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In long Josephson junctions (LJJ) with local inhomogeneities,
in which the meximum value of the Josephson current, j(x) , locally
decrenses, there exist stable static distributiéna of the magnetic
flux, é(X) = ?(X)'(éo/zﬂ) ', or fluxon bound states, localized
near the inhomogeneities (as distinct from microshorts, they attract
gsolitons and antisolitons). The bound states were theoretically stu-
died in & series of papers/1—6/ , where the problem of observ}ng
these states in experiments was also touched upon. The most direct
way is provided by the technique of scanning a focused low-power
laser beam, which allows one to find the Josephson current diétribu-
tion along LJJ by measuring changes, due to local heating, of the
meximun total current at zero voltage (sSee eqe.(6) bélow). This method
has been recently applied/7/ to studying Josephson current distribu-
tions in homogeneous LJJ in external magnetic fields/8/ . A less di-
rect but more traditional apbroach %f to measure maximum (critical)
values of the external(bias) current f .in the applied magnetic
field h .

In this letter we will demonstrate a dramatic effect of the

attractive microinhomogeneity on the critical current )@(}1) for low

‘Here ©(x) 1is the usual Josephson phase variable, §o is the
magnetic flux quantum, x 1is the distance normalized to the Joseph-
son penetz;tlon length A, s we will also normalize time t+ to
the inverse of the Josephson frequency @y and Josephson current to
its maximum value. The magnetlc field is hormalized to h =3 /qﬂﬂ X

where A, is the London penetration depth.
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values of k . There the soliton (fluxon) and antisoliton (antiflu-
gon) bound states on inhomogeneity give rise to & cross-shaped

structure ("soliton cross", see fig.1 below), and for long enough

|

O -2
1 @ - 21
Q® -21=10,p=05

5, p=1
5, K=0.]

10 20 "3.0 h

Fig. 1. The dependence of the critical bias current Y, on the ap-~
plied maegnetic field 11., for different states in overlap LJJ
with an inhomogeneity placed in ‘the middle of the junctioh
(x, = 0).

junctions the corresponding branches exist in a fairly large interval
of h (‘lkl < (1.5 + 2), in our units). For higher values of {hi
the effects of inhomogeneity are gradually dying out.

The mathematical model for LJJ is the following.

CF“"V?(’{‘;X) ¥ = PP PPyt s ‘Pxft{,f):ht,“)

where ¢ = @ (X ,1) is the time-dependent phase defined above,
-{ £ x< f, .The subscripts denote partial derivatives, X is the qua-
siparticle loss, P is the surface resistance, 11 “—‘%(hﬂ-h_) is the
external megnetic field, and j:(h+~}1_) is the external current
flowing through the junction edges x:if,,while Y is distributed along
the whole junction.For a general inhomogeneous LJJ we have V,’, (%-)();
= é(x).sin ¥ . With é(x);i and constant parameters &, ff , ¥ equa-
tion (1) represents the standard (X f ¥ ) model of LJJ/’B/ .

For simplicity we consider here one microinhomogeneity in ,j(x)

which can te approximated by the § -function (o(f&b’ § -model):
Joy=1-pd(x-x), o<pgd, )

A better description of tHe real LJJ can be obtained with some smeared
'j(x), - j(x) = J'ﬁm (x) = taneu,z[%(x~x,,)].ﬂowever, for

M o< (0.5 1), M <« 2P , the solutions of eq.(1) with j(x) given

by eq.(2) or with j: jjm_ are qualitativedy equivalent brovided that
@(x,t) does not change rapidly in the interval |[Xx-X.[5 M/2.

The right-hand side of eq.(1) determines only the time evolu-
tion of tj) and vanishes for static solutions lf’()() consgidered
here. We will be interested only in stable states ‘f'(x) for which

the linear boundary value problem (see/2-4/ )

n)

“Yux t Voy (35 DY = A, AOF :")(tt)so .<

3)

hes a positive definite spectrum of eigenvalues ( 0 < A, 57\152 <)

In this case a perturbed solution will return to lr(x) :



Plx,t) = ¢x) + g TXt2 "Z:o \ym(x) sin (wet +a,) (4)

where wi‘ = X

I R , and we disregard the /8 ~-term in eq.(1).

n T

The eigenvelues '/\,,_ depend on the parameters .
P :{’X,h,j, 8,/4,, Xa]...} s Leeoy Rn = ?\n_(p_) ., If 'An(p)z 0,
we have a bifurcation. In particular, let ?‘o (p) be the lowest ei-
genvalue for a stable solution lP(x)- P) ; when 7\0 (p) = 0, the solu-
tion \f(x; P) loses its stability. The equation '/\O(P) = 0 defines a
hypersurface in the parameter space, we call it the bifurcation
surface (}%S), and the values of P belonging to BS are called criti-
cal, Fr‘— Pe + To find BS for different stable states is an important
and in general very difficult problem (see /1~5/ ). However, it is easy
to obtain an equation for a hyperplane tangent to BS at any bifurca-

tion point PC :
Loy 40> +<aVy o) Y= nh <V g0« Y2 ¢

AJ' o 4 ' 2 ., (0) (5)
5 {Cqry +5 <y 0 £ 1))

L
Here <...>E SJX(.) s A denotes & change in parameters, e.g.
AY = X:“ Y. g = ‘f(x 3 Pe) e ‘-[’c@ is the solution k}/(nj of
eq.(3), corresponding to ¢, , i.e.y {o) = ‘/"(o) (X; Pe ).
Consider, for example, AV = ,_/utg(x x)sm ‘)o , where /‘"L
is small, and —-f < X, <£ . Wlth ALL “AJ =0 eq. (5) gives

= fo RO ) S o> 0)

) . .
where lf’c and l’/c correspond to /ll,_ = O, This formula is relevant
to scanning overlap-geometry LJJ with a weak focused laser beam/7,10/,
the effect of heating of LJJ at )(=;(1 being represented by the
My ~term (with AL:A{:O one obtains from eq.(6) a similar rela-

tion for in-line geometry), The importance of this formula lies in

that it accounts for all the so-called nonlocal effects of heat-
ing /10/ in terms of fairly simple and usually qualitatively known
function \P” (X Y, & detailed discussion will be given elsewhere.

We can also use eq.(6) to compare &(h) curves for homogeneous
and inhomogeneous LJJ. Consider the ‘simplvest stable state in a homo~
geneous junction for 111_ = 0, i.€. 5 P = ¢=—arc sin Yy . For
this solution ﬁo(y) = W , and the corresponding critical va-
lue of Y is 'Xc = 1. Regarding the M -term in eq. {2) as a per-
turbation, AVLf’ , and using eq.(6)- we obtain AY = Xc_i c_/q/_?ﬁ_

For homogeneous junctions this state is the only stable state
available at h_: 0 (in what follows we discuss onl_y overlap geometry
for which h+=k‘ =h ).

If /M>O and the junction is long enough, there exists a
bound state of a slightly deformed fluxon localized at X=X, . For
20>{ we can epproximate the fluxon centered at X=¥ as

P = ‘fs(x -¥ ) 5 where ‘ﬁs(X)E 2 ar cos(—‘tanx). Let X, = O, then
for Y = 0 and f = 0 the fluxon is located at X- = 0, i.e.y E= 0.
When % # O, we can determine £(Y) by minimizing the energy of

the fluxon
L
E(x) = ggx [L(8Y +Vign) +98], ho=0.

with |/ glven by eq.(2) we find that Jg/olg =0 , when Zyy=
:4/4 sinh E /oo'.>|n,3 & . The criticel value of the bias current is
determined from the equation d}( /Jg =( which is satisfied for

% = gc y 'tqn},, Ec =4 /J3. Taking into account, in this simple
approximation, the boundary conditions %(if,):h we can arrive at

the following approximation for critical values of 7Y s
’ -L 2 -2
drylch)=8u /373 £gvz e h+00,e™) @

where the upper (lower)sign corresponds to the bound soliton (anti-

soliton). A similar result can be obtained from eq.(5). This epproximea~



tion is not valid for junctions of intermediate length 4 < 2f < 8,
moreover, for 2¢ < 4, < 1 there exists only one stable state in
e zero magnetic field. Nevertheless, for LJJ of intermediate length
the qualitative picture of the fluxon locaelized on the microinhomo-
geneity is correct, if /u is not too small, Therefore, Xc(h) has
the corresponding brances which near = 0 can be approximated by &
linear function:

X1 h =Y Nh + i.e., we obtain th liton-

o ( Y=Y, (0) y 1ee., we 3 e soliton
antiggeliton cross.

Now we present the results of calculating Yc(ﬁ) numerically,

We have solved equations (1), (3) with j = 35 All stable
”

static solutions &f(x) were obtained in the interval Osh < 3
h - L?+== h_) together with the corresponding eigenvalues Ao(a’jh).
Then the critical values of y(h) were found by using the condition

A, (){c;‘h) = 0, For simplicity, we consider only symmetiric geometry,
ieeay Xo = O For two typical values of E the results are present-
ed in Fig.1.

The highest branch, Yc.o (11) corresponds to the state which

in the homogeneous limit is simply g= ‘)Ooz—arc gin Y . The calculat-
ed valye of }’co[o) is equal to (1 - M/2L ) even for M = 1. The
distribution of the magnetic field tfx Tfor this state is shown in
Fig.2 for values of Y not very close to y., . If the Josephson

current is given by eq.(2), one can easily obtain the following

simple approximetion for this state
-4
— . Y - _ Mz [ IR
P (X) =" ancsin y —%mh[x(le—tﬂ(amkm% Zwhab)’,

where :\'_lE \fL~xi. The numerical solutions shown in Fig. 2 are de-

1

3
We have used the continuum analog of the Newton method/1 1/ o
Some details are given in Ref, /12/
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Fig. 2. The distribution of the magnetic field LF)‘ inside. kJJ for .

the states with the maximum velue of Y, (0). The inhomo-
. . 2

geneity is described by 1= dm= twl?.[% (x - XD)]_j Xp= 0,1

2P = 4, p=1.
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Fige 3. The distribution of Y, in the junction of length 20 =5

with u = 1, i.e. jm:tankz(ZX). 1. Soliton localizéd on

inhomogeneity. 2. The state with a maximum value of yc(o),

rived with the smeared current, i.e.,i=‘i&ng‘2(%)and they should not
be compared with eq.(9) in the interval (-1,1). However, outside
this interval eq.(9) gives rather a good approximation to exact so-
lutions not very close to the critical ones.

These states exist also in the applied magnetic field 11 , up
to 11=1‘L° =~ 2, but are strongly deformed as can be seen in Fig.3.
For large A the magnetic flux in such a state is localized near
the edges of the junction. The other distribution of 1, in this
figure corresponds to the bound soliton state. It is also deformed.
due to the influence of the magnetic field and biaes current. For
small values of them it is well approximated by 2 arc cos (~tanh
(X -%)) as discussed above. In the long junction (2f = 10) the so-
liton branch y:(}]) is well approximated by eq.(8) for [h|< 1.

« There exist other states in the long junction. In fact, for

2l = 10, Mmo= 1 we find up to 5 stable states for large enough

e it

b ————— e P 7 e
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velues of h . The distributions of the megnetic field are present-
ed in PFig. 4. Note that both the soliton and antisoliton states (1,5

in Fig.4) are stable for remerkably high values of [h| . Most

‘prominent, qualitetive effects of the microinhomogeneity are present

for ] < 2, and in general, for higher values of |{,| the

states in LJJ become insensitive to the presence of inhomogeneity.

161 ]

Fig. 4. The distribution of P, in the long junction, 2L = 10,

for different stable states., Velues of Ao for these states

L
sre: A, =0.61, A2 =o0.28, A =o0.20, A/ =0.043,
s

5 = 0.080.



"Here we discussed in some detail only the symmetric overlap-geometry.

For other types of geometries (e.g. for inlinme LJJ studied for a

homogeneous case by Owen and Scalapino) as well as for asymmetric

position of the inhomogeneity its influence on Y (h) curves is qua~
L3

litatively similar to that considered here.
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KpuTHUeCKue TOKH OX03€pCOHOBCKHX MepexonoB
C HEOAHOpOnHOCTﬂMH, NPHUTATHBAWMHMH COJIHTOHBI

E17-86~637

AHAJUTHYECKH H YHMCIIEHHO H3Y4Y4aeTCsa 3aBHCHMOCTB KPHUTHYECKOTroO
TOkKa y, TpPH HYJIEBOM HanpAXeHHH B OOHOMepHOM [x03e$hCOHOBCKOM
nepexofie C NPUTATHUBAWOIMMH MHKPOHEONHOPOJHOCTAMH /MH/ or Bemu-
YMHB BHemHEIro MarHHTHoOro nons h . I'maBHeEl kayecTBeHmm¥ sddexkT

HUH XapaKTepHOo# kpecToo6pasHoifi CTPYKTYph Ha rpaduke ycﬂn B Ccna-
6LIX MArHUTHBIX TOJAX, COOTBETCTBYWUEN CONHTOHY H AHTHCONMTOHY,
noxasmsoBaHEpM Ha MH. BMecTe € OCHOBHEM COCTOAHHEM, CYMECTBYK—
meM ¥ B OOHOPOOHHX NHepexofax, OHKM COCTABNAWT TPH YCTOHUHBLIX

cocTogHHA /TPHCTabMIBHOCTL/, KOTOpHE CYMECTBYIOT B AOBOSBLHO MM
poxoM uHTepBane h,

PaSora BumosHeHa B JlaGopaTOPHH BLMMCIHTENBHON TEeXHHKH
M aBToMaTHsauuu H JlaGopaTopud TeopeTtuueckod ¢usmku OHUAH.

Mpenpunt O6beNHHEHHOTO HHCTHTYTa SepHBIX HccnemoBaHui. [lyOha 1986

Filippov A.T. et al.

Critical Currents in Josephson Junctions
with Microinhomogeneities Attractiug Solitons

E17-86-637

Dependence of the critical zero-voltage current (y,) on the
external magnetic field h in one-dimensional Josephson junc-
tions with local attractive inhomogeneities is studied nume-
rically and analytically. The main effect for the overlap geo-
metry consists in forming near ycﬂﬂ a cross—shaped structure
in h =0 due to the soliton and antisoliton localization on
inhomogeneity. Together with the state existing in homogeneous
junctions they form a collection of three stable states (tri-
stability) in a fairly large interval of h.

The inyestigation has been performed at the Laboratory
of Computing Techniques and Automation and at the Laboratory.
of Theoretical Physics, JINR.
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