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In long Josephson junctions (LJJ) with local inhomogeneities, 

in which the maximum value of 't he Josephson current, j (x) ,l.ocally 

decreases, there exist stable static distributións. of the magnetic. ' 
flux, 4?()C.) = <P(X.)·(~o/21f) ,or fluxon bound states, localized 

near the inhomogeneities '(as distinct f'r'orn microshorts, they a t t r ac t 

solitons and antisolitons). The bounu states were theoretically stu

died in a series af papers/1-6/ , where thc problem of observ~ng 

these states in experiments was also touched upon. The most dir~ct 

way i8 provided by the technique of scanning a focused low-power 

laser beam, which allows one to find the Josephson current distribu

tion along LJJ by measuring changes, due to local heating, of the 

maximum total current at zero voltage (see eq.(6) bélow). This method 

has becn recently applied/7/ tú s'tudying Josephson current distribu

tions in homogeneous LJJ in externaI magnetic field8jSj • A less di

rect but more traditional approach ia to mcasure maximum (criticaI).. . . 
values of the external(bias) current Õ "in the applied magnetic 

field h 
In this letter we will demonstrate a dramatic effect of the 

attractive micrainhomogeneity on 'the criticaI current 1 ( 'h. ) for low e

*Here f (X) is the usual Josephson phase variable, ~o is the 
mo.gnetic flux quantum, x is the distance normalized to the Joseph
scn pene t ru t í.on length í\, ; we will a l so normalize time t to 
the inverse of the Josephson frequency 4) 1 and Josephson current to 
its maximum vaLue , The ma.gnetic field is hormalized to h.=.2 / ~lrí\ À 

where Â I. is the London penetration dep t h, o L JJ 
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values of h . There the soli ton (fluxon) and antisoli ton (antiflu

son) bound states on inhomogeneity give rise to a eross-shaped 

structure ("soli ton cr-o as!' , aee figo 1 below), and for long enough 
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Fig. 1. The dependence of the criticaI bias current Y on the ap
t 

plied magnetic field h, for different states in overlap LJJ 
; 1 "~I 

with an inhomogeneity placed in ~he middle of the junctioh, 

X =O).
D 

2 

junctions the eorresponding branehes exist in a fairly large interval 

of h. (Ihl ~ (1.5';- 2), in our uní.t s ) , For higher values of l h.] 

the effects of inhomogeneity are gradually dying out. 

The rnathematical rnodel for LJJ is t~e following~ 

fxx - V'fClfjX) -~ = 'ftt+O(tpt. -PPxtt; 'f"c±t,-t)= h;tJ (1) 

where f <f (x , t ) is the tirne-dependent phase defined above,::::I 

- { ::s X ~ t .The subs cr-Lp t s denote partial derivatives, IX is the qua

siparticle loss, p is the surface r-es í.s t.ancé , 1t = tc h-\-+ h_) is the 

externaI rnagnetic field, and j == (h+-,hJ is the externaI current 

flowing through the junction edges x=± L,while r is distributed along 

the whole junction. For a general inhomogeneous LJJ we have V't' (lfj.x)~ 

~()(.),sinlf' • With j(x)Ei and eonstant parameters 0(', f' ,'t equa

tion (1) represents the standard (O< ~ O ) model of LJJ/9/ • 

For simplici ty we eonsider here one mieroinhomogenei ty in ,j(x) 

which can be approximat ed by the Ó -function (cX~ Õ S -model): 

j (X) = i - t' S ( ~ - X o ) ) «<» ~ i. (2) 

Â better deseription aftne real LJJ can be obtained with some smeared 

1(x)} e.g. , j(Y-) = j~1M (x) 2. tanlZ[;'(x-xoB.However, for 

jJ ~ (0.5 : 1), )A« 2e. , the solutions of e qv I t ) wit~ JeX) given 

by e q; (2) o r wi th j::: j.,m,.. are quali tatively e quivalent provided that 

r (x li.) does no t charige zapí.dLy in the interval IX-Xol :5jA/Z. 

The right-hand side of eq.(1) determines only the time evolu

tion of r and vanishes for static solutions rCX) considered 

here. We will be interested only in stable states f(x) for which 

the linear boundary value problem (see/2-4/ 

(n) V ( . ) "\ ÚJ (n) O(nl (li) ' - l' lC]( + 'f'f If j X t ~ f\n. tf' (X); l x (±\.,)==O O) 

has a posi tive defini te spectrum of eã.genvaIuea ( O < Ào ~ ~.1:cf.12. !: ...) , 

In this case a perturbed solution wiIl return to f (X) 1 

3 



-O(tl2. ~ (11) •
 
i'(x~t.) = ~(x)+ e L ~ (X)~LI'1(Wrtt+()(tL)J (4)
 

n-O
 

where w 2- = À _.i d. 2- , and we disregard the (3 -term in eq.'( 1).
n. 11. ~
 

The eigenvalues Âa depend on the parameters
 

p={õ',h,j, t,jA-JXO)"'} , 1.e., Apt. = Àn.(p) If Àa(p) = O J 

we have a bifurcation. In particular, let !lo (p) be the lowest ei 

genvalue for a stable solution tp (x j ~) j when Ào(p) ~ O, the solu

t~on r(x j P) loses i ta stabili ty. The equation ~o(p) = O defines a 

hypersurface in the parameter space, we call it the bifurcation 

surfac~ (~S), and ~he values of p. belonging to BS are called criti 

caI, p= pe • To find BS for different stable states is an important 

and in geperal very difficult problem (see/1-5/ ). However, it is ea~y 

to obtain an equation for a hyperplane tangent to BS at any bifurca

tj.on point Pc 

-: Â Õ r;O) > + (ôV'f Clfcj X) t~o)>-::: 6h <~f(%jX) X0/:0) >+ 

(5)
+ /lj í< ÚJ(DI) T .i <-V (lO' X) X2. reó» } 

2t \. 1C Z 'flf Jc.J . c. 

t 
Here <... '):= ~ dx(•• • ), 6. denotes a change in pa.rameters, e. g. 

• I -t l~ (O) • tU (o)
b.'t=õ' -)(c j f(! = r(x j Pc.)' 1 c 1.8 the solution T of 
c. (o) Ú,o (O)

eq.(J), cor-r-espondang vt o 'fe ,1.e., .r ::::. r (XjPc).e 

Consider J for example, Ll V'f == ..-f L S(X-Xi) -:>in fo ' where ~i. 

is small, and - e< X < t . With 6. k= b.J = o eq, (5) gives
4 

Â'õ = f~ ~Út fe (Xi) f~O) (X 1) / (. lJ":O) (XJ) s (6) 

where 'fe and t~O) correspond to PL O. This formula is relevantI: 

to scanning overlap-geometry LJJ with a weak focused laser beam/7,10j, 

the effect of heating of LJJ at X=)(1 being represented by the 

fli;-term (with L'l.h.:::t.t=o one obtains from eq.(6) a aí.rnf.Lar rela

tion for in-line geometry). The importance of this formula lies in 

4 

that it accounts for alI the so-called nonloc~l effects of heat

ing/10/ in terms of fairly simple and usually quali tativel.y known 

function r~~ (x() , a detailed discussion will be given elsewhere. 

We can also use eq.(6) to compare ~(h) curves for homogeneous 

and inhomogeneous LJJ. Consider the .simplest stable state in a homo

geneous junction for h± = o, i. e. , f = To= - arc s í.n r . For 

this solution Âo(J') = 'I1f-"'t2.. , and the corresponding criticaI va

lue of 1 is te = 1. Regarding the ;M -term in eq.~2; as a per

turbation, 6 VCf ,anO. using e q; (6)' we obtain ~ 'tf == ~-1 :::::-jJ. /2t. 
For hOInogeneous j~nctions this state is the only stable state 

available at ~ = O (in what follow8 we discuss only overlap geometry 

for which h 
~ 

= h.- = h ). 
If f > 0 and the junction is long enough, there exists a 

bound state of a slightly deformed fluxon localized at X = '1-0' For 

2 t $1 we cari approximate the fluxon centered at X =- ..s as 

f -:::: \f;1(X -~), where f/X)s 2 ar cos(-tanh-X). Let Xo ~ O, then 

for '6 = O and h;, O the rLuxcn is located at x· = o, 10 e., 5= o. 

Vlhen r I o, we can determine ~ Ct) by minimizíng the energy of 

the fluxon 

e d 2

gc~) = ~_;x [1(*) +V(r,;x) + n,], h± =0. (7) 

Wit h V given by e q, (2) we find t ha t dg Id§ = o , when 21ft =. 

= "? sLnh s I c.o':>-h. 3 S. The criticaI value of the bias current is 

deterrnined f'rom the equation c/r/ J5= o which ia satisfied for 

5 ::: Se ' tanit Se == i /f3. Taking into accourrt , in this simple 

approximation, the boundary conditions !.fx(:tt)=h. we can arrive a t 

the following approximation for criticaI values of ·-r 
~ / . - t 1 O(2 -2t

2rr 'i e (h ) ~ 8.t 3 (3 ± Sri e n + 'h, e ) J ( 8 ) 

where the upper (lower)sign corresponds to the bound soliton (anti 

soliton). A similar res41t can be obtained from eq.(S)o This approxima

5 
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tion is not valid for junctions of intermediate length 4.~ 2 e:S 8, 

moreover, for 2 e, c: 4, f.- ~ 1 there exists only crie stable state in 

a zero magnetic field. Nevertheless, for LJJ af intermediate length 

the quali tative picture of the .fluxon localized on the microinhomo

, i.e.,we obtain the soliton-Y; (1-t} = Yc1 
(o) ± :\1 ~ + 

linear function: 

geneity is co~rect, if ~ is not too small. Therefore, tc(h) hás 

the corresponding bz-ance s which near h. = O can be approxirnated by a ] 
lfx 

O.2 

antisqliton cross. 

AlI stablej ;::: i 1h'1 • 

Now we present the results of calculating yc(h) numerically. 

We have solved equations (1), () with 

•static solutions f(X) Vlere obtained in the interval O~ n~ ) 
ch ::I h+ = n_) together wí, th the corresponding e í.genva'Lu e s Â 

o 
(r j h) . 

Then the criti cal values of y( h) were found by using the condi tion 

0.1 

A (r' h) = O. For si:mplici ty, Vle considero c , 

i.e., Xo = O~ For tVlO typical values of e 
ed in Fig.l. 

only synunetric geometry, 

the rosults arp. present-
o .

2 X 

d O (h) corresponds to the state whi ch 
c 

The highest branch, 

in the homogeneous limi t is s í.mpLy ~ z: 'fo=-arc s í,n y • The calculat

ed va.lue of ,(.,0 (O) is equal to (1 - ~/2 P.. ) even for jL = 1. The 

distribution of the magnetic field fx for this state is shown in 

-0.1 

Fig.2 for values of Ó no t very elose to r c • If the Josephson 

current is given by eq.(2), one can 

simple approximation for this state 

easily obtain the following 

- 0.2 .iJ 

~o [X) = - Cl!U s~rt 't - ;U: W~~ [x (Ixi-t ~ (sinh(xe> - ~;(: CO>h at) ):- ~ (9) ) ~,. 

··'t'1 f ,~. 
~:) 

': I,J x.; 

where ~1.= Ji-ti. The nwnerical soLutí.ons shown in Fig. 2 are de-
v .li.)' \ 

Some 
*We have used the continuum analog of the 
d~tails are given in Re f , /12/ • 

Newton method/ll/ • 

J{, 

Fig. 2. 

=4,JL=1.2 e. 

The distribution of the magnetic field r~ inside,'~JJ for 

the states with the maximum value of i c (O). The iriQóIDo

genei ty is described by j x: j~m. ::::: bwh.2r-p ex .- Xp )l ,. ~o'H: 0,.1 S 

,6 7 

6--------~
1 

-1 

r CD y; = 0.1 

(2) t = 0.5 

G) r =: 0.74 

I 
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1.5 

0.5 

o, , , , '. 
-2.5 o x 2.5 

Fig. J. The distribution of lf){ in the junction of length 2 f.- = 5
 

wi th f- = 1, e. j~1tt -z: ta..n~ 2.(2x). 1. Soli t ori Loca.Lí.zed on
-ã , 

inhomogeneity. 2. The state with a maxf.mum value of ~~(o). 

2 

rived with the smeared current, i.e.,j=1ãn~(~)and they should not 

be cornpared with eq.(9). in the interval (-1,1). Howéver, outside 

this interval eq.(9) gives rather a good approximation to exact 80

lutipns	 not very close to the critical ones. 

These states exist also in the applied magnetic field h , up 

to hz: h. c. ~ 2, but are strongly deforrned as can be seen in Fig.3. 

For large A the magnetic flux in such a state is localized near 

the edges of the junction. The other distribution of ~t in this 

figure corresponds to the bound soliton state. It is also deformed 

due to the influence of the magnetic field and bias current. For 

small values of them it is well approximated by 2 ~'c 'cos (-~n~ 

(X -~» as discussed above , In the long junction (2t = 10) the so

li ton branch r 1 (h) is well approximated by e q, (8) for I h.1:S .i . 
o 

, There exist ·other states in the long junction. In fact, for 

2 ~ = 10, ft' = 1 we find up to 5 stable states for large enough 

values of 1t- • The distributions of t he magne t í.c field are present

cd in Fig. 4. Note that both the soliton and antisoliton states (1,5

in Fig.4) are stable for remarkably high values of Jh( • Most 

)j

'prolllnent, qualitative effeets of thc mieroinhomogeneity are present 

for Ih f:5 2, and in general, for higher values of I ft/ the 

statcs in LJJ beeome insensitive to the presenee of inhomogeneity. , 
I 

5 X 

-0.8 

Fig. 4.	 The 

for 

lJ are: 

À5 
= 0.080.'o 

OI \.,~~ --,/
\ 7 

-5 

0.8 

2.4 

~ 

-1.5 

distribution of lf'x in the long junction, 2 t = 10, 

different stable states. Velues of À for these stateso 
'\ i ~2 3 '\ 'I 
1\0 = 0.61, 1\0 = 0.28, /\0 c 0.20, .I\~ =0.043, 

8 . 9 



~ ~ 
Here we discussed in some detail only the symmetric overlap-geometry. 

For other types of geolnetries (e.g. for inline LJJ studied for a 

homogeneous case by owen and Scalapino) as well as for asymmetric 

position of the inhomogeneity its influence on r~(h) curves is qua

litatively similar to that considered here. 
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~nHnnoB A.T. H ~p. El7-86-637 
KpHTHqeCKHe TOKH ~o3e~COHOBCKHX nepexo~OB 
C HeO~HOpO~HOCTJiMH, npHTJtPHBaiOIJU{MH COfiHTOHbl 

AHanHTHqecKH H qHcneHHO H3yqaeTCJt 3aBHCHMOCTb KpHTHqecKoro 
TOKa y

0 
npH HyneBOM HanpJt~eHHH B O~HOMepHOM ~03e~COHOBCKOM 

nepexo~e C npHTJtPHBaiOIJU{MH MHKpOHeO~HOpO~HOCTJtMH IMHI OT BenH
qHH~ BHemHePO MarHHTHOPO UOfiJt h • fnaBHbW KaqeCTBeHHblli 3¢QeKT 
B cnyqae nepeKp~BaromeHCJt reoMeTpHH nepexo~a cocToHT B noJtBne
HHH xapaKTepHOH KpeCT006pa3HOH CTPYKTYPhl Ha rpa~Ke y {h) B cna-

~ c 
6NX MaPHHTHbm nonJtX, COOTBeTCTBYJOmeH COfiHTOHY H aHTHCOfiHTOHY, 
:noKanH30BaHHbiM Ha Mfl, BMeCTe C OCHOBH~ COCTOJtHHeM, CyrueCTBYIO
meM H B O~HOpO~Hbm nepexoAax, OHH COCTaBnJtiOT TpH YCTOHqHBhlX 
cocTOJtHHJt I TPHCTa6HnbHoCTb I, KoToPbie CYmeCTByroT B AOBOnbHO mH
poKoM HHTepBane h • · 

Pa6oTa BwnonHeHa B na6opaTOPHH BbNHCfiHTenbHOH TeXHHKH 
H aBTOMaTH3a~HH H na6opaTOPHH TeopeTHqeCKOH ~H3HKH ORHH. 

fipenpHHT 061.eAHHeHHOfO HHCTHTyt3 ~epHhiX HCCJie):tOBaHJiii • .Lly6Ha 1986 

Filippov A.T. et al. El7-86-637 
Critical Currents in Josephson Junctions 
with Microinhomogeneities Attracting Solitons 

Dependence of the critical zero-voltage current (y0 ) on the 
external magnetic field h in one-diiiiensional Josephson junc
tions with local attractive inhomogeneities is studied nume
rically and analytically. The main effect for the overlap geo
metry consists in forming near y (h) a cross-shaped structure 
in h = 0 due to the soliton and

0 
antisoliton localization on 

inhomogeneity. Together with the state existing in homogeneous 
junctions they form a collection of three stable states {tri
stability) in a fairly large interval of h. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation and at the Laboratory. 
of Theoretical Physics, JINR. 
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