) = _ 0/( X)·5 in J-tj Rl,f ( Et, ) ) 
J L-1J1 z

where 
l!-f = W L .. s n. - Vi J 

f~ = - (ut-.l.ll.) + )l.t 

The in-phase ( fi ) and out~of-phase ( E~) components of the 

mixture of two frequency components on the two sidebands of 

flu~rescent field are defined as 

5 



-+ - .., [ '""(.. ) ~ ""-1(_) -+ )] 
from relation (24) that squeezing is absent for the case 'o f exactEi ( x" ê1 , f,t. ) - i EM' (X" ~.,) E.t) +. E ( x." f.f" E%, ) (.2 O) M
 
r-e sonance 'J.. = 1.
 

,y ~ -i [ ..... l+) -!>
 

Et(X"E."Et-)= T E,., (X"ê..,,,E..c.)- E<->(;" E.f) E.t)] ~ The spectrum o:f squeezing S.. (fi) as a function of!i for
t1 fI~ 

the case of X = 0.8 and various munhers of a t oma are plotted in 
where 

l+ > .... { ["""(+ ) ~ """f+' 4 11EM (X"f.,,,E.r.):: fi E (X}4)L+ 1Jl - E1) + E C:C"WL-t.fl.+E,t.)j) 

l+) ~. { [':::: t-) ~ ,.., ~ > -+ YE (X f E) =- E (~)wL-+~Jl-e..t)t E (X, W-2.ll.+Ei ) • 
M "." L Vi L 

By using the stationary atomic correlation functions (8-11), 

one finds 

<R.t-f(é1)~.t(fJ.»= 8(E.,_E.t)<R~fR1t>S· 
2;-' 

r tJ (21)f.t. 
) 

f + f 

<R1:<.(E.t)~.flf..»:: 8(E.._f.t)<RuR.zf~· 
~L 

(22)f/' -+ Ctr 

By applying relations (19-22), the normally-ordered variance of ,... 
t he operators Ei/.t(f1/ ~ ) is 

,." . 2<: (Ó Ei,.~ (ffi f,t)) : >= 8 ( f:1 - ~..t). S ( E.. ) , (2) 

where 

S 0:1 ) =:. ~ S( C<>,S ~~ :t s in .!l~. caoS..!(j> ) . <R -1 R > 
f,t Z 1 Z n 

(24) 

_+r:__ + (J; Sl.7Z. s.<f'cos ~)'$ <R,,~.t >. r: Jsin (j;: . c. ~ r 2,. I... 1 e~ r t 
i T + 4 .,. 

-. 
For simplicity, we have dropped the argument ~ (the position oi 

the detector) in equation (2)-24) and have followed the usual 

convention after the works~,12J • The integration of the spect

z-um of squeezing Si) 1 O:i ) o ve r all frequencies gi v en the expres

sion for the normally-ordered variWlce of the mixture of two 

sidebands given in oU.r previous work[1J] • One can easily sce 

figo 2. The spectrum of squeezing Si (E.,) has t he' Lorentzian 

}:
 form with an optimal degree of squeezing at the point fi = O,
 

i.e. when two frequency components are located ai the frequenci

e s W
l 

T~.n. m;d W
L

- .t 11.. respecti v eLy , The value Si (fi :' o ) as 

a function of the parameter '1 for various numbers of a t oma 

1's plotted in figo)o As is seen :from figs. 2-) the-large squeez

ing is given. For the case of a large nurober of atoms the maxi

muro squeezing tends to the limi ted va.Lue Si, -0.25 (perfect 

squeezing), as for the case of ideal parametric oscillators 

operating near the oscillation threshold[4J • We note that 

for the case of intense external field.when the condition (2) is 

satisfied, the squeezing for the separate frequency component is 

absent The maximum squeezing 'o f the separat e frequency compo-.o 

nent for the one-atom case (12) exista in a narrow barid ar-cund 

"V =w L for the case .n. = (J - {7) "lf/ 4 and can reach the value 

-0.07 that is considerably less than the given about maximum 

squeezing of the mixture of t wo frequency domponent .Locat ed near 

the two f r e quenc í e s úJ .. z n, arid W _ 211. , r-e sp ec t LveLy , 
L L 

1~{(l=O) 

('/(Nt) 1,0 2;0 3p ctg.L~ 

5,((,) 

I~.~_~~~~~
00 r-l" 

-0,05 

-oI 

-0.15 

I -02 

~l -Q15 
N.100 N.1OQFig. 2. Spectrum of squeezing 

Jl Sj ([1) as a function of ê1./11 li 
Fig.) Function ~ (foI: O) La 

for the case of X = O 8. plotted againet the param~ter x • 
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In the simple interpretation, the large squeezing of two 

sidebands resonance fluorescence i8 connected with a strong cor

relatian between the photons of the two sidebands (they are emit

ted by pairs) [23-25) and fluore8cence pracess of twa sidebands 

is considered as second-order nonlinear scattering. Finally, 
I" 

let u~ dis~~ss the normally-ordered variance of the mixture of two 
~) El + ) 

fields Ep1 (t) and D~(t) frequency filtered from fluorescence 

by two Fabry-Perot analysers which have the filter frequencies ,t 

equal to 

=. :- x...fL )W Oi W L 

_~Jl.Wot, = W L	 (25) 

Et+ ) (+l
After the works 02,22] , the fields (t) and E (t) can 

04 ~l, 

be written as 

+) +l:lO , -i(w+~.fL)(t-t') +,E;.f (t) = 5 J:, ( t - t) e	 E ( t ') d t ~ =L 

-:P 

+( 4," (w + 2..Il - fi ) t ..., 'V(+ > d
 = J e L .Ti (-Ei ) f (WL +l.fl.-E.,)' t1 ~
 

-:P	 (26) 

+ :JQ _ i (W - z.n ) ( t _.t ') (+ " ,
 

r (+ ) (t) =S J1-( t - t') e L E (t) cL t ==
 
D.1. -70 

t( i(W _t.1l+f.l)t "'J (C) ;'VE +(W _%.Jl+t ) cLf.=J e L • 1.~.t . L .t. L .J 
-:P 

(2T) 

J.. ('t:) :. 8' ("t) C.t ~ ) 4/1, e - r:, 't"
 
where
 , ! 

= 8 ( 't) . ( 2 rZ, ) ~/'" e-r,t 1; )J.1 (~) 

with ri ' r.z,are the filter bandwidths and J., (ff ) and
 

J-( fl,) are the Fourier transform of J.. (~) .and J ( 1: ), res-

L	 t 

pectively. The in-phase	 ( fi (t) ) and oil.t-of-phase ( E~ (O ) 

8 

components of the mixture af l+' and E(+'Ct) can beEo" (t) D! 

defined as (20) 

~ (+J -(-)	 ]e (t) = 1 [E,..o(t)	 + t. MP (t·) 
~ 

(- > J-~ [ ~ l+) (t)ft.(t)	 E ND (t) •= 1; MO 

where J(t> 1.. [ E(+~ (t) L-(+) 
(t)E (t) -	 + 

MO' - fi: Di O~ 

(-) .f [ (-) E<'-> (i)J
Eti t> (t) = li. EOoi (t) + Dl
 

By using the relations (19), and (21,22), one finds the normally

ordered variance of components E (t) and Ex, (t) in the form: 
i 

R1:L><: (6E )i-:);:; i {CGOs\ t sinf,§.ws~). <R,z1 t
i}!	 r + r (28)

O t 

+(Sin~§' +sc:n\. cos ~~).	 <Ru,R.t1 > 1) 
ft) -t r, j 

where for simplicity two· filter bandwidths are assumed to be 

equal, ri = f! = ro 
It is ea~y to see from relation (28) that in the limited 

case of r .« r } r !. the ~alue <; (A ~)~ >coincides wi th 
°D +

the maxí.mum squeezing 5 ( fi = o) (see fig.3) and tends to the 

Lí.rní, tep. value <: (t\ E )"':	 ) =-1/4 for the case af large number of 
1 . r	 .ta t oms, In the case wheri O..... r:} r_ the va.Lue <: (I'J. E ) : >

i 

describes the squeezing	 01' the mixture 01' two sidebrolds and ma~
2t 

1llUI!l squeezing can tend to the value <: (i1 E ) ; > = -1/8 wheni 

a nurnber of atomo i8 larga. 
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